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Induzierbarkeit einer Topologie durch eine

relle Abstandsfunktion

Seung Wook Kim*

Abstract In dieser Arbeit wird eine notwendige und hinreichende Bedingung fuer die Induzier-
barkeit einer Topologie durch eine reelle Abstandsfunktion untersucht. Es zeigt sich, dass sich
eine Topologie durch eine reelle Abstandsfunktion induzieren laesst genau dann, wenn sie von

dem ersten Abzaehlbarkeitsaxiom ist. Dazu benoetigen wir die folgenden Begriffsbildungen:

1 Definition: (a) Sei M eine Menge und d eine Abbildung von MxM in RTU{0}. Fuer jedes
a€M und e€R* heisst Ke(a):b= {xlxeM, d(a,x)<s } eKugel von a bezueglich"d.

(b)-bEine Teilmenge T von M heisst d-offen, wenn es zu jedem a€T ein ecR* mit K (a)CT gibt.
€

2 Satz: Sei M eine Menge und d eine Abstandsfunktion von MxM in RTU{0}. Dann gilt:
(a) Fuer alle 2€M und €,5 e_R+ gilt: Aus <8 folgt K (a)CKg(a).
(b):Fuer alle a€M und €,5 €R* existiert ein a€R+ mit Ka(a)CKe‘(g)ﬂKB(a):
(c) Die Menge 0 4:= {TITSM, T d-offen ) ist eine Topologie auf M, sie heisst durch d induziert.
Bewis: (a) Trivial.
(b) Es ist eine direkte _Folgerung aus (a) und der Eigenschaft der Linearitaet von R* bezueglich
<

* Assistant Professor, Department of Mathematics, College of Natural Sciences, Hankuk University of Foreign
Studies.
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©) (Zz:@G)Me0y.
(ii) Fuer alle U,VEOy giltUNVEQD.
iii) Fuer alle gilt .
(iii) Fuer alle TCO4 gilt U T€0 4

Zu (i): Offensictlich.
Zuii): Seien UVEO. (Z2.:.UNVED,, d.h. fuer alle a€UNV existiert ein o€R mit Ka(a)'CUﬁV.)'
Sei also a€UNV. Dann gilt a€U, V. Wegen U,VEQ 4 existieren e,8ER"_' mit Ke(a)CV,Iga(a)gV. Wegen
(b) gibt es ein 0€ERT mit K,(a)CK ()N XKz(d)cunv,

Zu (iii):v Sei TCOy. (Z.z.: U T EOd,cl.h. fuer alle a&J T existiert ein eER+ mit K (2)CU T.) Sei
a&J T. Dann gibt es ein TET mit a€T. Wegen TED existiert ein e€R’ mit Ke(a)CT. Daher gilt
aush Ke(a)CU T. q.ed.

3. Definition: Ein toplogischer Raum (M, O) heisst induzuerbar durch eine Abstandsfunktion,
wenn es eine Abstandsfunktion d von MxM in R*U{0} mit 0=0 gibt.

4. Definition: Eine Abstandsfunktion d von einer Menge MxM in RYU{0} heist reell, wenn
Ke(a) ist d-offen fuer alle 8€M und e€R”.

5. Lemma: Sei (M, O) ein topologischer Raum und a€M. Besitzt a eine abzaehlbare Umge-
bungsbasis, so gibt es eine bezueglich C absteigende Folge (V) von offenen Umgebungen von a mit

V1 :=M, sodass {'annGN ) eine Umgebungsbasis von a ist.

Beweis: Sei U eine abzaehlbare Unigebungsbasis von a. Dann ist U” :={ﬁ|U€U } eine offene
. Umgebungsbasis von a. (Dabei sei X das Innere von X) Offenbar ist U” auch abzaehlbar. Also gibt
es eine Abzaehlung N~ U, n > U . Sei V; =M,V := ﬁ‘Ui fuer n>2. Dann erfuellt (Vn) die gewuen-
schten Bedingungen. q.e.d.

6 Satz (Hauptsatz ueber reeelle Abstandsfunktion):‘ Ein topotogischer Raum ist genau dann durch

eine reelle Abstandsfunktion induzierbar, wenn jeder Punkt eine abzaehlbare Umgebungsbasis besitzt.

Beweist: Sei (M,0) ein topologischer Raum.
w> : Jedes a€M besitze eine abzaehlbare Umgebungsbasis. Dann besitzt jedes a€M nach Lemma 5
eine absteigende Folge ‘(Vn).von offenen Mengen mit V=M, sodass {7Vn|nEN‘} eine Umgebungs
basis von a ist. Sei fuer jedes a€M eine solche Folge (Vn(a)) .gewaehlt. Definiere eine Abbildung d:
MxM - RTU(0}, (a,b) - inf (4IbEV, (a)} Wir behaupten:
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(1)0 =04

(2) d ist eine reelle Abstandsfunktion.

Zu (1):4C": Sei T€0,a€T. Dann gibt es ein mEN mit V_ (a)CT. Wir definieren e:= Ii und zeigen
K (a)CV, (a). Sei x€K (). Dann d(a,x)<e, d.h. inf{ ;—l IXEV, (a) )< é Also, es gibt ein kEN mit k>m,
sodass XE€V) (a). Weil (V, (a)) eine absteigende Folge ist, Vi (a)CV,, (). Damit €V _ (a).

,,é':. Sei TGOd und a€<T. Dann gibt es ein ecRt mit Ke(a)CT.Wir waehlen ein meEN mit-:—n-<e. Es
genuegt dann zu zeigen V_ (a)CK(a). Sei XEV_ (a). Dann d(a,x)!Q;:-‘<e, d.h. x€K ().

Zu (2): Sei a€M,e€R+. Wir muessen zeigen, dass Ke(a) ist d-offen. Das sicht man aber bereits im

Beweis fuer (1 ).:

J~> + Sei aEM. Weil d reell ist, ist die Menge {‘K_;_ (a)lheN},n die gewuenschte Umgebunsbasis von a.
n
g.ed.

Damit haben, wir volistaendig bewiesen, dass sich eine Topologie von dem ersten Abzaehlbarkei-

tsaxiom durch eine reelle Abstandsfunktion induzieren laesst. Aber die Beziehungen zwischen einer
Quasimetrik und der reellen Abstandsfunktion sind hier nicht erwaehnt. Das bleibt als eine Aufgabe
fuer dieses Gebiet. ‘
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The axiom of 7-unbilical hypersurfaces in Kaehlerian manifolds

In-Bae Kim and Jong Taek Cho

1. Introduction

It is well-known that the axiom of n-planes by E. Cartan ([2]) and that of n-spheres by D.S.
Leung and K. Nomizu ([7]) give a characterization of spaces of constant curvature. Recently N,
Innami and K. Shiga ([4]) introduced the axiom of generalized hyperspheres and applied it to geo-
desic spheres and horospheres to investigate spaces of constant curvature.

During the last year the study of real hypersurfaces of Kaehlerian manifolds has been an im-
portant subject in geometry of submanifolds ([3],[5] and [10]). Y. Tashiro and S. Tachibana
([9]) studied conditions for a Kaehlerian manifold to be a complex space form. A Kaehlerian
manifold of constant holomorphic sectional curvature is said to be a complex space form. Expecially
many authors have concerned themselves with real hypersurfaces of complex space forms ([6],[8]
and [9]).

Let M be a 2n-dimensional Kaehlerian manifold. In this paper, we shall classify geometrical
structures of M with n-umbilical hypersurface N at every point of M. A unit vector field of N in M
will be denoted by V and a geodesic through p € M uniquely generated by V will be denoted by
Cp(s), where s is the arc-length of Cp(s).

In terms of local coordinates (x>‘) of M and (uh) of N, let

(1.1) Nt={P€ Mlx2=x2(uh,s),s=tat P}

for a fixed t, then N; is a hypersurface in M. We now define the axiom of n-umbilical hypersurfaces
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in M as follows;
For each p € M and every (2n-1)-dimensional subspace T!; of the tangent space Tp(M) of M,
there exists a hypersurface N through p such that Tp(N) = Tp and N is n-umbilical at Cp(s) for

each s.

Throughout this paper we assume that manifolds and quantities are differentiable of class C™,
The main purpose is to prove

THEOREM. Let M be a Kaehlerian manifold of dimension 2n(n > 2).'lf M satisfies the axiom
of n-umbilical hypersurfaces, then M is one of the Sollowings;

n a complex space form with negative constant holomorphic sectional curvature,

(2) aspace of constant curvature with negative constant sectional curvature,

The case (1) of Theorem occurs when each hypersurface is quasi-umbilical and ¥)) does 'when
each hypersurface is umbilical. It is a generalization of a theorem due to Y. Tashiro and S. Tachi-

bana ([9]).

2. Preliminaries
Let M be a real 2n-dimensional Kaehlerian manifold with the structure (G,J),- where G is the

Kaehlerian metric tensor and J the complex structure tensor. The structure (G,J) satisfies

(1) =-1,
I being the identity tensor field of M,

(2.2) G(IX, JY) = Q(X,Y)
and

23) T a=0

for any vector fields X and Y on M, where ¥ is the Riemannian connection with respect to the
metric G. A local coordinate system of M will be denoted by (x>‘), where Au.p,... run over the range
{1,2,...,2n}.

Let N be a hypersurface through a point p in M and V a unit normal vector field of N in M.
Then there is a coordinate system (uh,s) of M about p, which is called an adapted coordinate, such

that (uh) is a local coordinate system of N and s is the arc-length of a geodesic Cp(s) generated by
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V, where h,i,j,... run over the range {1,2,..., 2n-1} . Therefore we can consider a transformation of the
two coordinates on M such as

2.4) x*=x"(d ).
For each fixed s, we consider the hypersurface Ng defined by (1 .1).> Since V is a unit vector field

tangent to the geodesic Cp(s), then the components VX.of V are given by

1 _ X __a
(2.5) V e an ’ aS - as .
If we put
L. X __

then B; = (Bi") are (2n-1) local vector fields on N spanning the tangent space Tp(N) at every point
p in N. Therefore the vectors B; and V span the tangent space Tp(M) of M at every point p in N,

and the matrix

is regular. A Riemannian metric tensor g = (gji) of N is naturally induced from G of M as

(2.1) g5 =0

B.% B.*,
j i Pi

an
where summation convention is applied to repeated indices on their own ranges. Then the inverse
matrix B! of B is given by
, (Bh 2)

B ={y. )

) p
where BNy =gilG, B and V, =Gy, V¥.

The van der Waerden-Bortolotti covariant differentiation Vj is defined by

% _apl, p¥ plpd_pieh
where Pﬁh and {]!}} are the Christoffel symbols of M and N with respect to their metrices G and g
respectively. SinceV'jBi" is normal to N for fixed i and j, we have the equation of Gauss
X _ Y4
(2.9) vai = Hjiv ,
where A = (Hji) is the second fundamental tensor of N in M and Hji = gQiHjQ. The equation of Wein-

garten is given by
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’

X_ _ gigk

where we have put

X _ X X 7|
VJ-V -ajv +P#l Bj Ve,

We notice that Bj'ﬁ,, =Vj. Let
(2.11) Jv=¢

and denote the associated 1-form of & by 5. Since V is a unit normal vector field of N in M, then
£ is a unit tangent vector field of N and satisfies n(¥) = 1. In terms of a local coordinate system (uh)
of N, components £h of & are expressed by

(2.12) & =1F Vi,
Asa vector field on M, ¢ = s’\a)\ is given by,£7‘ =]J M)‘V" and 27‘ = EhBh>‘.
If the second fundamental tensor A of N is given by

(2.13) AX=aX + f7p(X) ¢

for some scalar fields a and § on N and any vector field X on N, then N is said to be n-umbilical,

N is said to be umbilical if B = 0 and quasi-umbilical if o and $ do not vanish on N,

3. Proof of Theorem

Since Bi's .are (2n-1) linearly independent vectors in TP(M),.p € M, then the distribution T;)
spanned by the Bi’s at p is a (2n-1)-dimensional subspace of TP(M). Therefore, by the axiom of
n-umbilical hypersurfaces, there exists a hypersurface N through p of M such that Tp(N) = TI'" Let
U be a normal neighborhood of p in N. For each q €U, let Vq be the normal vector at q to N which
is parallel to V with respect to the normal connection along the geodesic Cp(s) from p to q

in U. Along.each geodesic we have
3.1 Vv =0

Differentiating (3.1) covariantly along N, we also obtain
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v, ydy (o uyk An Vs & X
(3.2) Bj (VVV )(VRV )+VBJ. vv\/zv = {,
It is easily seen that

T S 1_ o AS X
(3.3) \/’1<7213_1.L.,_asBi +1*Mv*‘13i B4 7, vE,

Computing V“??;I(V)“’%Bi") and using (3.2) and (3 .3),7 we have
LS A5 0k _ plHA S Sy S S g
V‘V#(V szi)_ BiV(V#VZV VZVPV).
Therefore if follows from the Ricci identity that

Vo X yMA_ (qauybh_yipgbhgk
(3.4) Bj Rv/ﬁ VeV (asHj Hj Hi ) B, ",

where R = (RW}\") is the curvature tensor of M.
Since, for each s, N is an n-umbilical hypersurface by the axiom, it follows from (2.13) that
components of the second fundamental tensor A of N, are given by
i_ i i
where 63- indicate components of the identity transformation on N. Substituting (3.5) into (3.4),'
we have
€ Anlyd — g2 s 2 X Ayg €
(3.6) Bj Reﬂl VOV = —a 65 + (2af+ B )Jﬂer VeV }Bj
by use of g1 =J AVHBR, and . =3 VHB.N, Since BB'1=1=(84), that is
y u Aand M = d Vb ) ’

it X
BB =0, —V;V,

then, applying Biv to (3.6), we can find

X (25X —sX _ 2 ¥y vHyd
(3.7) R {a® (6] 8,; 0, 8,,) ~(2a8+£%)T X VEVE,

If we put

L) — (2aprpn)g 1)

= X2 5%, _
S R +a (5,, g/h2 é vl

it d VUA
then the equation (3.7) shows that SV“A"V”VA =0. Therefore we get

Lig Xy,

Sppa T Sy
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which gives rise to

X X —a?(o5%g —5X —5X
(3.8) RW +va a?(2p > Bz %gv'2 628 )

x.
+ (2af+8?%) (Jﬂ I, +377 'u)

By an argument similar to the above, we also obtain

X | S X
(3.9) R#vz +R =—-a (2611 CA ]

Hay vg;zl 62 gyv 52 ﬂv)

X 4
+ (2a8+8?) (J J 2+‘Ix JIJ)

If we make the difference of (3.9) from (3.8) and apply the first Bianchi identity, then we obtain

the inquired equation

X__ 2 X ___l 2 X _ 4
(3.10) RWM a (5vgﬂ2 6# gM) g(2aB+8%) J, JM J# va
o1 X
23, qu>

As for the scalar fields o and § on N, we shall prove

LEMMA 3.1. If a Kaehlerian manifold satisfies the axiom of n-umbilical hypersurfaces, then

both the scalar fields o and B on the hypersurfaces are constants. Moreover either o=p or §=0 holds.
PROQF. 1t is easily seen that
hy, A5 4
(3.11) J 4 & Bh B
and by use of (2.9), (2.10),(3.5) and (3.11),

=— kg 4
(3.12) Vg, ay,, BB,

Substituting (3.5) and (3.10) into Codazzi’s equation

_ nvp M AyX
kaji ijki_Bk Bj B A R;MX
and using (3.11)énd (3.12), we have
(3.13) (M) gy — (Vya)g, + (Vkﬁ)r)j ny— (VJ- B) meny
A jz A _ H
+§ﬁ(a—ﬁ)JWz (ZBk’"Bj 73 + B 0 B -y BBy 4
=0,
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Applying Ei to (3.13), we obtain
Z =

- 2 - ¢

(3.14) njvk(a+ﬂ) vkvj(a+ﬂ)+ zh(a ﬂ)J,u,sz Bj 0
and, applying s‘ again to (3.14) and using (3.11),
(3.18) Y (a+8) = ("7, (a+8)}n, .

On the other hand, transvecting gji with (3'13)’, we get
(3.16) YV (2(n-1)a+8) = (" 8)n,,
which implies that
(3.17) gV a=q,
Therefore it follows from (3.15) and G.17 that
(3.18) V& =0 and Vkﬂ=¢nk.

where ¢ is a scalar field on N. Substituting (3.18) into (3.14),' we see that S(a-f) = 0. Thus (3.18)
implies that both « and § are constants. This completes the proof.

Combining the Lemma with the equation (3.10),' we can classify the structure of the ambient
manifold M as follows;

(1) Mis a complex space form with holomorphic sectional curvature - 4a? if both « and 8 do
not vanish,

(2) M is a space of constant curvature - o, if § =0.

4, Another Proof of the Theorem

The method of this proof is analogous to a paper of N, Innami and K. Shiga ([4]).
Define for some € >0 ¢: Nx [0,e)>Mby

#(q,s) = exp sVy (or ¢, (q) = exp qu)

where exp indicates the exponential map on M. Then ¢S(N) = Ny is a hypersurface in M for each s.

Define a vector field v on ¢(N x [0,e)) by

V(®(q,s)) = Cq (s},
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where Cq(s) is a geodesic locally uniquely determined by Vq i.e.,Cq(s) = exp qu. Note that vINg
is a unit normal vector field on N, for each s. We shall denote this normal vector field v by the origi-
nal V., Fix a point pEM and let C = C . For each s, if D(s) = ¢ .is'l , where P is the parallel transla-
tion along C from p to C(s), then D(s) is an isomorphism of the tangent space Tc(s)N onto itself.

If Y(s) = P(y) for any s in [0,€) and a vector y on N, then DY(s) = ¢s*(y) is a Jacobi vector field
along C.

"Hence

D"Y + R(DY, V)V = 0,
Thus, if ¥ = DY,
(4.1) (D"DY) Y+ R(Y,V)V=10
Also, if A(s) is the second fundamental tensor of N; with respect to V|N; for each s,
D’Y(S) = V(s) DY (s) =VDY(S)V(¢(p,S))
=—A(s) (DY(s}),
Hence, if E(s) = D'D™(s), we have
(4.2) E(s) =—A(s)
If we differentiate E covariantly and substitute it into (4. 1), then we can get
E{Y + E*Y + R(Y,V)V=0
Therefore, if RC(s) is a linear map of TC(s)Ns into itself given by
y(Y) =R(Y, V) V

Regs

for any vector Y on Ny then

(4.3) E’ +E2+Rc=0

Let & = JV. Since N is n-umbilical for each s, the second fundamental tensor A(s) is given by

A(s) = al(s) + Bp(s) ®&(s)
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Since o and § are independent of s, then it follows from (4.3) that

(4.4) R, =—{a’I+ (206 + 8% p ®¢)

In general, if Z is an arbitrary unit vector on M and let Ti, be the subspace of Tp(M) brthogonal to

Z, then we have
(4.5) R(JZ,2)Z = — (a® + 2aB + B%)JZ,
which implies that
R(Z,JZ,2,JZ) = — (R(‘J'Z,Z)Z, Jz>
= a® + 2af + £,

If the sectional curvature of the plane section spanned by X and JX for any vector X on M is
denoted by p(X,JX), then

R(X,JX, X, IX)
P X IX) = XXX, IXy = <X, 3X)?

=a? 4 2af + B2
Therefore by the Lemma in paragraph 3 and the Kaehlerian analogue of Schur’s Lemma, we have
R(X,Y)Z = — a®{G(Y,Z)X — G(X,Z) Y + GJY, Z)JX

— G(JX,Z)JY — 2G(JX,Y)JZ}

for any vector fields XY and Z on M, if a and 8 do not vanish. This shows that M is a complex
space form.

If § = 0 identically, then we can easily verify from (4.4) that
R(X,Y)Z =—a?{G(Y,Z)X — G(X,Z)Y},

which shows that M is a space of constant curvature.
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On warped product manifolds with harmonic curvature

In-Bae Kim and Kyo Keun Hwang

1. Introduction

R.L. Bishop and B.O’'Neil ([1]) have introduced the notion of warped product manifolds of two
Riemannian manifolds to construct a manifold of negative curvature. H. Gauchman ([4]), L.-B. Kim
(asn and many authors studied the geometric structures of warped product manifolds.

In [2] J.P. Bourguignon suggested a conjecture as following; The Ricci tensor of a compact
Riemannian manifold with harmonic curvature must be parallel. As a negative answer of the con-
jecture, A. Derdzinski ([3]) gave an example of a simple warped product manifold.

The purpose of this paper is to study the geometric structures of a warped product manifold
with harmonic curvature and to give a negative answer of the Bourguignon’s conjecture. This answer
is more general than that of Derdzinski’s.

After giving a brief survey of geometric properties of a warped product manifold in section 2,
we shall investigate -the behaviors of Ricci tensor of a warped product manifold with harmonic
curvature in section 3. Section 4 is devoted to discuss a negative answer of the Bourguignon’s con-
jecture. ]

Throughout this paper we shall assume that manifolds and quantities are differentiable of class
C™ . Greek indices K\, -+ run over the ranges 0,1, . . . n-1, and Latin indices A,i,j, - run over

the ranges 1,2, . . ., n-1, unless otherwise stated.
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2. Preliminaries on warped product manifolds

A warped product manifold M=N XpM of two Riemannian manifolds N and M is by definition

the product manifold N X M endowed with the Riemannian metric
(X, X = {pxX, pxX> + (p(px))? (7 X, 7, XD

for any vector XETx(M), x €M, where p:M — N and 7:M - M are natural projections, p is a positive-
valued non-constant differentiable function on N, and <, > is the Riemannian inner product ([1]
and [5]).

Let M=E XpM be an n-dimensional warped product manifold of a 1-dimensional Euclidean space
and (n-l)-dimensional Riemannian manifold. Then we can choose a local coordinate system (1, x1,
x“'l)‘of M such that (t).and (x!, - x®1) are local coordinates of E and M respectively. If the
components of the metric tensors of M and M are denoted by gXu and Eji' respectively, then the

metric form of the warped product manifold M=EX pM is expressed as
- 2 _ g 23 ad
(2.1) g, dfax’ = (a6)? + (p(1))? gj;dx dx

by a suitable choice of the first coordinate t, where Eji dxd dx! is the metric form of M. Such a local
coordinate system (t,x1 TP xn'l) of M is called a separate coordinate system.

The components of Christoffel symbols formed with the metrics Bun and gjl will be denoted by
I‘b and I_‘j}i' respectively. With respect to the first coordinate t of a separate coordinate system
(t,xl’---, xm1 ),' we shall use the index O. Then, in terms of the separate coordinate system, we have

the relations

! o 'y .
1—}-1 =.§.51?,['.i=-ppgji,

Jo J
(2.2) N [kJ
[‘?i =[ji v Ly = 0 otherwise,

where the prime’ indicates the dervative with respect to t.
Denote the components of curvature tensors R of M and R of M by Rvu?\n and l-ikjih respective-
ly. Then it follows from (2.2) that

h e" h o -
Rkoo o 51( ’ Rkoi = PP By

‘h _ 2 h - - \h -
Riji =07 (9 8557 05 Byy)»

il

(2.3) . Rﬁji

x_ :
Rupl 0 otherwise.

Il
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Now we shall prove

‘Theorem 2.1. A warped product manifold M=EX plﬁ of a 1-dimensional Euclidean space E and
(n-1)-dimensional Riemannian manifold M is a space of constant curvature k if and only if M is a
space of constant curvature kp®+p'?.

Proof. Assume that M is a space of constant curvature %, that is,
) X 8, — 1 ¢
(2.4) Rwul k(Ju 7 6# vd ),

. Then, comparing (2.3,3) with (2.4), we have

= , hg _skg
= (kp? + p’?) (5k €51 63. gji)-

(2.5 R
Since the function kp®+p'® is independent of M we see from (2.5) that it is a constant on
M. Therefore M is a space of constant curvature kp®+p'2. The converse follows from (2.3)and (2.5)
since k=-p'/ p.

The components of Ricci tensors of M and M will be denoted by Rp)\ and Rji respectively,
which are defined by

v R o= Kb
Rug=g"* R, and Ry =g Ry

Then it follows from (2.3) that

7
R =—(n—-1)2L , R
( )p

=0,
00

oi
(2.6)

B _ _ 727 5
Big =By = Cpe"+ (0= 206" ;5

3. Harmonic curvatures and Ricci tensors

For any Riemannian manifold M, if the divergence §R of its curvature tensor R satisfies
(3.1) édR = 0,

then it is said to be harmonic.
In this section, we assume that a warped product manifold M=EX pl\_/l of a 1-dimensional Eucli-
dean space E and an (n-1)-dimensional Riemannian manifold M has harmonic curvature. Then,

in terms of the separate coordinate (txt e, x™ 1) of M, (3.1) is rewritten as
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(3.2) % =0,

4
Rv[-tl
where V is the Riemannian connection of M with respect to the metric g. It is well-known that the

left side of (3.2) is equal ta Vva)\'VuRv)\’ and hence we have

B8 V=G,

Differentiating (2.6) ‘covariantly along M and taking account of (2 .2),V we have

V Ry, =—n—1) ﬂ’%:P_'P" ,
M Bog ="‘z‘, Ry + (- 2) (’Z‘,a_ 0’0" gy -
34 v, R =—_3§.' R~ (2= 5)p’0" — 2(n - 2) _5_'3+ ") ;5
Ve Bjs =% By,

where ¥ is the Riemannian connection of M with respect to the metric g It follows from

(3.3), (3.4,2) and (3.4,3) that

14

2
((n—2)p’* — (n—3) pp" —4";!’—3

(3.9) R,

i €,

The relation (3.5) shows that
2 1

(3.6) (=2 - (0= pp" ~2E =

1 = Constant

on M, where R=g'! l_lji is the scalar curvature of M. Therefore M is an Einstein manifold and hence

we can state
Theorem 3.1. Let E be a I-dimensional Euclidean space, M be an (n-1)-dimensionai Riemannian

manifold, and M=EXpoM be a warped product manifold with harmonic curvature. Then M is an

Einstein manifold.

Substituting (3.5) into (3.4) and taking account of Theorem 3.1, we have

” N
e (n 1) L0
vo ROO (n 1)—;2——'
= _ w_ 1 My -
(3.7) Vo By =V Ry = (e 0'0") &y,

..17_
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We shall prove

Lemma 3.2. Under the same assumptions of Theorem 3.1, the Ricci tensor of M is parallel if
and only if M satisfies the ordinary differential equation

(3.8) (n—1) (n—2) (p’* — cp?) = R,

where ¢ is a constant on M and R is the constant scalar curvature of M.

Proof. If the Ricci tensor of M is parallel, then it follows from (3.7) that

N

(3.9) @™ = o"p",
or equivalently
(3.10) p" =cp

Therefore (3.8) follows from the substitution of (3.9) and (3.10) into (3.6). The converse is immedi-
ate from (3.7) and (3.8).

By a suitable choice of the first coordinate of a separate coordinate system (t,xl,---, x™1), the

solution of the equation (3.10) is given by one of the following;
(1) at+b for ¢ =0,
(2) aexp +~Ct (3) a sinh 4ct ,
(3.11) o) =< :
(4) a cosh ~ct for ¢ >0,

(5) acos ~~-ct for ¢ (0,

where a and b are constants on M (see [6] ). On such a separate coordinate system of M, the solution

of the equation (3.8) is then given by

(1) :t«/-—-—-*-R—— t+b for R>O0

(n—1) (n—2)

(3.12) p(t) = (2) aexp ~/Ct for c >0 and R=10

@) + ./——R——z— sinh v €T for c>0 and R)0

(n~1)(n—=2) c

=
H+
H
=]l
o

cosh /TE for ¢ >0 and R{O



On warped product manifolds with harmonic ++-+-

(5) :tv-(—;_-T—-B‘———— cosv=ct for c)0 and R)O

) (n~2) c
Summing up these results and Lemma 3.2, we can state ,
Theorem 3.3. Let E be a I-dimensional Euclidean space, and M be an (n-1)-dimensioral Rie-
mannian manifold, and M=EX pl\—d be a warped product manifold with harmonic curvature, Then

the Ricci tensor of M is parallel if and only if p is given by one of the following;

oL 4 b for R> O,

@ =T) (n=2)

H

(2) aexp VTt for ¢ )0 and R =0,

R , ' | _
@) =+ (n—1) (n—2)c sinh+ T for ¢ >0 and R >,O'
@) + R ___ VTt f 0 and R (O
+ m=1) (n-2)c cosh+/ ct for c ) an <0,

/ —R -
B =+ m=1) (a2 cosv=ct for c <0 and 'R) Q,

where R is the scalar curvature of M, and a, b, ¢ are constants on M.

4, The Bourguignon’s conjec ture

In this section we shall claim that the Bourguignon’s conjecture mentioned in Introduction is
negative.

It is well-known ([1]).that a warped product manifold of compact Riemannian manifolds is
compact. The following is immediate from Theorem 3.3, and is a negative answer of the Bourguig-
non’s conjecture.

Theorem 4.1. Let N be a I-dimensional compact manifold, M be an (n-1)-dimensional compact

Riemannian manifold, and M=NX pM be a warped product manifold with harmonic curvature. If

the function p does not equal to one of the Sollowing;

(1)+~/———R—2t+b for R> 0,

=7 (n—1) (n—2)



In-Bae Kim and Kyo Keun Hwang

(2) a expvCt for ¢ >0 and R=0,

(4.1) (3 + i

=+ m sinh+~/ct for ¢ >0 and R) 0,

4) = (—n_—;)f“(?_——z)—c coshvct for ¢ > 0 and

=
e
(=

(5) + —R

+v ET) (a=7)c sVt for ¢ (0 and R)> 0,

where R is the constant scalar curvatu‘ré, and b and c are constants on M, then the Ricci tensor of M
is not parallel,

Remark 4.2. A bounded, closed interval I of a real line and a circle S' are examples of a 1-
dimensional compact manifold. It is also well-known that there are many compact Riemannian
manifolds (for instance, see [7] ).-

By virtue of Theorem 4.1, one gets many examples of compact Riemannian manifolds with
harmonic curvature and non-parallel Ricci tensor. The following example is very simple and is a main
result due to A. Derdzinski in [3].

Example 4.3. Let (M3, g) be a three dimensional Riemannian manifold with constant positive
sectional curvature R and S' be a circle of radius 1. Define a warped product manifold (M*, g) by M
=S1XM3,

g (u+X,v+Y) = @, vo+ (p(t))? ;x (X,Y),

((cost,sint),x)

for uy € Tiooo ginty S' and X, YET M3, where(,) is the standard metric of S'=R/2nZ and
(p(t))? = 2Rm?+ A cos mt + B sin mt,

the positive integer m and real numbers A,B being chosen so that .

0 ¢ A* + B? ( 4Rm™

which implies that the funtion p* is non-contant, positive and periodic. Then M* has harmonic
curvature and non-parallel Ricci tensor,

In fact, since M is a space of constant curvature, so is M* by Theorem 2.1. Therefore it is
easily seen that M* has harmonic curvature. Moreover we can easily verify that p(t) does not equal
to one of (4.1) if VAT+B2#2Rm’2. If \/KW =2ﬁm'2, then we have

- 20—
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mt — o

(4.2) p(t) =2 Rm™! cos 2

for some constant a. Since the constants A and B are chosen so that 0<A? +B2<4Rm'4, we see that

p can not be expressed as (4.2).' Thus Ricci tensor of M* is not parallel by Theorem 4.1.
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On Injective Hulls of Endomorphism Rings of

Nonsingular Continuous Modules

Euichan Lee

Abstract. We obtained a characterization of a ring which possess a strongly regular classical
right quotient ring. Let M be a nonsingular continuous module, S = End(M), and Q = End(E
(M)). We proved that if Q is unit regular and M is a characteristic submodule of E(M), then
Q is the injective hull of S;. We also showed that if M is ﬁniform and T(Q/S)= Q/S, then @ =
E(S,) and Q is a strongly regular classical right quotient ring of S.

1. Introduction

Throughout this paper, all rings are associative with fdentity, and all modules are unitary right
modules. For a module M, End(M) denotes the endomorphism ring of M. Every module M has a
minimal injective extension which is called the injective hull of M and is denoted by E(M).. For a
subset X of an R-module M and m € M,let ( X: m) ={r € R|mr € X}. Then the singular submodule of
M, denoted by Z(M), is defined to be the set{ m € M|(V : m) is essential in Ry } . A module Mis
said to be nonsingular if Z(M) = 0.

Let N be a submodule of an R-module M. Then M is called a rational extension of N if for any
submodule B of M with NCB, f< Hom R (B,M) satisfies /N = O implies £ = 0. An R-module Misa
rational extension of &V if and only if for each x, y € M with y # 0, there exists an # €R such that
xr & N and yr # 0 ([3], Proposition 7.2). Hence if M is a rational extension of &, then &V is essential

in M. Conversely, if Z(V) = 0 and N is essential in M, then M is a rational extension of N ([3], Pro-

osition 7.5).
p ) —oo_
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If R is a subring of Q, then Q is called a right quotient ring of R if Qp is a rational extension
of Rp. A right quotient ring Q of R is called a maximal right quotient ring of R if for any right quo-
tient ring S of R, there exists a ring monomorphism § - @ which induces the inclusion map R ~> Q.
If Z(Rg) = 0, then E(R) is a maximal right'quotient ring of R which is regular right self-injective
([3], Theorem 8.1,2).

2. Strongly regular quotient rings

Let R be a subring of Q. Then @ is called a classical right quotient ring of R if

(1) each regular element (i.e., nonzero divisor) of R has a two-sided inverse in Q, and

(2) Q={ab’!!a bER, b regular}.

Similarly, we defined a classical left quotient ring of a ring. If Q is a classical right quotient ring
of R, then Q is a right quotient ring of R.

A ring R is called a duo ring if for any @ €R, @R = Ra. It is easy to see that R is a duo ring if
and only if each one-sided ideal of R is a two-sided ideal. A ring R is said to be strongly regular if
for each @ € R, there exists an x € R such that a®x = a. It is well-known that a ring R is strongly
regular if and only if R is a regular ring which has no nonzero nilpotent elements if and only if R
is a regular ring and every one-sided ideal of R is a two-sided ideal. Hence a regular ring R is strongly
regular if and only if R is a duo ring.

In this section, we investigate a ring which has a strongly regular classical right quotient ring.

Proposition 2.1.  If R is a duo ring and Q is a classical right quotient ring of R, then Q is also

a classical left quotient ring of R,

Proof. Let S ={ b'a| 4, b €R, b regular} in (). Let ¢ =ab™! €Q. Since b*R = Rb*, b*q = b>ab
(b'1)? =rb*b 1) =rfor some r ER, so g = (b*)'r €S. Hence S = 0, and thus Q is a classical left

quotient ring of R.

Proposition 2.2. Let Q be a classical right quotient ring of R. Then the following are equivalent:
(1) Qisaduo ring

(2) Foranyr€R, rQ =0r.

(3) For any one-sided indeal I of R, IQ = QI

Proof. (1)=(3). If I is any one-sided ideal of R, then IQ = QIQ = OI.
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(3)y*(2). If r € R, then (rR)Q = Q(rR), so Qr C rQ. Since (Rr)Q = Q(Rr), we have rQ C (.
(2)=(1). If b is a regular element of R, then bQ = OQb, so b*() = Qb!. Hence if g = ab™* €,
then ¢ = ab1Q = aQb™! = Qab™! = (q. Thus Q is & duo ring.
/

For an R-module M, let T(M) = {m € M| mb = 0 for a regular element b € R}. In [7], Jans
showed that if T(E(R)/R) = E(R)/R, then E(R) has a ring structure and R is a subring of E(R) as

follows:

Propusition 2.3. If R is q ring with TE(R)/R) = E(R)/R, then E(R) is a ring and R is a subring
of ER).

Proof. From the exact sequence
0->R->ER)*ER)R~>O0,
we obtain a short exact sequence

0 - Home  (B(R)/R,E(R)) ~ Hom g (B(R),E(R)) - Home (R,E(R)) 0.

Since T(ER)/R) = EQR)/R, Homp (E(R)/R,ER)) = 0. Hence Homp (B(R),E(R)) = Homg(RER)).
Since E(R) is injective, E(R) = Hompg (R,E(R)) under a + a; where a; (r) =ar, r €R. Identify E(R)
with Homg (R,E(R)). For a, b € E(R), we define ab = ¢,(b) where ¢, € Homg (E(R),E(R)) is the
extension of a - Then E(R) is a ring and K is a subring of E(R).

Lemma 2.4. ([11], Lemma 2.2) Let Q be a classical right quotient ring of R such that Q is right
self-infective. Then O, is infective, and hence Q = E(R).

Theorem 2.5. If R has a duo classical right quotient ring which is right self-injective, then

(1) TER)/R)=ER)R,

(2) for any regular element b € R, R C bE(R), and

(3) forany a€R, aE(R)=ER ).

Conversely, if R satisfies the conditions (1), (2),.and (3), then R has a duo cassical right quotient
ring.

Proof. Let Q be a duo classical right quotient ring of R which is right self-injective. If ab™* +
R € Q/R where a €R and b is a regular element of R, then (ab™* + R) b=a+R= R, so that T(Q/R) =
Q/R. For any regular element b of R, R = bb" 1R C b(). By Proposition 2.2, aQ = Qu for every a ER.
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Thus it suffices to show that Q = E(R). Since (@ is right self-injective, @ = E(R) by Lemma 2.4.
Conversely, suppose that R satisfies the conditions (1), (2), and (3). By Proposition 2.3, E(R) is
a ring and R is a subring of E(R). Let b be a regular element of R. Then the left multiplication b,
€ Homp (E(R), E(R)) isa monomorphism. Indeed, if Kerd; # 0 then Kerd; N R #0, so there exists
0 # r € R such that br = 0, which is a contradiction. Hence bE(R) is injective. Since R C bE(R),'
BE(R) is essential in E(R), so bER) = E(R). Thus b, is an automorphism. Then b L'l (1) is the
inverse of b in E(R).' Let ¢ € E(R). Then there exist a regular element » € R and 4 € R such that
gb = a by the condition (1 ),‘ and hence ¢ = ab!. Consequently, E(R) is a classical right quotient
ring of R, and E(R) isa duo ring by Proposition 2.2.

Theorem 2.6. For aring R, the following are equivalent:

(1) R has strongly regular classical right quotient ring which is right self-injective,

(2) Z(Rg) =0, E(R) is left self-injective, TER)/R) = E(R)/R, and aER) = ER)a for every a
€R

3) 'R has no nonzero nilpotent elements, T(E(R)/R) = E(R)/R, and aR N bR = 0 implies ab =
0 foranya,b €ER.

Proof (1(3). Let Q be a strongly regular classical right quotient ring of R which is right
self-injective. It was shown that 7(Q/R) = O/R in the proof of Theorem 2.5. Since Q is strongly
regular, Q has no nonzero nilpotent elements, and so does R. Suppose that aR N bR =0 for g, b €
R. Then aQ N bQ = 0. Indeed, if ag, = bq, € aQ N bQ, then there exists a regular element d €R
such that gd € R, i = 1,2 ([3], Lemma 9.6). Hence aqd = bq;d €aR N bR =0, ag, = bq, =0,
and thus aQ N bQ = 0. Since Q is strongly regular, aQ and bQ are ideals of Q. Hence (a@XbQ) C
a0 N bQ =0, 50 ab =0. Since O is right self-injective, @ = E(R) by Lemma 2.4.

(3)='>(2).' Since R has no nonzero nilpotent elements, Z(Rp) =0 ([13], Lemma XII.S.l).’ Then
E(R)Ais a maximal right quotient ring of R which is right self-injective ([3], Theorem 8.1,2).'
Hence E(R) isa strongly regular ring ([13], Proposition XILS .2),> so that E(R) is left self-injective
([13], Proposition XII.5.4) and aE(R)= E(R)a for every a € R.

(2)>(1). Since Z(RR)=0, E(R) isa regular right self-injective ring. Let b be a regular element
of R. If bg = 0 with q € E(R), then bg(R : ) =0,s0 g(R : q) = qR NR =0. Since R, is essential
in"E(R),' gqR =0, 50 ¢ = 0. Thus the right annihilator of b in E(R) is zero. Since E(R) is regular, there
exists ¢ € E(R).such that beb = b, ie., b(ch — 1) = 0, and hence ¢b = 1. Since £(R) is a continuous
ring, be = 1 (|16], Theorem 5.3). Thus every regular element of R has an inverse in E(K). If ¢ €
E(R), then there exist an @ € R and a regular elements b € R such that ¢b = g, and hence ¢ = ab™.

—925—
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By Propositions 2.2, E(R) is a strongly regular ring.

3. Injective hulls of endomorphism rings.

Let M be a nonsingular module, S = End(M), and Q = End(E(M)). Then S can be embedded in
0 as a subring as follows:

For any f€ S, fhas an extension f € Q such that the diagram

g
0 —— M — EM)

EM)

commutes, where 7 and j are the inclusion maps.

Since E (M) is a rational extension of M, the map f1 f is a ring monomorphism from § into Q.
Hence we may assume that S is a subring of Q.

In this section, we investigate the injective hulls of endomorphism rings of nonsingular con-
tinuous modules.

Zelmanowitz showed that if M is a nonsingular torsionless module (i.e., M is contained in a direct
product of copies of R) over a semiprime ring, then Q = E(Ss) ([17], Theorem 2.2). An R-module
M is said to be retractable if Hompg (M, U) # 0 for every nonzero submodule U of M. Khuri showed
that if M is a nonsingular retractable module, then Q = E(S) ([9], Theorem 3.1).

Lemma 3.1. ([17], Lemma 2.1) Let R be a right nonsingular subring of a right self-injective

ring § such that R, is essential in S, Then S = E(R R):

Proof. Since Sp is an essential extension of R > We may assume that S C E(R). Since Sg is
injective, E(R)S = SS ® Kg Since K is a submodule of E(R) such that K "R =0,K =0, Thus S =
ERR).

Ehrlich defined a ring R to be unit regular if for every @ € R there exists a unit » €R such that
axa = a. The class of all unit regular rings includes all semisimple rings, and continuous regular rings,
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and all strongly regular rings ({2]).
In analogy to the definition of a characteristic subgroup of a group, we define a characteristic

submodule of a module as follows:

Definition. A submodule N of M is said to be .characteristic if for any automorphism f€ End(M),'
NCN.

Every fully invariant submodule of M is a characteristic submodule of M. If M is a nonsingular
continuous module whose endomorphism ring is strongly regular, then every closed submodule of

M is a characteristic submodule of M.

Theorem 3.2. Let M be a nonsingular continuous module, S = End(M), and Q = End(E(M)) If
Q is unit regular and M is a characteristic submodule of E(M), then Q = E(S ), so Q is a maximal
right quotient ring of S.

Proof. We may assume that S is a subring of Q. Let e € Q be a nonzero idempotent. Then E(M) =
eE(M) ® (1 — e)E(M), s0 M = (eE(M) N M) @ (1 — e)EM) N M) ([12]). Since eEQM) # 0, eE(M)
NM+#0. Let m: M- eE(M) N M be the natural projection. Then 7 R 0 and has a unique extension

7: E(M) - eE(M). 1t is clear that eQ = Hom » (EQM), eE(M)). Identifying # with 7, we have 0 # 7 €
SNeQ Hence 0 # 7 = en€ S NeS. Let 0 g &€ Q. Since Q is unit regular, there exists a unit

x € Q such that gxq = q. Since xq is a nonzero idempotent of @, S N xgS # 0. Then there exist s,
t € S such that xgs = ¢ #0, and so gs =x"1 ¢ #0. Since x™* (M) Cx*M C M, we have x"1¢ €. Hence
S M qS +#0. Thus Q Qg is an essential extension of S;. Since Z(Ss) =0 and Q is right self-injective,
0= E(Ss) by Lemma 3.1.

Corbllary 3.3. Let M be a nonsingular finite dimensional continuous module. If M is a charac-
teristic submodule of E(M), then M is quasi-injective.

Proof. Let S = End(M) and Q = End(E(M)). Since M is nonsingular, so is EQM), and hence J(S) =
J(OQ) =0. It is obvious that EM) is finite dimensional. Therefore both S and Q are semisimple rings,
so that Q = E(SS) by Theorem 3.2. On the other hand, since S is semisimple ring, S is injective, and
so § = E(Sy). Hence S = (0. This means that the ring monomorphism S - Q with f‘l—»'fwhere fis the

extension of fis an isomorphism. Thus M is quasi-injective.

Let M be an abelian module, i.e., a nonsingular continuous module whose endomorphism ring

1is strongly regular. Suppose that M is a characteristic submodule of E(}M), and let S = End(M) and
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Q = End(E(M). Then O is also strongly regular, and hence Q is unit regular. By Theorem 3.2, Q is
a maximal right quotient ring of S. Moreover, Q is also a maximal left quotient ring of S ([5], Theo-

rem 3.8). Therefore we have the following result:

Corollary 3.4. Let M be an abelian module, S = End(M), and Q = End(E(M)). If M is a charac-
teristic submodule of E(M), then Q is both a maximal right and a maximal left quotient ring of S.

A module M is said to be uniform if every nonzero submodule of M is essential in M.

Lemma 3.5. Let M be a nonsingular uniform module. Then End(M) has no nonzero nilpotent

elements.

Proof. Let s € End(M) such that s® = 0 and s"! # 0. Since Z(s“’l(M)) =0, M is a rational ex-

tension of s"~1(M). Thus we have s =0.

Theorem 3.6. Let M be a nonsingular continuous uniform module, S = End(M), and Q = End(E
D). If T(O/S) = QfS, then Q =E(Sg) and Q is a strongly regular classical right quotient ring of S.

Proof. Let 0 # q € (. Then there exists a regular element s € S such that gs €S, Suppose that
gs = 0. Since Z(sM) = 0, E(M) is a rational extension of sM. Since g(sM) =0, g = 0, which is a contra-
diction. Hence gs # 0, and so Qg is an essential extension of S;. Therefore @ = E(Ss) by Lemma
3.1. Since E(M) is also uniform , O is strongly regular by Lemma 3.5, and hence Q is left self-injective
({13], Proposition XI1.5.4). Thus Q is a strongly regular classical right quotient ring of § by Theo-

rem 2.6.

Remark. In Theorem 3.6, Q is also a classical left quotient ring of S by Proposition 2.1.
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Bayer and minimax procedures in Stratified Sampling

Min Woong Shin* Jeong Soo Lee**

1. Introduction

It is possible to consider jointly the losses resulting from the errors in the estimates and from the
cost of sampling, and to employ such sampling and estimation procedures as will in some sense,
minimize the total expected loss. Accordingly, we shall take as loss function the sum of two com-
ponents, one proportional to the square of the error of the estimate and the other proportional to
the cost of obtaining the sample, and then as risk function the expectation of this loss function.

The purpose of this paper is to choose the optimum allocation that minimizes such risk function

in stratified random sampling.
I, Preliminaries

When the strata have been determined, a sample is drawn from each stratum, the drawings Being
made independently. The sample sizes within the strata, Ny,....N, will be denoted by ny,...,n,
respectively. ‘

In stratified sampling, the population mean Y and the sample mean y can be written as

* .
Professor, Department of Mathematics, Hankuk University of Foreign Studies.
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Instructor, Department of Statistics, Choong-Buk University.
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k Np k '
C T & Vi et Yih oK Wy
Y = N = N h=l 'h 'h’
k T k -
= Z:‘h=1 i=\ Vi _ Zh—“:l nyyh
Yy = n n N ’

where n =n; + n,+ ... + ny, respectively. The estimate of Y used in stratified sampling is g’st! where

k =
g Mo k -
yst = N = z:l'F-‘l wh‘i’l )

The estimate ¥ is not equal to the sample mean ¥ in general.
How should the allocation be chosen in sampling? The answer to this question is to choose the

allocation so as to minimize the risk as we discussed in Introduction. That is to say, the risk is given

by K
R(U,d) =E(6-U)? +2h=1 T

where U is a desired parameter and 8 is a minimax estimate of U,
III. Bayes and minimax procedures for regression estimate with stratified sampling plan

We suppose that y; and auxiliary variate x; are each obtained for every unit in the sample and
that the population mean X of the x; is known. The linear regression estimate of Y, the population

mean of the y; is

(3.1) Vi =V +b(X-x),

where b is an estimate of the change in y when x is increased by unity, and ¥ and X are sample means
of y; and x,, respectively. For the sake of simplicity, we shall here replace b of (3.1) by the true value
B, that is,

(3.2) =y +B(X~-x),

Now we shall deal with stratified scheme of regression. That is to say, regression estimate of ?h in

the h-th stratum is given by
whereh =1,2,...k.
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Hence, as the estimate of Y = zwh?h, we can consider y; . (s for separate) computed from each

stratum mean, that is,

B Vg = By B
The estimate will be considered first in the case in which the By are chosen in advance.

The estimation problem with a fixed sample size has the following structure. We are given a
sample space Y, a space of probability distributions on Y, P ={P_,:w € 2}, where {2 is an index
set (generally called parameter sapce), and a numerical-valued function g defined on £ whose value
g(w) the statistician wishes to estimaté on the basis of the outcome of an experiment, say y € Y.
A non-randomized decision function for the statistician, usually called an estimate, is a numerical
function & defined on y, specifying for each y the number a € A which will be chosen to estimate
g(w) when that y is observed. The space of actions A is here the real line. The loss function L defined
on £ X A is non-negative and is the loss incurred whn g(w) is estimated by a. The risk function R

is defined by

(3.5) R(w, 0) =EwL(w,5)
where

L(w,8) = (6—w)? + total cost in the sample

and the subscript w appended to the symbol E for expectation indicates that w is to be regarded as
fixed when expectation is taken. '

If it is assumed that ¢ is obtained: by nature as the value of a random variable having a probabi-
lity distribution A, a Bayes estimate with respect to a prior distribution X is defined as an estimate
8 which minimizes the average risk /' R(cw,8) dA\(w). If we knew A, then we would choose this esti-
mate as our best action. But in the absence of any knowledge of A, we may decide to use what is
called in the terminology of two person zero-sum game a minimax strategy. A minimax estimate is
defined as an estimate § which minimizes the “maximum” risk sup R(w,5 ).' In the same terminology,
a least favorable distribution or “maximin” strategy is deﬁnedwaes a distribution A such that it maxi-
mizes the “minimum’’ risk infg f R(w,8) dN(w).

The following Lemma [1] gives a minimax estimate as well as a least favorable distribution.

Lemma 1. If a Bayes estimate 6')\ has constant (independent of w) risk R(w,a;\) =1, then &y
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is minimax and X is a least favorable distribution,
The following Lemma [1] will give in many cases a minimax estimate where no least favorable

distribution exists.

Lemma 2. If {A,} is a sequence of priori probability distributions, {r, } the sequence of associ-
ated Bayes risk, and if r, = ras n = o, and if there exists some estimate § for which R(w,8) <r
for all w, then § is a minimax estimate.

We shall frequently need another Lemma [1] in the sequel. Using the term “minimax risk”

for infasupr(w,S) we state and prove it as

Lemma 3. If §, r are a minimax procedure and the minimax risk respectively, assuming that the
observations Y follow any probability distribution «w € £*, and if Q D Q* is a space of distributions
for which the risk associated with & does not exceed r, then & is a minimax procedure and r the
minimax risk for all distributions of Y in 2. |

Proof. By hypothesis,

r =su R(w,d) <sup Rlw, d) L1,
wEQ* wE€EQ
Hence equality holds. If d is any other procedure,

sup R(w, d) = r < sup R(w,d) < sup R(w, d),
(=19 W=0* w&Q

which shows that & is a minimax procedure and r the minimax risk for all distributions in €.

We shall be estimating the mean of a finite population with our loss as squared error. If the
variance is not restricted somehow, then our risk may be arbitrarily large. Accordingly, we bound the
expected value of the variance of the finite opopulation.

Our method actually shows that the sample mean is minimax for each expected variance. The
problem of obtaining a minimax estimate of the mean Y of the finite population (y1,....y,)) is solved
in the following way. Consider nature’s strategy as picking S-(w, letting w, with probability one, be
singular N-variate normal with mean ?w and variance 02(N-1)/ N for each component and covar-
iance - 02/ N for each pair of components. A Bayes estimate is obtained with respect to this strategy
of nature, regarded as a member of a sequence { Ag} of prior distributions, and the limit, if any, of
the corresponding sequence of Bayes risks {25} as 6 ~ oo is obtained, say r. Then if we can find
some estimate § for which the risk R(w,8) - without assuming normality of w - does not exceed 1,

then by virtue of Lemmas 2 and 3, § is a minimax estimate. The discussion will be given in detail for
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the case when the sampling plan is stratified sampling with a regression.

We shall investigate some Bayes and minimax procedures for a finite population in stratified
sampling with regression. i )

Suppose that the h-th stratum consists of a finite population with unknown mean '1_’h and known
variance V(Y,), h=1,2,...k, and that we have to estimate a linear function of the Y,, that is to

h 3 ylrgerrylhy ‘
say U = EW Yh where the W, are some given real numbers. Without loss of generality we may take
= WY ‘
h=1 .

ZW, = 1. For the sake of simplicity, we shall assume that none of the Wy, is zero.

The loss function L is given by
x
(3.6) L(U,d) = (6—U)? +.2 epmy,

i t unit in
where n, (>0) is the size of the sample chosen from the h-th stratum, c,, the sampling cost per
= . o ith
that stratum, and § is a function of the sample { Y, ;: h=1,..k,i=1,2,....n,}, where Y, ; is the i
observation from the h-th stratum. For the sake of simplicity of notation, we shall not attempt to

distinguish between a random variable and its observed value. It may be noted that a slightly more

realistic loss function would be

k
3.1 L8 =a(d-Ut+ T e n

when « is some constant depending upon the desired relative accuracy of the results and the cost of
experimentation in a given situation. But it is casily seen that any procedure corresponding to this
loss function can be obtained from the corresponding procedure when the loss function is 3.6) imply
by substituting ¢, /a for ¢y,- The risk associated with it will be simply « times the corresponding risk

when the joss function is (3.6). For this reason also the condition Z W}, = 1 in this section does not
detract from the generality of the Wy-

We shall assume that the ?h are normally and independently distributed each with mean zero

and variance 62, and find Bayes solutions corresponding to the sequence {Ag ) of prior distributions

pf U resulting from the distribution of ?h' Let 84 denote a corresponding Bayes estimate of U, If

the Bayes risks Ig corresponding to 8g tend to a limiting value r when 8 tends to infinity, then any

estimate which has its risk less than or equal to r will be a minimax estimate by Lemma 2 under

the normality assumption of the observations. This assumption may then be removed easily with
the help of Lemma 3.

We may regard the ny, as fixed for the purpose of finding the estimates. Letting 8* be a minimax
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estimate for given ny , we shall choose the n; so as to minimize the risk,
k
(3.8) R(U, 8*) =E(6"‘—U)"+Z‘,h=1 Ch B

as a function of the n, . At first, we shall find a minimax estimate of U for given ny . Later we shall
see how to choose the n, .

Bayes estimate 8y and Bayes risk rg are given respectively by the mean and the expectation of
the variance of the coﬁditional distribution of U, given the sample y adding to Z ¢, n;,. However,
since the stratum sample means are jointly sufficient for Y, ,...,S-(k, we may replace the sample y by
Yir1s--s¥yy Where yyp is the sample mean from the h-th stratum.

Now the ?h are independently and normally distributed with mean zero and variance 62, and

given \—’h, the ¥, 4, are independently and normally distributed with unknown mean 'S_(h and known

variance

(1—-£) st

-—I—]hi (85— —22),
th

(3.9) V(¥ =

which is well known.

So ¥, ,...,?k and Vet ,...,j'/hk have a jointly 2k-variate normal distribution. Then it is easily seen that

the conditional distribution of ?h, given yhi,...,yerk, is normal‘ with mean

0%V (Yerk)
(3.10) ETTE STl
V(yhh) + 6
and variance
6* V(F1rh)
1 _ }
61 YT

and that ¥, ,...,?k are mutually independent of given ¥,;  ye Thus for given ¥py ... ¥y,

the distribution of U is normal with mean

25
ko %0y
A W
_ 2T,
and variance 2

2=
(3.13) z;‘ VO
o = 5 2
1 V(}hh) + 0
Therefore we conclude *hat the Bayes estimate
2 Wy
< e ) hlth
R R AL
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and since the variance of the conditional distribution of U is independent of y, ...,y , then the

Bayes risk 2 (s
(3y15) iy =5 ot O
. =Y g T L a7

6 | V(ylrh) + 6

To find a minimax estimate for U now, we consider if the sequence {rg} tends to a limit as

@ — oo, It will be seen that it does, and the limit r is given by

(3.16) r =1im 4,
g —co
2 w2 V(g
0 Whv(y]:h)

+ 2
) + 62 "’

=1lim X» -
g —c0 V(y]rh
— 2 by
=3 Wh V(erh) + Z]chn},1
(1-f,) s
= W2 (82 - -
h n, vh th

)+2Chnh

All we have to do now is to find some estimate §* for which the risk does not exceed r, and by

Lemma 2, if any such 8* exists, then it will be a minimax estimate for given n; . Let us try the limit-

ing Bayes estimate,

0w, ¥
(3.17) lim §,(y) = 1mEW——h)lr_r_02—
§—00 Y1rh
=W Vi
= 5*(Y)’ Sayo

Then we see that the risk corresponding to §* is given by

(3.18) R(U, %) = E(ﬁ*'—U)z-FZchnh
TS 12
E(Y]IS U) +Zchnh

= LD Wy (T — ¥ )07 + 2y,

Noting the fact that the strata are independent, it is seen at once that (3.8) reduces to

z

(1-1,) S
h yxh
(3.19) R(U, 6%) SEW}?] (S;h——s}g(-h—) +2Chnh

=1T.
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Hence the usual estimate §* = Z th-’uh = ¥y, is @ minimax estimate for given ny .
Now our principal purpose is to choose the n;, so that the above risk for given ny is minimum

under the restriction that the n are positive integers and < N,,.
Theorem 1..Let the regression estimate in stratified sampling be
Vien = ¥ t By (X, — )
Then a) 'y,“ is a minimax estimate of U= Z W, Y, , where
Yrs = z wh Y1rh

b) Under the assumption of the variance, covariance and cost known, the optimum n, that minimizes
the risk

(3.20)  R(U, &) =E(y —ZW Y)*+Ieny

is

N? 2
. /h 2 _ S yxh 1 _l
n, = integer nearest to cth (Syh ‘;h ) + 12"

Proof. a) was proved in the above remark of the preceding Theorem 1.

b):‘ For given ny, the risk corresponding to 8* is given by

(1-£) s;xh
*y = 2 PR 2,1
(3.21) R(U, 6%) = Z(W? m (Syh S;h )+ en ]

from (3.19).
Since the population is finite, the risk of (3.21) can be written as

N? g?
___E _1_._.1_. 2 — yxh
(3.22) IR N"(n N ) (Sh -§T—)+Chnh]

h h ¥ S

Now we want to choose the n, so that (3.22) is minimized under the restriction that the n, are

positive integers. Since the h-th term on (3.22) depends on n, alone, it is sufficient to minimize.

N¢ 2

h, 1 1 S*xh '
(3.23) ~—z(— — =) (8% —F—)+tc n
N* np, Nh yvh th h™'h

subject to the restriction that n, is a positive integer. Denoting this expression by f(n, ), we see that
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NZ g2

1 h xh

e L T N (;h's{h )
X

To minimize f(n'h), we choose the smallest positive integer value for ny, for which the difference

(3.24) is positive; in other words, the smallest positive integer n, for which (nh+%)’ exceeds

N Sixh | 1
2 _ XX =
o N? (Syh S;h )+ 4
This gives
' 2 g2
= 3 /___.Nh 2 __th_ .l — .l
(3.25) n integer nearest to TN (Syh 37 )+4 7.
h xh
This completes the proof,

When (3.25) lies exactly between two integers, say m and m+1, the risk is equal and minimum

for both ny =m and n; =m + 1, and it is immaterial which of the two nearest integer is chosen for

nh .
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Kinetic Theory of Direct Plasmon-photon Coupling on

Laser-plasma interaction

Kwang-Youl Kim

ABSTRACT The use of Lie transform technique and thé collective description leads to the
coupled kinetic equations for the electron and plasmon distribution functions, which take
into account of the multiphoton absorption and the enhancement of the collective fluctua-
tions due to direct plasmon-photon coupling. This Kinetic theoretical approach has also led
to a-simple derivation of the relevant classical Fokker-Planck type equations, the nonlinear

growth rate of plasmon and the Cherenkov emission rate.

Despité the by now extenstve investigation of laser-plasma interaction (1-7), the effect of direct
plasmon-photon coupling, which does not require the existence of third mode (for example ion
acoustic wave), on multiphoton absorption in plasma does not seem to have been studied in any
detail. It is the purpose of the present paper to study some of important physical fear.ures associated
with this laser plasma coupling process.

We first note that there is an “indirect” plasmon-photon coupling mechanism, which does not
vanish in the limit of zero e.m. field: it is the so called Landau process. In the presence of an intense
e.m. field, these two processes compete. When the frequency of e.m. field is close to the natural
electron plasma frequency of plasma, the former mechanism dominates the latter mechanism (8).
Thus we will consider only direct plasmon-photon coupling. In the present kinetic theoretical ap-
proach, we shall use the collective description of Bohm and Pines (9), in which collective coordinates

for the plasmons are explicitly specified. Using Lie transform (10) and calculating the transition pro-
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bability for the elementary processe due to direct plasmon photon coupling, we take an appropriate
statistical average to obtain the coupled kinetic equations for the electron and plasmon distribution
functions.

The unperturbed Hamiltonian Ho and interaction Hamiltonian H, can be written as follows in
the random-phase approximation (RPA), in terms of the annihilation and creation operators a and at

for free plasmon quanta with wave number q :

=L e 2 + :
H 2m{p+CA(t)} + X ag aqﬁwq,

© _é_ q<qc ............... (1)
= {47e!)® oy <~ 3 ige 7
H, e qéc (zwq) (aq atq) e A(t) e

where m, w 2 e and K(t) = 4 cos wyt are the electron mass, the plasmon frequency, the maximum
wave vector for plasmon, and the vector potential of a linearly polarized e.m.wave, in the dipole
approximation, of frequency wj propagating in the “z” direction, and & 7 denotes a unit vector of
longitudinal plasmon in the q direction. The above interaction Hamiltonian is obtained by a straight-
forward extention of Boim-Pines work: it is just cross term representing direct plasmon-photon
scattering,

The Schroedinger equation is

i‘ﬁ-—a%w'={Ho+H1}W ......................................................... (2)

Since we want to treat e.m. radiation nonperturbatively within our formalism, let us find the
unitary transformation which enables us to get a new transformed Hamiltonian with no dependency
on vector potential of eum, field in the transformed unperturbed Hamiltonian: this can be effected
“systematically” by the use of the quantum-mechanical Lie transform technique as follows (10,13,

14). From reference (10), we have the following expression for the new transformed Hamiltonian

(K):

aT

= — j +
K lhTat

+T+HT ............................................................ (3)

where

%=G(e) T and G(e) = X "o
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To the first order, the transformed Hamiltonian is given by

Ko = Hp
a .............................. (4)
Kl = H - lﬁﬁl—' [Gl, Ho]
For the moment, let us assume we have the following Hamiltonian:
H=Hy + ¢Hy ==L P2 + {_e_;i‘.ﬁq.ﬁ.ez AH 1)} eererrerersneeseniniennn.
0 1 2m ¢ mc 2me ) e+ (5)

Let us find out Lie generating function G; which makes our first order Hamiltonian vanish, Setting
K, equal to zero, we find G, as

1t - - : - '
G == d {_n% A(t’)'P+2_:1c'2 AZ(17)]  rerererrenne, (6)

With this choice of G; (11,12), one can show that all the higher order transformed Hamilfonian
K,, with n > 1 vanishes. Now consider our original Hamiltonian and perform Lie transformation with
the above generating function G, to get the following transformed Hamiltonian:

=l (4ret A,k - = mas
K=--P%+Y a*a hw + . ey s ige (T+d)
2m acq, %9 %" mc qfv-:’]c \2wq) (aq gq) tq A(t)e (7)
where
.t
a(t) =_j 'micA(t')dt' = @) SIN Wyt seeerverrrissesmniinieninns ersrsnennes (8)

Thus we have obtained the transformed Hamiltonian whose unperturved Hamiltonian has no depend-
ency on e.m, wave: all of the dependency on e.m. field is now in the transformed interaction
Hamiltonian. Using first order perturbation theory, the transition probability for a transition from a

“IK, Nq >“state toa” |Kiq, thl >" state due to our transformed interaction Hamiltonijan is
found to be

Py 4zﬂr:c )(qu Zm 1% (8+8) (3+3)® (N (D* (n+1)+D* (n—1)]
+ (Nq+1)ED’(n+1)+D-(n_1)]} ............ (9)
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where
D*(n) =5[Ek—Ekiq +nhw, ihwq] and B =Hh%%k?/2m,

J2 ; is a measure of the strength of [n% 1] photon processes and includes all orders of pertur-
bation in the e.m. field intensity. One possible interpretation of the argument of the delta function is
as follows: for positive (negative) “n = 17, the first term in square brackets corresponds to one
plasmon absorption via |n + 1| photon absorption (emission) by electrons and the second term
corresponds to one plasmon emission via | n £ 1| photon absorption (emission) by electrons. From a
classical viewpoint, the above processes may be considered as conversion of e.m. waves to the electro-
static waves. In the absence of an external field, the condition of resonant plasmon-photon coupling

may be written as hwq = Ek - Ek- q In the presence of an external field, the corresponding condi-

tion may be written as hwq = (nt}1) hwo +E - E, 9 where n =1,2, 3,4, ...... . Thus the
plasmon-electron coupling can be remarkably enhanced in the presence of an e.m. wave and the
physical origin of such enhancement may be traced to the oscillatory motion of electrons in an e.m.
wave. In consequence of such an enhancement of coupling, a major part of laser photon energy
resonantly goes to the exitation of collective plasmons and the directed kinetic energy of electrons:
we will show this by calculating the nonlinear growth rate of plasmons in the presence of an e.m.
field.

Knowing the transition probability, we can now directly write down the coupled kinetic equa-
tions describing the time evolution of the plasmon (Nq) and electron (Fk) distribution functions,
respectively, in consequence of direct plasmon-photon coupling,

The time evolution of electron distribution function is given by

A2 s T NN LR ) (D (b 4D (1) b+ (B —=F, ) (D) + D 1) )
9¢q, p=—e q

[4

2n "=°°
+- NhL {1-F 1{D%nt+1)+D*(n-1 )}+Fk{1—Fk_q}{D‘(n+1)+D"(n-1)}j ...... (10)

h oy, Z.

where

§47te !

—%‘ .
n 2mc (2w ) (ao-q)(eq )l
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This equation demonstrates clearly that equiliblium may result from the competition between the
rate of gain of electrons in state K due to plasmon damping via simultaneous |nt'1{ photon absorp-
tion (emission) by electrons coupled to an e.m, wave and the rate of loss of electrons from this state
due to spontaneous plasmon emission, which does not depend on the amplitude of wave already
existent in the plasma.

The corresponding classical result can now be obtained by expanding Eq. (10) in powers of has
I

df(7) 5 _n’e! - I X _
at o2 amicin ”_E (2,78) 9] (@0-a) (7 A5 (@+ 5 £(9)(D(+1) +D(n-1)])
+wqq-—(:E(v)[D(n+1)+D(n—1)]) ------ (11)

where

I =N& d D =4 +nw — v
q qwqa.n (n) (w v a-9),

Thus, our Boltzmann kinetic equation for the electron distribution function reduces, in the
classical limit, to the Fokker-Planck type equation which contains an important physical feature by
taking explicit account of direct plasmon-photon coupling in laser-produced plasma.

Having thus established and interpreted the electron Boltzmann equation, we are now in a posi-
tion to study the time evolution of the plasmon distribution function.
The kinetic equation for the plasmon distribution function is obtained as follows:
2 n=w

dN
—i:-——-
P 5N M {F

RNl k} {D*(nr+1) + D*(n—1)} N

2r "=

+—h— %; E}_W Mn Fk+q{1—Fk} {DY(nHL) 4+ DY (n—1) ) erereererenrmmnnnininiiieniinnnnnn, (12)
The first term in Eq. (12) arises from induced emission and absorption of plasmons by the
electrons coupled to an e.m. wave, while the second term arises from the spontaneous emission by the
oscillating electrons coupled to an e.m. wave.
The corresponding classical limit of Eq. (12) is obtained by considering the time rate of change

of “Iq = thw q”’ the energy in the plasmon mode with wave number q.

One finds
dr 2.4 n=w
“E‘l= or T +7t‘262 g\im ds (5 ,a) J'l (ao.q) f(V [D(n+1 +D(n—1)} ............... (13)
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where

7’264 nz=co

-~

T (sq é’,)sz &o-q)Jcﬁ q.aa_, £(7) {D(DA1) +D(n—1) serrereeerseees (14)

q T 2mictw st
q .

(1 "

Iy represents the nonlinear growth rate of plasma waves by the oscillatory electrons coupled to an
e.m. wave. Before sufficient time has elapsed for an initial electron distribution function to change
appreciably, we can calculate the growth rate by using the initial electron distribution function,
Assuming drifting Maxwellian distribution functions initially, we find the following nonlinear‘growth
rate and Cherenkov emission rate (C q):‘ ’

L EeT 2
m(w A lwo)

2 n=w
1' _/_(qo) ..__Q_n; (.__Qj.) J (%) (W ~Ge Va_lwo}e 22 T {im—1+alp—1}
. T 4 m(wq_[—i.i;a_lw )2 ............ (15)
Uy
qu ( ) wo Z ( 9 q) J (Gp+q) 22T {61 n+1+51 n- 1) ............ (16)

where g3 D= 4mn e /T and w =47, e? [ m are electron Debye number and electron plasma
frequency, respectively. ,

Our Boltzmann kinetic equation for the plasmons contain an important physical feature by
taking into account of the enhancement of the collective field fluctuations due to radiation. It should
be noted that the present coupling mechanism does not vanish even in the case of plasma with infinj-
tely massive ion background, as opposed to the case of parametric ion acoustic decay process (or
induced scattering process of plasmons on ions) which vanishes in the limit of infinitely massive ion
(4, 5, 6). The spontaneous emission, which does not depend on the amplitude of the plasma waves
already existent in plasma, can be enhanced because of the “favorable” shift of resonance condition
due to laser radiation. Thus we expect the possibilities that the level of the fluctuations in the collec-
tive fluctuations grows rapidly.

In conclusion, we have obtained the quantum-mechanical kinetic equations for the electron and
plasmon distribution functions, which take account direct plasmon-photon coupling in the presence
of an e.m. wave. By using Lie transform theory, we have treated e.m. field nonperturbatively. By
taking nondegenerate limit of quantum Boltzmann kinetic equations, we have obtained the corres-
ponding classical Fokker-Planck type equation. By calculating the nonlinear growth rate of
plasmon due to direct plasmon-photon coupling, we have shown that the éollective plasmon field can

be enhanced: the physical origin may be traced to the oscillatory motion of electrons in an e.m. wave
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(i.e. the “favorable” shift of resonance condition for electron-plasmon coupling): it should also be
noted that the nonlinear growth rate of plasmons by the present coupling mechanism does not vanish
in the limit of an infinite ion mass. We have also calculated the rate of spontaneous emission of
plasmons in the presence of an e.m. field.

The author wishes to express his deep appreciation to Professors A. N. Kaufman and C. K. Birds-

all for their encouragement and kindness during his stay at Berkeley.
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Analytic Solutions of Weak Shock-liks Structures

Kwang-Youl Kim

ABSTRACT New analytic solutions of weak shock-like structures are presented. One of
them slows down as it’s amplitude and inverse scale length increases, as opposed to the ordi-
nary shock wave and solitions which speed up. Within the assumption of anélyticity and conti-
nuity of entire distribufion functions, the amplitudes(¥,, ¥_).and the inverse scale lengths

X + K_) of non-oscillatory part and oscillatory part are related by ¥_<y,<3¢_and K +Z K

The formation and existence of shock-ike structures and non-monotonic double layers in a
variety of plasmas have been an important subject of investigation in plasma physics(1 -20).A
The concept of the existence of these two structures is also a generic concern about the rules govern-
ing allowable transitions between regions of two(or more) different collisionless plasmas.

In many recent simulations and experiments, it has been reported that a weak ion acoustic
double layer can be formed via electron reflection off the potential depression and that it slows down
as its amblitude increases(1-8, 10, 11). It has also been reported that the critical surface structures in
laser produced plasmas may be identified as non-monotonic double layers or shock like structures:
it is believed that the through understanding of the critical surface structures in laser-produced
plasmas is an important subject for laser-fusion system(l2).‘

Recent satellite measurement of field aligned potential in the auroral region show signatures that are
especially consistent with the non-monotonic double layers, having the characteristic potential

depression at the low potential side (or bump on the high potential side)(9).A

.._46._.



Anpalytic Solutions of Weak Shock-liks Structures

Although there have been many attempts at understanding double layers and holes, recent theo-
retical work on non-monotonic double layers and shock-like structures has been devoted mainly to
numerical evaluations of the Vlasov-Poisson system(or of the fluid system) because of the highly
nonlinear properties of these structures(S, 13-19).

In a recent publication, we have presented analytic theory of weak non-monotonic double layers
and shock-like structures some of which exhibits the opposite characteristics to those of the ordinary
shock structures and solitons; it slows down as the amplitude and the inverse scale length increases,
as opposed to the ordinary solitons and shock structures which speed up(20).

In this previous theory, we have used the assumption of analyticity of distribution functions but
not the continuity of the entire distribution function at the separatrix(21).'

In this letter, we present new analytic solutions of shock-like structures which require both the
analyticity and the continuity of the entire distribution function. The present theory is the lowest
order theory within the above assumption and requires the two different particle distributions at

each side of shock-like structures. Higher order theories and modified K-dV theory have been studied

and will be reported elsewhere(22).-

Since we are interested in describing ion acoustic type shock-like structures, we shall use a fluid

formalism to describe the essentially cold ions.
= ' i = R Y S
not+ (1) 0, vt+ e + ¢X 0, ¢xx " —n (1)

where the density, velocity, potential, spatial coordinate and time are normalized to the unperturbed
density 1, ion acoustic velocity Cg , the electron Debye length and the inverse of ion plasma fre-
quency, respectively.

Let us consider the shock-like solutions which are time stationary in the frame of reference
moving with the velocity M.
Thus we assume that n, v, and ¢ are all functions of the coordinate £=x-Mt only where M is the

“Mach number” of ion acoustic shock-like structures.

I iy 2¢ &
With this condition, one finds = B N
c n no{l (M+.vo)z} (2)

We have chosen the boundary conditions so that n = n_ and v = -v, <0 at ¢ =0,
Assuming the electrons to be in a quasi equilibrium with the low frequency ion acoustic wave, we
take our electron density as follows:
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n_(9)= {J”’éy +j'h’-v}f+52-+[1+sgn< e—sm)Jjd-yvmg‘m—sgn(e—emuj dpfo, e (3)
y g0 -y -y
Y=2/F

where f and f, represent the free particle and reflected particle distribution functions.

f and f, are assumed to be analytic functions(23-25) of the constant of the motion sgn n/lv?-29l.
Furthermore, we assume that the entire distribution function is continuous at the separatrix(v?=2¢).
The electron velocity are normalized to the electron thermal velocity. Electrons can have different
densities depending on the sign of (S‘E‘m) where Em is the position of the minimum of ion acoustic
shock-like structure potential. sgn(E-Em) is the constant of the motion for all the reflected electrons.
We now restrict ourselves to the case of small amplitude ion acoustic shock-like étructures.

We will report the result of the numericai investigation of various types of shock-like structures and
non-monotonic double layers with large amplitude elsewhere.

Upon expanding Poisson equation in powers of /¢ up to third order, we find

Bep = (1= 1)+ (3T 1+san (§=8n) )+ 51— sen(§ —£m)]} 6P 400
C, _ 3
+{—2-[l+sgn($——5m)]+% ClmSgn(E—8m))) $T4O(BE)  corrererrerrmmmmserecsrnnnnns (4)
= -V'(9)
where we have defined the Sagdeev potential v(¢).
The above coefficients are given as follows:
v " .
Jdvf(v) =1;a.=g.f.(0)—£(0); b=—(m%—o-)—z ——PJ dvl % ;
ct=f4—3“/;2_{ gs £7(0) + £%0) ) e RO PPPPPN (5)

The continuity requires a,=0.

First we would like to show that the lowest order expansion yielding shock-like solution is of
order ¢3 12 in the non-oscillatory region and ¢ in the oscillatory region. Notice that V(¢) =0, V'(¢) =
n, - 1 for ¢=0. This meaﬁs that one must have V'(¢) < 0 for ¢=0 and thus ¢=0 with n, <1 corres-
ponds to the minimum of potential structure. Now suppose ¢,=0 with n <l, then one can only
have oscillatory solution for b < 0 or unbounded solutions for b = 0. Therefore we have to have the
Sagdeev potential which is at least third order in <;151’é in order to have non-oscillatory bounded solu-
tion. Finally, the only possible may of having shock-like solution with the above Sagdeev potential

is that it should be a double valued function of physical potential for 0 <¢ <min(y,, ¥_) and satis-
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fy V(xpi)'—; o, V’(\p_,_) =0 and V'(y_) >0 where V. represent the peak values of ¢ at x=doe,
It should be noted that there are no possible non-monotonic double layer solutions to this o.rder
(~¢3/ 2).. It is necessary to go higher order(¢?) at least in one region as can be seen clearly from Eq.
6) below. .

For the description of the shock-like solution to the lowest order, we set C_=0 and b<{0 to have
oscillatory bounded solution for £<§, .
With these conditions(V(¥.)=V'(¥,)=V(0)=0;V"(0)<0;V'(y_)>0), we obtain

P S
l"n =—C+qf+ ——'_bw'- N
o b 2 .
_Qc+./?'17+ ................................................................................. (6)

=75
From the above nonlinear dispersion relations, it follows that Y =3y _.

Solving Eq.(4) with the above relations, we find the following closed form solution of shock-like

structures:

—_ 2 )
BE) =5 Wit sgn (—&m)] [Ty e R8T+ (1 s (6~ g Csin K (6= Em))

........................... 7
where K?=-b/4 and ¥, =3y _. (7)
Thus, to the lowest order, we find that the amplitudes and the inverse scale lengths of oscillatory

part and non-oscillatory part of shock-like structures are related as llJ_<tp+§.3 Y_and K §K_.

It is important to note that this is a fairly general result since the only assumption leading to it is the
analyticity and the continuity of the entire distribution function. This result is in contrast with our
previous result obtained without using the continuity requirement: here the ratio of amplitudes is
dependent on the discontinuity of distribution function and K =2, K, .
Having described somewhat general formulation of shock-like structures, we now proceed to illu-
strate it with a concrete example.

Consider the following electron distribution:

1
f =" ~3sgn wWe=v,0%6(,) ,
f. =72——'1;e'“12”vd2 e‘%&:s 8(-¢)

where €2 =% -2¢ and ¢(x)>,0.
The electron velocity and the potential are respectively normalized to the electron thermal velocity

‘/Te/me and the electron temperature Te/ e» Vg represents the electron drift velocity.

With this electron distribution function, we find
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=1:b=-{ "o 1, JEVC, = 4e~Ed{2E S L Ga)  eereeereneenienaes (9)
g:~1 b= m2+zzr( d)}' x—Sﬁ— d *

where Ej is the electron drift energy and Z; represents the real part of the derivative of the complex
plasma dispersion function. '

In the case of shock-like structures, the nonlinear dispersion relation is given

Cop 3_2 . .
l—"o=5W+7=—3-K2W+,b=-4K2,C+ WK —l—zEd ............... D P (10)

1
My )

These relations show that 1/, c0K%0

From the above consideration, we find that above shock-like structures exhibit the opposite charac-
teristics to the case of ordinary shock structures and solitons: it slows down as the amplitude and the
inverse scale length increases, as opposed to the ordinary solitons and shock structures whxch speed
up This result agrees qualitatively with the recent simulations and experiments.

Now we change the role of electrons and ions in order to describe the shock-like structures of

different type as follows:

‘ 042 a,
£, = A= (e HEn Ve v) ges )+ L™ 7 ([lhsgn(e—¢n)IeT7 & +(1— sgn(¢—En)]
S - 2.
e-g'z'éij 0("51')} fez nﬂge "é‘(v 2¢) ....................................... (11)

where €; = V21, r= Te/Ti . Of course, we could have proceeded similarly by using the general ion
distribution function and by expanding the resulting density in powers of (—¢)%.

With this distribution functions, Poisson equation becomes

bee = atbdt (G Ul +sgn(6—£n))+ GUI=sgn(§—Em)) (-4) T+ (92) wrorvevrenn (12)

The above coefficients are given by
a=#n,—1,
b=, _.l_fz'(/ﬁj_, .................................................................. (13)
C. _5\/_’ B (9B, —1 +a,)

Nonlinear dispersion relation for the existence of shock-like structures are obtained as before

»

]
a :—%-CJQ’"-? - % K*¥,, b= -4K? C,= 3 fﬂTlo
+
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Solving Eq.(12) with the above relations, we find

=1+2tanh K
C £

¢(E)=‘%{W+C1+Sgﬂ(f'5m)] 5 _tanhKE]2+W_[1—sgr\(E—Em)] [sinK(s-em)T} ------ (15)

where K2 = -b/4, ¥, =3¥_ and Koo (VEs) - 1.

This solution has potential humps at the high potential side and shows qualitatively the same behavior
as that of the ordinary shock waves and solitons(26).>

Finally we would like to mention that, replacing cold ion by Boltzmann ion from the first model,
we have found the solutions having low(high) density at the high(low) potential side.

In conclusions, we have presented an analytic theory of shock-like structures with the analyticity
and continuity of distribution functions. Solving nonlinear dispersion relations, we have found the
analytic solutions for them and the physical relations among their amplitudes, their pfopagation
speed and their spatial scale lengths which exhibit the opposite(or the same) characteristics to those
of the ordinary shock structures and solitons: within the assumption of analyti;:ity and continuity
of the entire distribution functions, the amplitudes(y,, ¥_) and the inverse scale length(K_,_,-K_)-
of non-oscillatory part and oscillatory part are related by ¥ <y, §3 Y_and K +§K_.
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Table I. Relative amplitude of shock bulses along the wall of the PVC tube
(5.8¢m dia.) at 3em from exploding wire.

direct signal Ist. echo
distance.

(em) time ampl. time ampl.
(ns) (volt) (1s) (volt)

3 23 16.0
4 42 14.8 62 5.2
5 58 11.2 76 10.4
6 85 8.0 99 10.4
7 112 7.2 126 12.0
8 142 5.6 156 16.4
9 166 4.0 174 11.2
10 194 12.0
11 234 10.8
12 246 10.0
13 274 10.8
14 294 10.0
15 326 8.8
20 450 7.2
25 578 6.4
30 726 6.6




wheal - A AR S 2Y0 S

Table II. Relative amplitude of shock pulses along the axis of the PVC tube
(5.8em dia.) at 3em from exploding wire.

direct signal Ist. echo 2nd. echo
distance _ ) .
(cm) time ampl. time ampl. time ampl.
(us) (volt) (us) {volt) (us) (volt)

3 16 26.0

4 26 26.0 102 7.2

5 52 18.4 122 12.0

6 86 11.2 141 14.4

7 106 8.4 153 23.3 240 2.0
8 138 6.0 178 24.0 270 2.0

9 166 4.8 200 24.8 300 6.0
10 206 4.0 234 17.6 330 8.0
11 222 4.0 242 21.2 347 11.0
12 244 4.0 260 16.0 358 4.0
13 280 3.2 292 14.8 382 3.2
14 300 2.8 310 14.0 394 2.8
15 332 2.0 338 14.0 406 3.2
16 385 2.0 388 12.2 466 2.8
20 456 8.0 503 4.0
25 554 6.0 580 3.6
28 675 4.8 697 2.8
31 760 4.5 785 2.2
32 806 4.4 820 3.0
33 825 5.0 860

35 885 5.2

40 1020 4.5

Table TI. Relative amplitude of shock pulses along the radius of the PVC tube
(5.8cm dia.) at 3em from exploding wire. Measurements. made at Tem
from exploding wire.

. direct signal ist. echo
radial ditance
(am) time ampl, time ampl,
(us) (volt) (us) (volt)
126 9.6 172 12.0
center 125 9.0 170 12.6
126 8.8 173 10.4
128 8.0 174 13.6
4 122 9.6 166 7.6 ##
122 9.4 167 7.4 ##
7 124 8.8 168 8.0
126 8.7 166 10.0
122 9.2 164 9.8
12 128 9.0 160 7.6
124 8.6 155 7.0
18 134 7.0 151 8.0
137 6.6 155 1.0
128 8.0 146 9.0
23 140 6.2 150 12.4 %
140 7.4 147 12.2 #
#4# split signals are depressed in amplitude.
# Reflected signals ride on direct signal.
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Table V. Relative amplitude of shock pulses along the wall of the concrete
tube(l4em dia.) at Tem from exploding wire.

direct signal 1st. echo 2nd. echo
distance : :
(cm) time ampl, time ampl, time ampl,
(ps) (volt) (us) (volt) (#s) (volt)

7 170 3.0 216 0.7

8 180 3.4 210 1.8

9 198 3.0 218 2.2

10 228 2.4 250 1.8

11 250 2.6 272 2.4

12 300 2.8 320 2.6

13 326 2.4 346 2.4

14 356 2.2 370 2.4

15 380 2.1 394 2.4

16 406 2.0 420 2.2

17 430 2.0 442 2.2

18 454 1.7 470 2.0

19 480 1.6 494 2.0

20 510 1.4 520 2.1

21 530 1.5 545 1.8 700 0.9
22 558 1.6 572 2.1 717 1.1
23 590 1.5 605 2.0 755 1.0
25 655 1.2 665 2.2 820 0.8
28 750 0.9 760 1.5 910 0.9
30 798 1.0 810 1.4

35 930 0.8 935 1.6 968 0.4
40 1060 0.7 1065 1.5

45 - 1210 0.7 1210 1.1 1270 0.5
50 1325 0.8 1330 1.5 1380 0.9
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Table V. Relative amplitude of shock pulses along the axis of the concrete
tube(14cem dia.) at Tem from exploding wire.

direct signal Ist. echo 2nd. echo 3rd. echo
distance
(em) time ampl,| time ampl, | time ampl, { time ampl,
(#s) | (volt) (us) | (volt) {#s) (volt) {#s) | (volt)

7 123 8.2 415 2.4

8 150 7.0 410 2.8

9 197 6.0 440 2.8

10 212 4.9 475 3.0

11 231 4.2 436 5.1

12 253 3.6 442 5.7

13 283 3.5 460 5.7

14 309 3.1 473 6.4

15 349 2.4 - 502 7.2

18 428 2.1 5569 9.3 1.8

20 490 1.5 610 10.5 884 1.8

25 630 1.4 727 8.6 970 3.6

30 770 0.9 853 6.5 1085 2.6

33 850 1.0 928 5.4 1125 3.1 1250 1.4
35 915 1.0 980 5.4 1165 4.8 1295 1.6
40 1060 1.0 1113 4.8 1290 4.4 1410 2.2
45 1190 0.6 1240 3.4 1390 2.6 1520 1.4
49 1320 0.8 1360 3.1 1510 4.4 1647 2.6
50 1350 0.8 1390 3.2 1530 4.2 1660 2.0
55 1500 0.6 1520 2.5 1660 1.8 1800 1.4
60 1630 | 0.7 1665 1.9 1785 1.1 1925 1.3

Table VI. Relative amplitude of shock pulses along the radius of the concrete
tube{l4em dia.) at Tem from exploding wire. Measurements made at
45 em from exploding wire.

direci signal 1st. echo 2nd. echo
radial ditance - ; :
(mm) time ampl . time ampl, time amp] |
{us) {volt) (ps) (volt) (es) (volt)
center 1160 1.0 12117 5.4 1370 4.8
12 1210 0.7 1225 3.4 1425 2.6
1210 0.8 1255 3.4 1405 1.9
25 1215 0.9 1255 1.8 1430 1.0
35 1205 0.7 1230 1.4 1260 1.2
44 1230 0.7 1248 1.2 1295 0.9
52 1240 0.7 1255 1.1 1280 0.7
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ABSTRACT With a view of understanding the shock propagation through ducts and/or
tunnels, a thorough review has been made for the theory and the experiment related to the
propagation of plane shock waves. The theory covers a brief description of plane shock wave
and detail procedure related to the calculation of regular reflection and Mach-reflection.

A brief summary is given for the calculation of the pressure and flow deflection through
the incident shock wave (I) and through the reflected shock wave (R). Analysing procedure of
shock reflection is illustrated using I and R polars in the pressure reflection (P, 6) plane.
Methods for the determination of the angle (x) between the reflection wall and the trajectory
of the triple point (the intersection of the incident shock, reflected shock and the Mach stem)
are described.

By analysing the I and R polars in (P, ) plane it is shown that, in non-stationary flows,
three types of Mach reflection (MR) such as single-Mach reflection (SMR), complex-Mach
reflection (CMR) and double-Mach reflection (DMR) can occur depending upon the values of
shock speed (Ms) and the incident angle (6¢,). Examinations of the experimental results from
different sources substantiate the analytical predictions. It is also shown analytically and
experimentally that, in truly non-stationary flows in which the incident angle changes with
the sheok propagation, the Mach reflection configuration can be divided into three categories:
direct Mach reflection (x > o), stationary Mach reflection (x=0), and inverse Mach reflection
(x<0).

An intensive examination of the RR < MR transitions reveals that the criterion for RR ~
MR transition is different from that of MR — RR transition, Particularly for the case where
the inverse Mach reflections are involved, the criterion for MR +~ RR transition has not yet
been established.

I. A =

B33 FHE AW Polt FAX DWW BANE FRARE G AR 37 e
Aoksh iAol Sig B3Il & REL AN ook Be WA WA WAL FFHI A3
Ne 243 Agn waAwge olgd ojgs sjae aFsn AUk

olsh Ze aFel Wil ¥ ATNME YA FAMS Bmsh AAlzte wle]l me WAL
& NN Yo HEd BT AULHS S SFEA AR,
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A, o A9 o)L ekl Asdth EAE, YA (1) 9k WA (R) #
A9 293 o) Aaubde vlad A4 g2sgz, A (RR) Y& dHsidich A
A2, wstial (MR) 9 248 a4 38y 9% & (P) o fAlEge | (6)9 AdEd
2 A sgon, (P—F)FHaA I—, @ R—3x32ZE AMEE FFT WA sS4
We Asdn, RRIAP Eds MREAY AAZXAE =9 3%t

MRIA e 424 #A&de wpdos M43 RRAAF o= H4shd e gde 1en, ol
daide AFHAF] VARG o]FE Z}(x) & AN} #) 7 x & Adste WHE 7]
&3

MR#AA L 4Ed 9o EAH wat I, R 2 u3lag] (M) oo AdEE= gdgvuksh

AF(SMR) o, WAL 8% kink 7} A7 S9vishiAl (CMR) , R dAbolstas]  Fre)
Al 2 vhalRiALr) @A B o] FRkEhkAL (DMR) 5o 2AE 4 AL (P—¢)He I—R3IE
a2E A F AHAY BYog Sk

RR% MREZE 110:dF9) Mach(1878) (Vo o3 g0z ¢alzx, CMRE  Smith

(1945)(*), DMR White(1951)(®) o] o3t wAEIglch 22 e whake olo] o8 H=d
FAEEY FFS ol JHEHA FU% 2L o]YAEA Aol @A Neumann(1943,1963)

(4), Seeger & Polacheck(1943) (%), Smith(1945)(?), Bleakney & Taub(1949)(¢), Wh-

ite(1951)(*), Kawamura & Saito(1956)("), Molder(1960, 1979)(®), Henderson(1964)®),

Law & Glass(1971) (), Henderson & Lozzi(1975)("), Ben-Dor(1978) (%), Ben-Dor &

Qlass (1978, 1979)(®) 5o olste] F$H oz dFEUTh Ben-Dor(1978) 2) ¢ Ben-Dor

& Glass(1979) 03 & Z+% WA} Az AAZA AA 7ML AFaH T 0
735 om Ben-Dor(1978)#2) &= RR, SMR, CMR % DMRe| ww$isl ™Al dg 2
A 2oe s

RR#AA o] HAE 20 19 RS 5A% A sFo] wrabde] HyYslojol dln 2 J

Z7& Re 53¢ 589 Au WPHoz APAhs Neumann (1943)(Ve]  fFage =z

(detachment criteria) ©lth olo] §Ailst ZHoz RE E7F f&o] &0 2 2% RR
o] AlgtAth= Hormung wef,al,(1979) () o] 427 (Sonic criteria)©] ou}, ol FA
e 2743 o 1°FAxe] zolute] gl Az 7dH E 4 Qi

MRO WAzHAL I9 RE 4% 55 vetadl & A a5 vyl (slip line)
o] 5| ko] 3 ¢}Elo] olol dr}= Henderson & Lozzi(1975) (W o 988 w@zdo
Atk

Smith(1945)(*) o] A¥AFE RRo| RAEE #A8 BQ Y& WNME SATh Ben-
Dor & Glass(1979)(3) & ol2§ @42 M9sr] 948l RR—MR Aol §A 2k MR—RR Hol
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A7 daode BV FL o)AMY EAE At 28L& RR—MRLS EHFAE o
29 MR—RR& 933 BYPAE oSz At ) 7ML Y4587 $18k9 Ben-Dor
2} Tokayama & Kawauchi(1980) (%) &= @ B3lm 23 9438 WA ALgsle 249 w
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g olFe TS FWE vAbES A14% d3 RRHMRAH] MV uiAlZe] BaL Hrof
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TH/T=(2 + (K= I)MEJ/(K+ 1), coreererrrnrosmsemimminnenneenetiene srnnne (5)
M/M* = (U/C)/(U/C*) =C*/C= (T*/T)F wevrreemirirriiice e (6)
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E BAEY duyA REwAE

C, T+ U?/2 =C,T* + (C*)?/2,

ol
(o
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&3l (5) 4 (15) Yoz B
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(Up/Co):Z(Moz—'l)/((K+l)Mo) ................................................ (20)
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I-2. A2t &34
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27 gy JAEle 6, o= AT

_ (24 (K—1) My singp) ) (2K (Mg sindo)* — (K—1))

O/ i VAL ks DA TCL L L L S
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o BAZ FojAH HAdl WAL o &L (22) Aol Yty T

(22) A& FoiR Mool sl UG B 9, o2 WFHE 2RE F& Y 239
" AlzZre] JFeEhe Btk SARzte] WE (26) Aoz Folxjed 2 8ljE gl vIskd ¢ o(min)
o] A% (25) el mat A A FolA Yol e wbA 2 A% g A FHYHM
7} Adjolch, wak Ak Ag ZL AF FHo i &8F FE R oy TR
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A wmel] A wEALES] ZZAEle] As wlA & A
Aolth, webd WAl W9 YAISEE (20) Ao B

(Up/Cy) =2(M2~1)/((K+1) M)

4& & F Ak 9710 (19) 4L AHE-hd

(Up/Cq)2 = (2/K)(P2/Py—1)2/((K+1)(P,/P,)+ (K—1))

o] @t «7lA P, & WAl IAlE d¥elch @¥ (16) & AE-3hd
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2 BAEHEY (Up/Co)?2 (20) 8% (To/Ti)2 (16)3 S Az tiysid
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o] gAE deth § FAEE WY wAbste] HEulE FAYYH 2 ARPE T FW P,/P
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Pl (Kz_l)M02+2(K+1) ..................... (33)
2 BAEh R £S5 M, = (32) 49 watshel S (19) 42 F 4§34
= ZEME=(KT1) e e
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R,, — Pl __Po — (K_I)M02+2 .................................... (35)
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-2, ARZERAL (A TRAL )
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g olFH oF AU (¢m) Bt & Zo g YA vlstad & FAAE
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g}, oju] WA 3 b (1) oA F5 wAleel B8 slojof &) whgo] AF
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2 Folx o, o] A& (22) — (25) Aol AYste] YAt oG 27 S slEWr) (28) 4
A AxE 2AANY FE M ol TN 6,9 YAZez WALEZ ] YAatHo] (2)
Holx ANE 2 g, 08 W) M, o SEz [T 524 Aok ol 6,3 M, ge
(22) A7 (23) Hol HFE (Mg —My, M' oMy, ¢o—¢;) sk 2o HBNA ¢, T ¢,
ol et FolA A& otk

Walvke] BHe P59 ¢—0 FAEEE ALl vaY 47 2F & 4+ Aok meis
Moo B8] $o8 zZtoz ZAW YA 229 W] 85 M, F Wz 6, & A
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79 199 f& M, % Az ¢, o2 wapue] YAtsle] TADAA |6,] =0,02 9
UgE e 93, RN Avke M; 34 (B3Y ) & Fow 1 MY M ge I3
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Ake M, 3d0] AFH T M, & 2% T 45U 4% 3498 Ushlz o4
(3] UEAE = e M, e oleSRlnz 78 2AAe ue 98 4¢ TI& U,
= Uy —U, 7} o3t 2445 ALRT 2Bz EFouixe] 2 AFuE wELz A%
7 Henz AXNEE APdle 4e 248 e guch(NFAESY Aol A 37
A= &A1 & F Aok

FA8Y WPz wAlne 548 ABSA TE & Atk (37) Aol 4| M, = My sindg
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e f<olth (Kimey & Graham, 1985)18

o] gla (23) &
(Ml sin(¢'0—01))2= (2+(K—I)M;Z)/(ZKMSZ—(K—I)) .................. (39)

2 9 o F4oz RE M, 0,2 2AVT. M, o FEo= WAL 2A% (R)o] YAke
o 16,1 =0, o2 Wsolo Sz (22) A& TA AHEEle]
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o} #A (Kinney & Graham, 1985),18)
2% 9-b, ATWARIA ZHZE £(=Po/P) ol F UAZ (do) T WAL (8)
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€ ded, AL F£AMY Y ¢, e FI WAL f&
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QAFZOl B wAlzre 29 9o ATk ¥ 9-acle A} AT nlag] He daE
HAI, 9-bolEe 37 G £ =Po/P, o] WE ASE RYT 2Y 109E YAz me
walse] SRS WatE Byt

-3 . ARZPgEA} ( @FEERAL )
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2 vlshikrle] 40 gERe R Jg Hed oA Fo| Hupshitrle] 7 fol AWz
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a¥ 129 Ade

Po(max) = 1.75/(Ms—1) 39  reerrerrmrmermeecrimiiiiee o (A7)

w -
THOPTT

N

REFLECTED SHOCK MACH NUMBER M,

c—.
S T

30 60 90
ANGLE OF INCIDENT SHOCK ( &), DEGREES

2310, YALZ (fo) O UiE WAl FAT £ (M )9 W3} (Kinney &
Graham, 1985)18)

._.86_.



245wt 2 A7 ¥

DETACHED ~
REFLECTED INCIDENT
SHOCK SHOCK
' /
IRAJ/ECTORY
suP ___\-7 '
STREAM -\ MACH
- STEM

{a)

a1l FAn wlehiAl (a) Phelas s ARG N EelE WAL
(b) 454l e & A 58

.0 T0 39,97°
. AT Mgz o0
" REGION OF OBLIQUE | REGION OF MACH STEM ' B
8§ 2.6~ REFECTION FORMATION =
&5 i -1
- o g =
Z [ MINIMUM 39,23 Z
9 ,, AT M, = 2,48 g6
2 4 : i
& [ g s
o B w2
o i = 4
E 18] S
3 v fomt
= - S~ 3F
x o] .
[or) B P -
= i & 2F
RREY = °f
= 1 £
i 0 30 60 90
ol o et ANGLE OF INCIDENT SHOCK {4), DEGREES
"o 30 60 90

ANGLE OF INCIDENCE ( @,)

- 12, ATERALeIA wlsbuiabe Aolg = IH13. 27 W4 Atz ol st 5]

YA (Kinney & Graham, (o147 ERAAA k =1,40)
1985) 18) (Kinney & Graham, 1985) ,18)
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BLAST WIND MACH NUMBER, M,

I bk )
' 60 90
ANGLE  OF INCIDENT SHOCK {@,), DEGREES

¥ 4. FFHd A EF&w (Mp, ) & A=} ($0), (Kinney & Graham,
1985) , 18)

2 Aol @ Zlednh. 2d 1204 YAF YAZE My = 2.48 2N A HAA Ppin (max) =
39.24 8 7HAm olu] ¥Alzhe YA BE WAHISE FH IS g,

hetad & WAl Eeiol GEE FMIZIR, ol RANAASE SN RAMAAS
£ vlsted FUEel YAl da mes 2WAN, veaagel WAl $A® FE

My = Ms/singo A2 (19) 2 o2 HH
PM/POZEZK(Ms/SinQSo)Z —(K*l)]/(K‘f‘l) ....................................... (48)

S deth I FE5 ME ¢ oz FAdH AW FHALHEL (25) o Ms =M,
sin g & WA

P, /Py = (ZKM,Z—(K—I))/(K‘H) ............................................. (49)
olt}, watA wial WA=

Ru = (Pu/Pg —1)/(P1/Py — 1)
= (Ms?/sifp — 1) /{Ms? — 1) creeeermomarrmrereniiniietiiireneiinainienens (50)

2 Fojzt

A9 lahulAl] €@ FEETE Up=Ug—Ug 2 FolAn Uge % My = M, /sndy 2

mir
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FA o wkabel o AT EE
FAQIAbete] ZhRE AEdnE (17) A€ ALEs
Ug /Uy = (2+(K-—1)MM2)/((K+1)MM2) ....................................... (51)
2 Foizth mA FFEE
M,=U,,/Co=2(M,/sin¢o)(1—-(sin¢o/M,)2)/(K+l) .............................. (52)

o)},

(44) & AF83le] AT ASE AQHL (50) AL ARSI M SE Aue A
& 29 130) BYT VW (45) AT (52) A AEF FEEEE 79 149 wedTh 2913
A HE vtshgo] 2Be) WAHASE UAkel Sl wheh ik gAs HAXE 7R
Oe et @ B BTh FAZEIE Re v 1471 sel N AFUWA ASE A
Ne $AuAAS B a9, BswASE a6 O ag. a8y 3245 gt v 2.48
o)l HB WAL A5 Be ol £ Aol mrataslol WS WA FE BAS
Moz FAS gasin YA F7ih @7 1o] Grh(oldue WAEFHE Aedoz =
Aol AFEE T ATh) 29 140] B BESE Azt ST mek MM Frksel
AZolA A3 Erlokm vead AT @0 AUWSSE 2T YA TS AXT AN
Baw,

V. RR & MR H o]

V-1, g7 oy

a0 AzAle HAY BA2A Be Sagd gt 4Y % sdes AT &
o}, AN AAES A8E 2R 5E Al 471 e walEA o] #5FHU o
E& AHFutAl (RR) , ©&rlaldtal (SMR) , E#wlaldAL (CMR) 2 o] 578HikAL (DMR) ©] o,
2% FAEgNAE CMRF DMRo] LA 3Hx @3z vt RR3 SMREe] 7hEsich

RR¥ SMRo) 110@3e] Mach(1878) (Vo 9sle] 2R ojs) 593 A7d n glod,
1940dt} &% Von Neumann(1963) W o] o8] thAl @7t A==le] Smith(1945)®) & CM
RE White(1951)®) & DMRS #Zsifch a2% dTE 4% wAlzel Ho|AAE =RAMEE
o FAF=HA,
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H gl 78 Re RRESMRAo|FAH I, 1975 74 RRS MR (MR 7% wpslyt
AHE YER ) Hole TR dAZRA] g o]F 2HE FF A9 gol e A
A& Qe ARNEFo|U, $H Bl Mg o] Fule] o|Fd e HIAHREE (YAH ZEHBE
MRS FHNEE2 0z 5E ) ALdcn AZHIUT o] T 2HL WAl oF fAle
#gkzto] (olgtol Btz Neumann(1943)(H) o) B2}7]& (detachment criteria) @ WHALSh
] ¢t¥o] Zolo} #tte Handerson & Lozzi(1975)1) o] 488 JY71& (mechanical equ-
ilibrium criteria) ©|th. 223 wAlHA & vl@a A5 A8 Ben-Dor (1978) () 9}
Ben-Dor & Glass(1979)(®) & 5 WA & B¢l RR=MRAHl] #g 7Hd-g AdAc)
2 vA A EFol#, YAzt %é%E?’r AAE Astste EHAEZES FAE & gl 4
$-o]9 ojuf RR—MRHe] FAl= MR —RRAIFA G} 2& Hart flds Aot} o] 7Md
o] w72 & RRely MRel ¥AHd AHHE drAzelv FHF=E XA #stAAM MR
olu} RRE #2A7nx €v Y& WAL (RR E& MR) = E8l3 oz &4Vt Brbs Aq
AR A&@te Aol

Ben-Dor, Takayama & Kawauchi (1980)(®) &= 22 ghjlo] S AAME wigd e 2EE
Aoz $43le o] Mo BN BAsIHT & d2M M, =49W RR—MRE A}
Z} 50°o1 A @A sh= w, MR — RR& 25°%0A] @A) 3tQth, Takayama & Ben-Dor (1985 )16)
© S48l S ¥APAS AMEEle] MR — RRAolY 2E3Z 988 = ubslubA} (inve-
rse Mach reflection; AFHo] WM& sl HAsh= MR) B3 e ZAMERTE Ben-
Dor, Dewey & Takayama(1987) " & ZA 3 Yo ©|$4AIHL Al43ld RREMR AH L
A8 A3 o,

V-2. 830 a5 Jetm (4d —wgzt)

FA e WARA S oldishele AT P-EEE A= o] Wit Kawanura
& Saito(1956) ). ZFHuklel YAZAS HH2 (0) 2 244Y (P) o2 Folxy] W&
of MAPHA g oldsly] AsH e (P, §)9 ZxastZE AMgdE Ho| Hasitm 795
ek,

FAgHog golok AM° AU SaAe ¢, 9F WP GRS SHEY oy
F "k ol YY FANRE EAYY vl Stk oY 150] 28 P-gszaetmel )
=g RAth Poe YAERATR dol e AAAL dPoln P 2N (B WS
) el Aol g& A 27 2 WYos BE 2 Zxolth, P I15M A
BCDAE At E8] Solo& whals Mo7F 4R YA FH oz 7% 89 THAo T
TH3 (22) A3 (25)HoE RE AT JAlme] SAo] dEAW 13 FHsEoekx

— 90 —



275} wAet 1 AT WY

el o FAFHE ekl dde] dAdh old & Iakeld, olde 2™ 89 Ay siF
an, $43 ¥4 58 Mo 2¥¥h T4 IEFGIE IH9 54 #E 380 33
g B Fo 535S vehle WA FFExatEaA (40) A 0,3 ¢, & TE
(43) AellA] M; =M, o2 ¥3 P, & 73l P(=P,)9 6(=0;—6,)° #AE ™
Aol 28 89 FA Bell AT AYL Mysingg = 191, CHL ¢o.=w/20) 3 F3 I
He Mysingy =19, FHL ¢, =n/20] AZ3= Holoh HI7 A 1A FHFH 285
Zo) YAXFOW, IFJ oz RE &Wdly IEFQGIY Al 22 2HTHL Yo Ayst nieio]
28 7 e, vl Fue) sEdu e A 25A T e § Ho) tig"tl o] A=Elg]
A8 dAL FAo] wapde] ol i FAATR 22U ALY AHIY, olRL
f=0¢1 P-Z39] wdolr} dwtd oz 1 ML 1Y 150049 o] R} R'e] FHo) g}
th R!'e mddel dom SHEF old o sl AREF Aol AAEHA e

ol YA My € AL YAEF UYE F/MAIE IHL APz RE dolx|wA
2AFHZHL FolHA Il 13 FATA9 —%—’—',ﬁ’@l(Ml =1)o g Yoz H3
i g, webd RI R'AL HF 7}71}% A t}7t oj| A ZANA FF] HX ;L 2 o
& flojdth o] A ZAL WiAlTe] 4§ {ie Ao Wzl I HUFL frn 2
33 o] 78 4 Arh

A 9o Z7IFHE AP g3le] (22)AelA 4,& Tl RS (23) el oHUIA
My &€ 23S o9&, olAE (27) 49 Mol tiygstn HAHYE F+ YAt do(max. def.)
#HE T, G (22) Yol AFE (Mg =M, ¢¢ —¢g(max. def. ), 6, —8,) & ¥He] 4,
E A4}, o] AA L NESY Oy = 0, = 0, %S A

et

V-3 . 3metAlel A=A
Azl A 248 JAluel vkl E S9§ fAlo] wkAPHC gy ok ke HA
Ay =4

olt}, '02' o] Hjge A T3 )0211:' olr}, 9] 0am gol #4 —.‘i"a]zﬂdetachment angle)
olx RREAS AAZAF siolth (Neumann(1943)W).



B AL ko] Hro] o}8d (M, (1) o] Hul wAMHY &L Suto] J S WA 2
Rolt), mWekA A 227 Fade §4F (My=1)°] 6=0% ol A$Y
270 B4 AT Hornung et. al,(1979)(4) .

_,_.
N
-~
ofr
o
=
=]
o

025 B T3E W (22) AT (23) YA doi2 A3 g0l A 6,7 M, e FF
ki, oAl (22) & (23) Al WMFE (My—1, My—M,, $o—¢,, 0,—0,) & HB3A 4,
§ FPUS |8 WES] §,+0, =00 G 6,, =0, °lth

FE 2 5o wasy, f,m =42 MAXIMUM DEFLECTION SAola f#,, 34 M =
1.0 320 siFerh. 2 My 343 o] F F49 WSS vasy degd g ~1° 489
ol A AX3) W] AMA oz (53) Aol ZAF (53a) e =) & o)z} glo}  (53)
Ae] zHAE mB P,

V-4 . OFstEbALe] AHZA

Oy 160e FHAE 283 EolAl wishikAl (MR) 7F 2AE A& Rt dA] 5§
ME 45d Fie 582 nnyA (Slipline) 02 Ea€ch vAlgolA & 77 dAls
oF WiALE Bt EFola, BRAHA W PR Ae wiEtaRigkE F3E BEolth mEkA
ST EEL WA FAYe A B I, T EFL WA S gl
Qe ) AFT} (Kawamura & Saito, 1956)(). o] m@e 2P 169 M3 M 2 FA
stk o] mAL S A uwEA 0, 1, 2, E2 37 A& F Atk 27042l mH o)
Ag AF vAEAHe] IEFA] Ae Aol B8y oz g9dl Holth ol vetago] WA
ol A9 Aolny, metr ¥ 169 90°YAIFAJA CMTZEe] wiataglel] & Falr] W Fo|c),

MRo] HAE AL A A3 uiel o] Al 4 (I-F4 ) F wrtsg F4 (R-F

) Aoz FoixEe 24, &
Oy 4 0, = 85, Py =Py ceereeeramerteaiiiiii s s (54)

2 wEsok Bk odr)H 6 & chetaD e FIE FH9 Woln, P& Ak el ¢
Holw Pyt vhstad el Qolth oAl AEMy & WA AN AN 2ARES
A delw IFe Adel HEs B MFe CHel gesd @xA B RsEe
A% WAFAe] p -%3 whiwl RRo) WASE 1= 1-34% R-ZHel mde) p -5
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F2 % walst 2 AT 99

les]
J m
> 0_A— D,
o
@
=
=
o

2915, P-0%9Ee] YAttt ZEgElE, a9 16. MREAS] A4, P-o9Ad I-
ZX ABCDAE & Mo 2 A AL 2 R-3zx#kE,
2ZA A . IEFCIE dA3E ABCDA, ] Ak} (I)-34 ¢ IEFGI,
I e o] &< My 2 AR whAlbst BiAlgr R-24 ¢ M, MR2AIAE @ ME,
ZZ4H. w}al w71

Arpzol o % we dAA
+ 6 &k, WAEH AT A9
e IHS g3o= — 05N “’J
REL QA4 TAsel 3% 3
R

WA =¥ RRL AlERcs A & ¢ ok wEkd MR dA &L

0l+02=0=03’ P2=P3 ...................................................... (55)

ol & 4 YA o] g d8d P 7)F (mechnical equilibrium criterion) ojgr %}
(Henderson & Lozzi, 1975)(

V-5 . RR — MR &0

3% 179]% RROIA MRZ Holo] £71x A48 Bt HRL FiAL Fe 5843
g, AME 45H $He 582 247 dehlin] CML vhalad $e sENHE UeTh
a¥179 (a) 9 (b) S ZEAQ Aole (a) o BSE R % FHREA MA <] 9
Asti (b) o A4E AT AR AN AUk WA wishiAzr AR vheiad &

o]

il
p
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7,.,<
e

(a) d (b) 6 -

\ z \?IU
>

2% 17. RR—MRHe|& Yehile I-R3E 22k=, R, RREAGY 94A
A M,MR A, @) Mg) Mg A% FAYAMZ FF wA}
ZZc 3 22E5E FE (b) Mg Me & FF FHUYAE

A3 AR o o] &% BF =

(2)

PIP,

(1

() . .

20 30

23 18, RR—MR #Holgl Al RS (Mg =Mg) Y A% I-REx 28,
Moe = 2.190, k = 1,40, Mse = 1,450, ¢ = 41.45° (Ben-Dor
& Glass, 1979) 18



230t WAt o AT Y

4ol sE4E &, Prandtl 8714, (14) Ao ofdld, (a)o] A$ 3%l (b) 9 A% of
&5 g ol
S8 Aol 29179 A44Y MCRE @3e =ZolA =o] I8 189 melntst o] PH

Aol JANEHFH ] AT WAIRH TN HPo] AR, o] A FH B2 A 2, (53)
4, 3 483 FYPzA, (55)4], o] dX=HE AHoln, o|& wEd= RS Moc o] 5]
Mool ti8lME (55) 419 ezt glm (53) Ajgte] EARTE olstne dAzde Hudg
Z} Oam s Alsle WAS Tt AXE S Utk YARS M g HEANHA G,m e A
ABEIL (19) A& AMEEtY FAPA 2EYY Py g TR (43) A Mol M, g dYst
o P, g 73 vlngoh P, =P, dw M akol LALYAFESE Meeolth (a)2] A% Mo oM.
ola &4 vishukAL LA EE, (b) 9 A$ Mg (Mg ol o}S whaliAll HA) §o),

Moe & Albzte @dA 4 7)Ao oisle] Molder(1979)® 7} My = 2.470, Ben-Dor &
Glass(1980)(3) 7} My. = 2.453(M, = 1.540, ¢, = 38.87°), o] ¥z &3} 7]: 2] H$ Ka-
wamura & Saito(1956)(D 7} My = 2.203 (Py/P, = 0.433, ¢, = 41.5°), Henderson &
Lozzi (1975) ) 7} Mo, = 2.23 (k = 1.402), Moder(1979)(® 7} My, = 2.202. Ben-Dor &
Olass(1979)0%) 7} My = 2.190(M, = 1.450, ¢o = 41.45°) 5] 22 H1 31 th Hend-
erson & Woolmington(1983)(1%) & olslzte. fA =l slFsle U4 2AT &= M. &
< DA EA O] dEte] M, = 1.5487 o] AEA ] st M, = 1.4565 k2 B3 Fch
Ms { Msc o 24 3E 3 FF 02 3 M, ) My & $EA 98 72§ $F 08 o,

YALEE O] My > Moc(Po/Py € 0.433) Q1 A9 WAl Fte] 5L 2842 RR-MR A
o|7F ZIdEa, My { Mo & B+ o242 RR—MRH7} 7ldidl, a8 17-ao] B %
%4 RR—MRHole AL FaMAL 5l =4+ BEAEHow Z4PTh (0] BS 29d
(R) oA A9k (M) o2 Holats ¥ 9-boll o3y §7F Zadrh) whael ¥ 17-bej] B
Q o}2<% RR—MRACIS A9 ' BdHF oz FURT,

Bleakney & Taub(1949) ) & o] ¥ Hel#AH el oz AYAAE vasglth o&e v
AAE a9 199 AMAYSIATE oSS A < 43 23 (Pe/Py =0.8) F &AM FH F
A (Po/Py = 0.2) o] AFHE o] ¥ vlwslch A4S RRe dAlwtel iAoyl @ =
253AMO)E, (41)4, o8 Folxe TMo|n Seeger & Polacheck(1943)() 71 Axd 1
H9-be] FxMFolA #3t Zolvh, HML& MR Aol whilmt 2 wlsiaRle] FAHE 3%
ZZ9 ol&, (54)2], o2 FolxE TM oz Seeger & Polacheck(1943) () o A Argkolc),
X9 O AP %= Smith(1945)) o) :&Ab7l BdA et Harrison & Bleakney(19
47) ™) o] 2HH 0|}, 2 19014 HEo| ¥ FZHTe] A9 RR—MR Holo|&xh 7 ¢
As whatzte] Bd&H oz Zashd, g 4T (Py/Py = 0.8) &) ¥ RR — MRo|&d]
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THREE SHOCK THEONY /

1]
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4

100 [ ] 'B: =0,00
§ 020—\

[ R VRYE 1T

f #/ '°'Rmecnou
ol

x. nmemou
TWO SHOCK THEORY *
.P_ = 0,20

.L . ’
% = 000

0 D 60 %0
{®,) DEGREES

20

2919, RR W MR Jadel ol2z AgA HMa. &= Po/P
3% 27 (£=0,20), FF FH 5 (6=0,80), K, F54.
(Kawamura & Saito, 1956) 17

n Ry,
(1)
6
NG )m
(1)
3}
H
1 1 1 ]
0 10 20 30

2920, o27k4 ©E RR=MR Ho|& UehiE I-RIF¥x%F. Havl
&, Mg = 4,00, Py = 15torr, To = 300K, a-f& HolA=
o} %@1‘&}24 e, Ry, ¢o’=30°, M, =200 : Ry, S84 B3

87, By’ = 33.58°, My = 2.21 : Ry, o’ = 37.34° M, = 2.43:
Ry, 4 ir:al"?}ﬁ], ¢’ = 40.01° M; = 2,57, (Ben-Dor & Q(lass,
1979) 1%



FH S gAet 2 AT %

mpEx] i wkAlZbo] ¢14:3 o wErh Smith(1945) () o] AABE Pe/Py (0.4 9 A
< ol&x A uir, Py/Py > 0.5¢ A$E RR— MR o]&4 Folek I wx) v

olg}zre Smith® o BAXNE APES) $3le] Kwamura & Saito(1956)() & 249 A
AL s3dle] Smithe AP 2L, 284 RR —MRHols EdE3o|y ol&% RR—MR
Hole ol&dt gf A%, A S F9 sk £ 284 zHolgt obd& Helel HA
A7b Po/Py = 0.42902 82 agEnl ol o8 0.433 3% 2 XA

olefzre okd AW NN FHEE 1ET Smithe A¥AIe) EAAE @A 3
o] We AIPES RR— MRS & 715¢ 24 HUth. Hendersan & Lozzi(1975)0&
Smithe] BAXE siddlr] sl Mg dAFRPAo2 A%y HYg FAstAk dpn A
Z+3lQdth, & RR —MRAHolol (55) 4] o] wEsof Artn AT

aF 20004 B Mg > Mpe & A9 dAES A3 F7HAA RReo] Edw denbshubab (S
MR) 7} Al&E®, O Ade R-F43 P-%o HAE (R, 49 Af )o2 ¥ I-43% R-
T A (RS aH ) o8 olgdtl, metA ojeizre Holo] A 4TE 4¥ Favt
fbsle] et Yo FAHA Feoh A% WYL K737 M E RR — SMR Hol=
P&Aol I-I43 R-Fde A (R, 49 CH ) oA A stejok gttt o] £HU&  (55)
el §; +60,=0=83, P,=P°lth

(55) A A F AL g HAE wET (22) 43 (23)HeAM 27 ¢ =39
(43) & A8 P, (=P,) & T 9 vhsladd Fe] 94 Py & FHYASL ¢
golmz (19)4 o2 HE P,(=P;) & T8 ¢3S HIAAA VN o] A4S w5}
o P, =P,7F W (0,1 =160,]°10 6, 6,9 9l HIARZ §, + 0,= 02 P, =Py
g e P-4 S48 ¥k

Iy 21l (53) Aol BPAFHTY (55) 49 AHH Y FAFHoR Ben-Dor &
0lass(1979)() 7} A3 AFHE A QT 971M ¢! =g —xolth I 2144 R
ulgl Zo] o|E ¥ FAIZe Aoy A3 ATh

a8l 983 3y I 294 Box Smithel FAE ¢S AW A X Smith
o] A¥dATE @AM Bt o 2 YAelAM RRol A&EE v, 9433 9y 4= o
e zio| A RRo] B¢ onjgth a9 209 Ry FAE AuinA, g3 (63)H¢) <
3| RRol A eolA st whd 98y @Yo oshd RRo] Y 4 8lrh

Henderson & Lozzi(1975) ) & a5< ZE5AY Ayt 933 33 A9 I 4x @
T BE SR ols ZE My > 1] U8l A¥she R ol Kawamura & Saito(19
56)(M & My { Mge (28 17-b) 2] A% (55) Aol o] YUHA &S HHch watr o
A FHTAIE Mg 2 My 7 A LHE oz dAddEd,
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w 60
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wJ
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u,
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(Y]
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1 A . 10

INCIDENT éHO(K-WAVE MACH NUMBER (M,)

" 21, M -9’ BHlA RR=MR oo FM&T AN o oy
WY YA FH. FAslx, Py = 15torr, Ty = 300K(Ben-Dor
& Qlass, 1979).13)

B8 1My { Mye HSIAA 7= 2alaA (534) & Be AgEY) 4927 (Smith
(1945)(®), Bleakney & Taub(1949)(®), White(1951)®), Kawamura & Saito(1956)(), Hen-
derson & Lozzi (1975)(%) 5 ) 9} dAaka] gt

Auld & Bird(1976) @) = 23 209 F4H R, % R Alole] Tl F&3h= RRI SMR
< 7)1 EAH &nlo]M Monte-CarloAlFol o5l AN A3k AA 714 &5o] ojsle RR
o EA9Yel AHe Bk Y AA AMNEHE Tesi® ( Ben-Dor (1978) 02,
Ben-Dor & Class(1979)¢%)) d¥=x oz #AZE RRS WYPAE °|8% A4S Y&v)Ben-
Dor & Glass(1979)0%) &= RR —» MR#Ho|& (53) 2] EelatA& wax, MR —RR Hol:
(55)A9] H8A HIxAL oEvkn AdsiAh F 28 209 R, FAF AEH (@FiA 2
Wate] Parzg F4A71% a (SMR) —b(SMR) — c(SMR —RR) — d(RR) o] oz e
2 oy ol Aed PP2AE wEelth ¥hH R, F449 RRAH (A d ) oA FE YA
2+-& F71A71" d(RR) = c(RR) — £(RR) —a(SMR) o] Ho|fgor Ee dAzE o
2} 7z RAolr}, o|RELE ZEL B3 (inertia criterion) 2 ST &E7)o) WS HlAlE=
YAtztel v AR = WEY Eeld oz EA7F B AR dE5HY adf2ld Rl
niel o] RR¥F MR F&E F9o] EAdi)



29 23,

a9 24,

&%, dartes,

2 s whAbst 2 AT EY

8t
. (21 ,ﬁ——MAX. DEFLECTION POINT
Sp
¥SONIC POINT
&) R
a®
-~
a.
m
2} I
1 (0} .
0 10 20 30

2.19 =Mac<Mo <Mnl=2.409’] %‘?‘ RR— SMRAHo|, R_i;ll_ﬁ‘q]
Ao HEH (me) 3 54 (Sp) AlelolA I-Ro|] made] M;r <l
S w&sle] RR—SMR A7) 715, k =1,40, My = 2,30, ¢,°
43,73°, M, = 1,59, (Ben-Dor & Glass, 1979) 13

|

20}~
| U g,
10k \“\ s{R)1 ~— )R
~, '
8- \\\ . 1)
6} N ("
a® \\
= ~
l' -
I
2...
Ayalt) . : o
0 10 20 30
. )

Mg D Mos & 9 CMR— SMR Ho|at4 g Add¥sle 37K I-R
Py = 15torr, Ty = 300k, My =3,00, (1) Mpr>1,
CMR 6o’ = 53.98°, M, = 2,43 : (2) Myr = 1, CMR — SMR, 6’
= 55.93°, M, =2 49 : (3) Myr <1, SMR, ¢4’ =57,90°, M, =
2.54, (Ben-Dor & Glass, 1979).19)
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V-6 . MR — MR’ ®o|

43 gials WA o] §&ed wit AR & Fi nheear A g 5 Ao
(Ben-Dor & Glass, 1979)(3), & ghenlshabal (SMR), Egvislvkal (CMR), ©  o]Evist
HEA} (DMR) 7F WAIEE 4= 9loh, White (1951, 1952)0) & #z2 walok o] &go] 45
ol tidly 285 (Myr > 1) duf WAbmbge] 894 (Kink) o] 24832 SMR — CMRF ©)7}
NYPL Il 723F Gvozdeva et. al.(1969, 1970)®? 3} Henderson & Lozzi(1975) (Y
€ olote Holol il 717+E 7197 vl At} Henderson & Lozzi & CMRUle] <t&sd
Eo] EAsle] olgo] e FHME £YEHo DMRES AT A 93l

I-¢} R-3x g2 RE RRo] S48 tg 27K 28 om O& d4¢ A&
o 4 Mp { Mo A% R-3x Et=e % 34 FHo I-Ruyel Adx (¥ 22%=),
m2tA Prandtl #7414 (144 ) ol 28te] M,r{19]7] w&e] SMRe] F4Hdrth ¥ 22-a9)
A 05(=0,+6,)< 8, = Rel &I o W (—6,)0 Iol <Ia Ve (9,) 0t} Ze
ZAgoli, 28 22-b9] AS 03(=0,+0,) ) 0,, 5 Rol A3l tlf HFo| He Hfol
o o] T A% BAZAL G3=60,+0,=6,°19 RE F3lo W] g (0,=0) F
$olth, & Ro] il FHolAY &L uaizt (4, =aresn(1/M)) & ZE F$o)rh

3 (2 3
P P O 6y4 01> 6,
R, P 2).(3
om 6y 8,0 0,8, [} (2),(3)
2}- 2
R
\R
1)y (a)., {b)
1/6 ' (1)
1 /8,
(0)
ALY N 1 1 . -
0 5 10 15 0 5 10 15
) 9

222, o FAAE (Mo (Moe) oA F7H4 THE MR. (a) HhALml] 9
g AWk G, =0, + 0,0, k = 1,40, Mo = 1,60, ¢,’=47,88°
M, =1.18, (b) WtAbsiol 28t FWEF g, = 0; + 0, D 0, k =
1.40, M, = 1,50, ¢4’ = 50°, M, =114,
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30

WEAK SOL,

wn
[=}

-~
o

EFFECTIVE INCIDENT ANGLE, (4.}

STRONG SOL.

90 ' ' A i
. 2 4 6 8 10
INCIDENT SHOCK WAVE MACH *NUMBER,(M;)

I 25, Mi—¢y’ FHelA AlDEZ wALTE. HM 13 2& Favtx

To = 300k, Pp =13 Py = 10,00 torrd 7%, HAL k =

1,40 ©]471A. NR, WAL Q& T, ¢y'= $po—x0|BR

Po—M, WA A= NRFzto] gith (Ben-Dor & Glass, 1979) 13

Mo > Mpc®l 79 P-23 Re HAPL I-3% I Ho] XA (2@ 17-a9] R

H, 29209 Ry T4 £3 ), I-Re mHFo] R-3% ztxe Aol WP (Me) I 53
(Sr) Alelol e AS (aW2BFR) F FUUA Mr (1L B3] SMRo] LT},
¥ 249 M Ry Zo] oH My#tolets ¢'=¢—x3gtg ©Fo] Mr <19 22U & w5
A F drt, a¥ 249 FHR, F Zo] I-RmPe] RIH 2454 (S) Ho Y A$ v
Atgk o] 284 B5F Mpr ) 1) o] WA WL &3l7] W&l (6, +6, #0) SMREAYo
E71F dth o] &% 3§ 249%E sy HILS HAY A nE DASHA WAL
A voz FF BFES IJA A7l 5 Wl o, AT G4FA 255 589 WFE ¥R
WALl Kink & f@3ld SMRE F4A17]1, CMRE A% O & M gl AE 9
*ETEL A 29 FH%E FHH DMRE AT AFH g wiabsl Fel A &
o] ofF&oly SMRo| WAL ZF&olW wkAlmle] Kink 7} ¥4€ vk =Ehd SMR —CMR
o] AAzxAL

ol o,
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Ben —Dor & Glass(1979)(' &= CMR < DMRFHole] A& MA sttt 1E2& DMRo] 34
7] el CMRE] Kinkol ©ldl whAbmk Fuke] &80 2&% (Myy > 1) o)dkok a1 CMR

— DMR o] Z#L

%ﬁﬂ e BT, 8L Ad Z1AlCl et Mpx =12 Myr R 1.30 d7Ee 2oh
wepA Mpr @& 71222 SMR, CMR, © DMRe] @zAL, oldAer sHe 73$,

SMREFATZZ] Map {1 cereroreremcnrariianietiaiiiiniiaontmescisitintiies (58)
CMREAIRA 1 { My (1.3, ceevcerrrmmemoniriniieoitii oo (59)

DMR AN MoT D 1.3 reeveoreersstnsnionestiiiiiiinie it (60)

ojt}, =@ 259+ RR, SMR, CMR ® DMRe] w7 g ojdAEA 7lAe] #3] Ben-
Dor & Glass(1979)(®) 7} A 4% 2AFHE RATh HML o) 47Ae A $olm AL o
g Aotk 71 o) AANAY G, +0,m =0 THF My = 1.0 FHL Yol|A HFs WY
o QA ARTH Aol FLE B AEF Esugo] naH Ben-Dor(1978)() ] 9
A wAE BAga e F Aoty Myx = 1.003 Myr = 1.00 F4 L Ben-Dor ¢ 147] By
WA S E Aoty AN 4§l = ¢, —xE YARE FF3 K&o] AFHe tEe] 2
(M) 1)o] & sted & dgg dx U

V-7 . o403t giAt2t MR — RR&0|

Y209 I-REE aebZe] 2L HW My > Me. 9 A9 MRS Yehle I-RY axd
2 b, c B g9 o] 37 A7t Atk b A 0, =6, +0, > 008 AN F
B3] =9 =HAoh, Hcel A4S 0;=06, +8, =0°l0 AFEFe 7H$ RRUYZAI B},
g A% 0;=0,+6, <0°l8 Jalgo] o3 HFR T} WAlule] o3 Agge] & 35
olt},

Takayama & Ben-Dor(1985)(®) & o] MRS] xto]H g Hzx= 14 ALk 6, & whela
He TG 5859 HEG & vjnyde AL 12 A4S AFe Az xok @7
2ol e e = ;

(b) 12}-1:,}] : 03 > 0, X > 0, ZJ%‘;]U]-E'SW_]-A]-(Direct MR,); ..................... (61)
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2z ot whAlet o AT €3

(C) }g.gﬂ : 03 e 0’ X = 0' Zézlu}é‘]-‘@}/\]-(St. MR), ........................... (62)
(g) Jg-EH H 03 < 0’ X < 0’ c—qn}-é‘}-?_]-/\]-(]:nv. MR); ........................... (63)

o] 371A A4z ERErh olg 37K A& a9 269 Bt o@ 209 I-Ry, R
¥ 26 9] (a)dFol AZEH G Zoz UFHI ufFol AFFHol WP A dolxith a¥
202 R¥(che 29 26 9] (bpl sFsts WEFe] 7] W Bl AFFe] wAtH HY o) F
ok I-R; 9 2Ae)le 29269 (chl el wiall o3 S gro] YAapme] 2% wgkR
o =27 el &5t ©Eo] AWFoly FEHol WA S FI o|F@T}, o #HAH L wishw
Alel d3tgdor Hd9 € § U ,

R-3 % zetx7t P-&3 ;mxsbd RROl dAsH: AL & 48Ad Qe ARdolAw 282
9 I-Ry & #FAME ojH @ I-R=¥E g3 (Inv. MR) 3 d3 (RR)°] 7besivh, a2 4
H} e AXEEH FHA 580 E 34 RRube] A, webd Inv. MRS A W]
A2 sgAMm A% ATh F Z710] Direct. MR(b) & WA g YALLE A3 7
&A1A St. MR(c) €& AX Inv. MR(g)°l XY ® F RR(d)d o2& #F L 4Y Ad <
Ui E $8 FHe| &3] BAsE Aolth

3583t 42 58 B+ Direct MR »RRAUC] IAE Ay Bz, (55)4, 2

'a) BIRECT MACH REFLECTION b) STATIONARY MACH REFLECTION ) |\vERSE MACH REFLECTION

a9 26, AR HAA 5FNAM 37FA vehA
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2 AR, a2y AR WA 5§ A9 a8 20004 Be vkeh o] Direct MROlA &
whled QAbzto] A{A8 4% o b(Direct MR) — c{St. MR) — g(Inv. MR —RR) — d
(RR) ¢ #14& A MR—RRHe|7} o|Rojz iy ojujd AEle] I-REZHA g dA
o] 238 AYA ARAE G4 A& oy o B ATV ey, WA EWE AM
€ MR —RR#AI7} 237459 JAlzte] Wshgo] @4 dvke A w2 48,

V-8. MEEQ WmMe HAZL x
aW 259 FE YA dol = go — x & AA wAARC] @ 2AT YA gool M W
ARl T ASFAY AL £ & W golth AA YAzl Y@ FRE Ay ANNE
x & 7 steiol @k, |
o' S RRIAYNME goolz 2 oo} 949, MR, olAE ¢, = ¢y —xolth Law & Qlass
(1971)09 &= x(M,, ¢) & TFaA A4se i MALART. 25 HARe] $3F
nhsta®l & A4 5o

o @AE AEART. A7 gyt mread T YALEES) W] BEE Zo|T o) vhah
Aol BAY A9 BANEE 8 AL Y & Aok Fndels I8 Re BAR 58
3} ohstadl g EHY 58L WY deo] Bolok Huz

B1 + 0y =03, Py= Py cereemrerrmmetiiiiiiiiie e (65)

22 wEslojol gty $A4 A5H NI YA o)Fe e ¢l olEEn BHE FEEE
& Mo(=M/sindp') 2 3kak. (22) A3 (23) M (Mg, 6o') ) &F YAE EH3
BE My, 61) S 7RIS (22) Holl MEFE (Mg — My, ¢9— ¢y, 0, —0,) 2 B3l M, 3
of 3t ¢, 7 6,9 HEHES T ol e AL wHEFHO,

A. (22) 4o (0,201 —0,, $0—¢s) 2 B3I ¢ & T3TH

B. (43) 4l P, —P,, M, =Msin¢,, Ms; =Mgsingy & gl s}

P,/Py = (2K (Mysingy)? — (K—1))(2K (Mysindo) *— (K—1) )/ (K+ 1) % --- (66)

2 B¢ p, § T3,
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43 WAl 2 AT 8

C. (25) 4 (P, —P3, ¢o—¢;) & WA
PS/P(): (ZK(Mosm¢3)2-—(K—l))/(K 1) sreeesressersiinees s ieesii e (67)
2 RE P& 7O

D. P, o Py atg wiaglch
o4l (¢, 6,) Fol thdled A—-Del A& xIES P, =Py & WHEEH ;

Mg =Mo Siﬂ¢o,
Ax=0l_.02’ ........................................................................... (68)
$o =¢3 — x

o o) x (M, ¢o) B< AT
olshe W YAIGo] W F ¢y > 85°c) Y}tk Ben—Dor & Glass(1980)%)=

2 YA E SMRo| LA AW Al A2 YA w2 F3e 5Fe 224 4

Heto sl Bol & YAA] AL YAHE B3 sdo] |l Wrke M

o BANE AEH] YAZ 47t 85°~ 80° P &E ANTATS, ¢ ) o Ae
(22) 43 (23)d oz ¥

¢0'_’¢'1(Ml___1)’ Ml=1'% EH?J%]-OZ]

m(¢' —0;)/m¢' = (2+ (K—1) My 2)/((K+ 1) Ms2), oreevmnemsemnnnenans (70)
sin? (P —0,) = (24 (K—1)M;2)/(2KM;2—(K—1)) «ervesmseresssrsenuansuncne (1)

2 FE Mol e ¢l (=4 _;) & TRE Me=No' s ¢! = Mosingool7] AEe] F
AR Mo, ¢y _p) &N DB Po ke MFVA x=do—9'(y ) & FHTh ] FA
& ¢y~ 90° S| Mk A LR
=29 2791% Ben-Dor & Qlass(1980)1) 7} Alatgt x (Ms, ¢) & YUERAATE AL 2
AAEAS] A F|Aol g A groln, AMe 15 Torr 300°K Airizel thd Holt,
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o

=
I
ofy
P
of,

- - ~N
o Wt P

TRIPLE POINT TRAJECTORY PATH (X}

v

INCIDENT SHOCK WAVE MACH NUMBER,(Ms)

¥ 27T, AT AAR (fo) o AT FFTH A BAE (x) & dAEASH
Sx (Ms) oS4, A4, k =1.4091 o] 471A. M, 15torr
300k A7}l (Ben-Dor & Qlass, 1979),13)

I8 2704 RE viel Zo] x= ¢t A Pel w2t FAstm M, 7 S5l weh 4
o}, v YA ¢t EW x= Mol 3A oEFTE dp = 80°NA M, 7F 2.5°014 10
ol gu xi& 18%A 13° 2 WEE W, ¢ =50° e AS 4°o1A 2.5°=2 upHt,
¢A7IA e AL M, 7F F718 23k A9 dAS A goolw S

V-9. &d4dtAto] ofst w1 wg

409 IPPFL WA ofE FMU YT AAET. 29 289 § Add B wie
Zol WH FATs FABNANA AW EL Y& A4S AR, FANE 2)2 3 (P,
To) & HARS &% Mo didte] FA4e ddFS My' 8P, (=432]9) P, R 484
¢ Pu), €& T, (=4649 T,)E AJY & Ak JAs WAE B3¢ F41 3%
HAbA S} HE ahe] WAlAAGE Wy FE @ Hded Festok sled Ml AY ok
Hoz f4o BAdEHHEE HE Folz, M,' >19 AS 499 E S9sd HE A4 5
of gt olwf WA AAL 0,7t Hdl BFG Omy o B2

L B e
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275wt o AT EF

o) 2UE AAR, 0,0n° AS WAEATE] M)yl WA BdS Aol WA (atta-
ched) T g $3Hsle] WapEw, 0w>am A% w270 melst 2ed BEe B3
o] W),

BEARRS) TR Hd Myl e Myl = U,/Cp =Mp(Co/Ca) = Mp(To/Ty)¥ 2 FolAm M,
RRel 7% (45)4], MR AL (52) o= FojAT}

Omz o1 AARL (27) Aol MgtiA M!S ST ¢o(max. def.) & TolA (22) el M,
E M'2 ¢gF ¢o(max. def.) B Fxu 6, & T3 2 gol Myol & Omp oIt mEhA
(Ms) 60(=90—04))FHL M, = 140 93l Fre Fea Pt shhe M, <
9] olg& sEFrola, UEIHUE M, >19 284 ZFTUCE bow wavedl 93ty 5§
o] Wikl niHE Fho|th M, > 1TzZhe Tl EFH0| Mz o F Frlew TR
e H44E AHY v 2EANEE SR BRHE 58P, 0<0y <Ompy ¥ E 3
Ue 228 34Y 37 dug Sl U¥HE 5873, 6y > Om,r0lth Ben—Dor &
Glass(1979)09) 7 Al Abg 22 gte] 9§ 589 WS 1Y 280 BT ML 29487
o] SAVIA, AMe AA A9 AFZ WME | —4& 27 949 Pe=1, 10, 100 B 1000
torr, 2% 300°KYw Zzt Jehirc}

30
(2') =] — 0}
M| Mp>1
r
50 é’
:{ o
£ |°s
o DETACHED 1
— S 1 ]
g |2 4
o A
Z
2 M R . 2
< e
/ ATTACHED
v
7/
/4
4
/2,068
% . , ; .
1 2 4 6 ] 10

INCIDENT SHOCK WAVE MACH. NUMBER , (M)

2328, ZAuAel o& HAWFE. 44, 1~4%5 300K ATk,
Po =1, 10, 100 = 1000 torre #A%$. ¥A, k = 1,401
o| 4714, (Ben-Dor & Glass, 1979) .13
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ACTUAL INCIDENT ANGLE,

INCIDENT SHOCK-WAVE MACH NUMBER, (i)

a¥ 29, A% HAA 589 AL T/ AP TY. # T %
3% (Ben-Dor & Glass, 1979).8)

V-10. &4u 3|d

A we] wAlel A6 o§ fére] W] AIAR o R Qe WAIMHUE FA wET
wkAlzbge] 47) (RR, SMR, CMR, DMR) 9 F/7 du &g HFAPo]l 27 (HE L
)7t e 22 gAe 589 WP g FANAE IAVTFE Hd 8 A&
Ak

ag29ele ¥ 25904 2¥ 27S W WALTENES ¥ 289 RARSTE AA .
27194 15 torre] dFehe FAMUY T AALE Iy 89 R FUAFT THY T
Zrol 1<M, <1073 vephstth, 2de YehR] &2 74 A& $498 2= RRT70
° Dol Gy +Oum =0 FATY Gy = On, FAE My > 10 Gl A3 JF 349
t RR¥30] 28 & Aelth ¥ 209 7/ 33 A F7& B I 53T

=

.
N

=3
g %
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FA 9 ghAbel o AT Hy

#1. 28299 433 5

F z 3 |
e s s 34 W A A ¥ ¥
1 RR g
2 SMR &
3 SMR o &
4 CMR &
5 CMR S
6 DMR ¥ 9
7 DMR d #F

V. 345 wate) 497 39

V-1, A8

ZF0 AR e [-REE I8 4 g oo 4719 FAol UL & UL e 2
#2092 M, —¢pHHl 4719} 79 (RR, SMR, CMR)°] &S 4skz, &8 A e 1
o 9 FEHE EF0] 255U A WA B4 od HFEHUEA AE HAY T2 &
Z¥ bow wave & HA 5l WhAlmte} AL Podlr) WE My —¢, HHEL Ao 87
o] Fog FEEL Asith olE T AAle fAAEH Mol 23 wHdY WAHHES

TRIPLE POINT TRAJECTORY ANRE ,[x)
T

2
1 & 7 0
INCIDENT SHOCK- WAVE MACH NUMBER, (M, )

2830, =3 A4 AAM (x) @ ol&3 4 ¥A vl (Ben-Dor &
Glass, 1979) 1)
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o

Zojol 7] W E =z AE Wge] dJdFom S g%, wEk visiuiAle A AE
A A& AL xo A2 L 918 Law & Glass(1971) () 9 Ben-Dor & Glass(1980)(9)
o] wy Eelo] Qs

V-2. 247ty ol

Ben-Dor & Glass(1979, 1980)(®) & ZZ @ulo] WRAMEAAIH S Ag-3le 30° < ¢, < 88°,
2 <M, < 8NN F719h Aa oW BA Fhast vdR B2 LT saule) AT A
& ANEY 255G AR 299 dx £EE AT 2 23 471R] dAE S #
e age] AT ¥ 299 '—‘r‘ﬂ AA 7 B2Ee 4FIRY. Bty A4FE A
ol At x& ¥ 3000 B uieh o] o]&gkdt AF gEol vlnd F dAw

Ben-Dor, Takayama & Kawauchi(1980)%) & 25t ulgx &§< §2ste] RRE: MR Ao
H3& A7) st 0 AF AL (TS AN FA1E ) o] HEE Fe S
HE AMEl AP 2 AR S 7|53 S8t RRAFEHI Py EA TR e
T3l 1& 7Y A g VISR aE0) AN WASEHEES BdE 19 319 BT
253 ¥AM (2" 31-a) o A HZE MRo] WA FH Ut FAEE wel x3dd
RRZ Holgrh wid B85 WAl (b £ ¢ )9 A% RR—MR FHeol7l &5,

ZAAF (a)& AH8F MR — RRAoIS AL ¢o(=90°— 0y ) o AN (b, c) & AME3
RR—MR Heolo] AL A vaoh 4JAFHAE ¥ 329 B, 2832 7120« 4
Al (a) & AHE% MR —RR HolF & Uehlx 7|3 09 e &2 k7t AAMA (b)% )& Ab
4% RR—MR ol Eolth, AAHEL o143 294 £A9 Bfola FMEL AaTtx
o] Agolty, H-Ax 988 HYFPA (554) ] 2F Helolxm, A - B KL A (53
A )l o Hololn], C -Me Heilig(1969)® o] 88 4YE AAR I, D-AL He-
ilig FHE B3P Itoh & Itaya(1978) ) o Faol},

o] 4827+ Ben-Dor(1978)(?) 3} Ben-Dor & Glass(1979)(%) o] #A714 & RR —MR
3 MR—RR Hole] @AV &S 8tk Ben-Dor & Glass(1979)(® &= RR — MR&
(53) 4] BEldA 24E& w2 MR —RR Hole (55)49 983 HYxPE&E uwiEvlxn
AT 28 329 A¥AAE B RR—MR AHo|/l 458 EE AAMH 93 RR£$3F
ukAke] 2 3AQl Heilig(1969) ) 94 Itch & Itaya(1978) (%) o] R34 & wma =& u}
2 uhde], MR —-RR Hol= B4 (B-AA4) & 233l 983 Y AN (A-EA
A) AAE 2Fsta U ,

weti o9 zde AR w|AHA| EFe A¥AA= RR—MRI MR —RR Heole] A7 da
s M S S v 71 (1980d BA]) ¢] MR —RR o] Adez 43 8 ¢ Ueg
gl ol -110 -



223 wAst 2 AP FR

a9 31, PR 58 RR=MR o|zde zAlsl7] 4§ I AP,
(Ben-Dor, Takayama, & Kawauchi, 1980),1%)

10

10 08 06 - 0,1oE 02 0,0

(- A I 1 ) o). 1 A}

1.0 11 12 13 1415 20 30 o
Ms :

2% 32, %319 HAE AMEE FE9 wAlA"AT, £ =P, /P,
O, B2 a 1O, ZAb 1 O, AAc 144, k=1,40
ol A7IA 1 HA, AaTbA T A-FH, FH PYFA B -,
(53) Ao} FMEeITA : C-FA, Heilig(1968)B) o] &=
A fAea s D-34, Itoh & Itaya(1978) %) 7 akgl ¢
259 fA £ A

V-3. 9nixt grAl2t MR — RR &o|

oletze AA HIFA FF2| MR—RR HolHH L FH3}7] 918 ATE 3ld F Tekaya-
ma & Ben-Dor(1985) (%) = wlahkAlel] 37}x] ¥E] & Direct MR(x > 0), St. MR(x=0),
% Inv. MR (x<0) 9 #Ho] AL F ALe A4 &AL

Aobsl whale 389 ARNEEOIU 28] HY§ Al Ak Aot Fe F A S
9 Asoles vehd £ flon Fuuiile e A vl Ax] 58 ASolwt HAg 5 )
aAe a¥ 209 P-g¥delA I-REFS By AT, A2 T2 & AR 582 AL
I-Ry &4 bAHS] MRS YAtz @7} Z&sbd I-R,mde] P-Z4dl Fol:  CAHl
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A Q8 o
% 26 *ta FYzziol 4¥=el MR —RR Aol7t wAdTh aeivh A HAx 28 A
2 B, o . . oA 7 589 AL o
oo bos s ;j 202 bAL 2% 26-a9] Direct. MROl 3]&-&lm ¢ A}zl %}}\fé}uﬂ—;;
“C= [e] ) o ) e -
el 4w Am;}%:]ﬁ:]c@t a9 26-be] St. MR 3|F sl=d], A4EHol A vk
o =g T o] RRZ #o| Hx &3tm & ol = =
Inv. MR 3Ho] A&dt SHaL @Al sfstel a9 209 c-g® wH
I . M e = Q o k=
I ;V RO} 45H e WAES Faje] DYyl wabad FERD. o AH7t ad
-R, il_Zd g}#gﬂol.‘:} U—}"B]'}\-] MR, R = . A 209/]
. —~RR2 2% 209 b(Direct MR i
— d(RR) 2] He] BHo ) = c(Direct MR —
(RR) 9] o] FAo| oz b(Direct MR) = c(St. MR) — g(I o w
o e weh Hol YRo= ATk g(Inv. MR = RR) —d(RR)
Takayama & Ben-Dor (1985) (%) &
£ °l43 Z& MR —RRI0 #4428
I = . . d 4g 9317 A8t v
Di HEhe A3 AME 2AsET 2 AHE 29 33l BT 29 33 1 .
irect MRo o . < Hzxo
. <1 ‘Q:ﬂ% x> 092 HAHo] AP}t x=00°1A St. MRo] 3 $IX]o) A ,%5]]
-+ x <0<l . o h
ol ol A9 ¢ }zrlnv MR el AR el Fretadel ARAE Fold RRAEs deldnt
zil o] QJalzte x = 0HE (St. MRA Fo .
Re et U JIELEELE BRI BIET
o]skgol MR— RR ol @Al WAl
qzoﬂ m};}‘g; gzd, Inv. MRE $dté= MR —RR #He| $4lE Inv. MR9 &4;@01:
Inv. MR o] %zgtﬂ, ARAEF A £ §ANA Direct MR — RRY Ho|7} wyslx:
Ae T A @hom SWA AF Inv. MRS &9o2 MR- RRS WAL S
Aqu_ nv. MRS 24847 YAIZe] Hse = 2wl ITE WAl BAE A =
o 3 = - o Ras 2 YA st
. B3 SA T Takayama & Ben-Dor(1985)(18) o] A &A= o2 g B Z;;P} ]J?;:;-—/
o = g1 & '|‘:j

AR g}
‘\ S0 mm

INCIDENT SHOCK
— ' TRANSITION POINT

"INVERSE MR

T
DIRECT MR S ;\ATIONARY MR

2 %7 )3 (Takayama & Ben-Dor,

I
i
(J%)
‘OJ
o
ol
Z o
I
.
=
>
1o
o
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275t wAts 1 AT 4%

Inv. MR- 7% 340 HQl uiet 712 olF #HW AP whate] Aoz @A £ ik
A 1B (A oy ) FNA MRE dogdu 1 wistag] M o] A 2AAM (BAZ fuy)
Aol A oAl MR & doA whdhay] M, 7} SAsthd M, 3 Mol A4F3d T,% T,9 A3
pAdAA FHA M2 H4FHE FAE Holx o] MEL FFHe] AL M, buy, Bug 9
gl wetA A 2 wiAbgeA del, JYsiA, $& WA g A APt o] A3 HF
o] wAbAE A AYske BT o] Al 3wisiARs Arlst wkAtelt),

V-4. 28 HHO 2{3t RR @ MRHO|

GHoA M9§ Inv. MBS Futsle RREMR HolFAH & & U A3 AFsin 43
7) $13}e Ben-Dor, Dewey & Takayama(1987)07) & wirlzte] (42 wislald Hole 83
dAlgt & d&A oz Wihs Hn3 df4o] tddt o)F HHUNAM Y] F$E AU

olF WY AN AL (Y34 FR), WA AAZ 0u(=90°— ¢) & A 1AM
o)A O = 04y ©1T A 232 AANME 6y = 0wy + 0w °lTh 00D 0,0l 1T HW
S 7Tz FEATE Oue E BHBAZG HAPEe AAMZe|E g o] 7TTIRES HeH
#o] TRHET

Ouwy > 0w BF

(1) 60> Owar Buwy >0 ; (RR); — (RR),

2), 60w > Buwdas Buw; <0 ; (RR), — (RR),

3)y 0w < Owdr Ouw, <0 ; (RR); — (MR),

0wy < 0wa ) BF

4) 0w <0Buwsy, Buz<0; (MR); —(MR),

5) 8w <Buwd» Buy >0 ; (MR); — (MR), + (M;M), — (MR),

() Bu> Ouds Ouwy < Ouwai (MR); — (MR); + (M;M), — (Inv.MR,)—(RR),
() 6uw> 60wds Ouwy > Ouwas (MR);—(Inv.MR), +(RM,),— (RR),

A71A (MM) , & A 1 AAME A A7) whstasdo] A 2 At & sl wlaiukAL H= RS
ougich( 2¥ 34 =z ) (3)9 A¢ A 1AAMNAM RRo] Al 274 AMd1AM MR2 HolH& 4
o8 fuy T fu, & WA 7[WA RR >MRHo] BAE 2AME & givh (M 4% A 13
ARl A MRol @Al ste] Al 2 AAH o AdEw YAkl MREZ ofslZ Zadle] RRE
o] REHE YA nhalxglo] ApgtAn 7= Hwuhsl wALg #A8: RRE Aol @0 (5)%
(6)2) B A 1kAPHS o3te] MRo] WA 3le] A 2ukabde] WYY vhalxglo] whaprkA}
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i 8 I . :
. ' L M= 2,45 I
ewl “ I Mi=1'29 a\d - I R :
| b g Vi ] o) 5ap Gua f
L6F [ T : 3
[ o, des [ I 0wffslnqh wedge {-
oh R N Gut - T 481 L , R R N , 1
e 15 P 30 45 [1] 15 30 45
wE e“
Iy 35, QLEF o)W WHAKY 1Z (6,) & WS, (a) o FH
(My =1,29 0,01 <{ My = 1,4565), (b) A% FH (M, =
2.45 +0.01). (Ben-Dor, Dewey & Takayama, 1987) 17
L6F Bug
Ms=1,29
i T I ovt’s'nqh wedge T
4t i | [
B ] | {
L2}
by
eu'
8,
P
0 ~15 =30 ~45
bz
¥ 36, oF3 AT (M, =1,29+0.01)¢ H$ E&3 o

27zt (B ) ol T3 RR=MR Ho| Al ZHALZ (Gu) &
(Ben-Dor, Dewey & Takayama, 1987).7
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223 WAS o AT 9%

g dozid, (5)9 A dFdel (¥4 Fz) FAHY vE A3 dAvEiAlil 218 H
£ Aotk (6)9 A¥E A d4FHol A vhE, orkst WAL A E oA A4FH
o] WhApHo] FE&% ¥ RRE HolHE Z otk (6)3 (1) e 474 & FE2E AAA

MR — RRAoI7} o] Rolx& Hyoltt, o]e] Holzte M2 TE Ao= W

Z# Y Ben-Dor, Dewey & Takyama(1987) 0 & 2} @, &toll t3kd Oy, & WSA7|HA
A 2 AAEN N R FE MRS Huj AT RRel A4 HAlZhg W@ske] RREMR Aol
AT G, € THAD. WA (63 (e Az @ AolE PEY + At 2 5l A
A 259 QB WA (fu, > 0) ¢ A¥FE RR—-MRA| Zolet RO, fup>
08 A$E T2 (5)9 (6)3ke] o] FHOIEE MR —RRA0|Z o] HAFT oSe] MuB
HE Oy, > 09 A4 28 350 K utek o] 4,9 S7tk A Oue 7t TV fuy ~
Buc/2 WM Al MR—RR Holzhg e The Tl Faskel A 274AlEe] <gval 7
A Holzpel Ear@th, HujHol AAZE 2% 35-acl Mel nish go] ok SZWe M, =
1.299 A% &Y AAbEY) 2§ HAojdro 5° A% ¥, 29 35-bell B uiet 2o 7k
AT M, = 2.45 4% % 10.5° £ 3 wAbAe) AAb gz wud Agdel FA
e UEnE, dolztel Watke FAZE M) A gEdn ole 4E JW  wAelA
MR —RRFol7} o] 83 #AE Z7e AN U@tk of WA THE)H MR— RRHo|
7 Inv. RRE AAA olFoixi7] el UAtzte] Wagn 227 Ee] &3] o Bl @
B oy <09 BEF BARYD A fur = fuy®) BES A NN 223 — fuy ~
fue/2 2N HAFOE 1.5°FE 24 SU/ oAl S78d Al 1AAEd 8 ud
AR Aolzt g ZeTh of B4 9%% Ewelde RR—MRAOIZ} olEE B HEE A
3 QX E Wyt |

Ben-Dor, Dewey & Takayama(1987) (") o] 0|37 A@AA=E RE vy e &S
428 4 AT & RR—MR Aol BHET 2 MR oRRAolE BYETH] F%
2 Tnv.MRE AA RR= Woldth RR—MRHMel: RR gl waldoel wawldl das
ol 7] MEe] Alzte] Z7hske] MREZo| WESE ZA] RR—MRHoZl 24 € 4 Al
gety BAEEH & A 584 Buelyzt U MAX ZFIME RR—MRAHolE £
gA 27 (534) & WET. 9W MR—RRFCE MRBFol RYSE Fob Aol walm
o)A Hojx7] ol WAAUA Aol Pastel RREZC] WEEW MRIRo F4 @ 4
At Inv. MR HAS AX el gds AHE FIAA vheiado] Algen) RRE B
T, oldE BAEAE thead ) Polsl B4E 2dBL N&W Aol wehd MRS
HEH AN 2T ASAe] Y4E BYEAE SHES &Y Aotk ok 27| YA}
77 22445 2 SEuzd Webd MR —RR dolzo] wakd Rg AR
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Ben-Dor, Dewey & Takayama(1987)(*) 3= MR —RR#% o] 983 3y s E uHsle=
Artz7t2] A Sd b 328 WH o, o 343 Aoy v Be A gesin,

V. =9 & 48

G4 Hd WRAM S40 HEAH & of3lstr] Sl F4 g wATE Weled $
Mg FATW 2T RuE ARE BYY o83 d%e AN 4¥H ARES MR
s 22se] WP ol AR RS E5% ge AAzee A9U 222 v
A 4G FAM A% WALG S Zo) F AR SEAECNAM B v dAatze] F
S AR RSt dAre] ol dAZR T FW wlENbL BT, FE 5k 7Y
of wet flatzte] Mahke A HIAR EFS AF E5F WAPHA L5 whimie] Ffa T
et Yzt sl on), BEF WA 9 WAL oj&H oz AY Hew d¥Iem
FAHAAT. FH LF5F AP g7 whARs FF e YA R &S, WAlEe F8
WA FATe Fxol oEse AMlo]l d¥¥ez AHYTE ARANEFY FA A8y o)
of AlAlste YAtdET Fe ANz rlaigialrt B s AMde] HAse] F AN e &
A 339 A4 e & 4 8k

497 7 Y4 AAEd FF4E] F5% dxd 4¥e a9 26 B nish go]
$oh FHHIT A A & B a5 2RE |83t ad 69 FAE PHoR F3

S, whAlg B oRe R QA FANHE TE & Uth HAZe Od 9§ o83y T

F At

RR3} MRHole] £ #AIZRe: 1Y 292 28 7 + don 4F 33 (M, <1.4565) 9
gl Ae AXNEESG & AXNEEY 49 RR—MRHo]9 MR —RRAH7F Ed8A 24¢ o
Bt 73 33 (My > 1.4565) o disixle 98y 33 47 EA88) RR — MR Ho|7t &
A& W23 MR —>RR A= AAEZE B¢ 2HIAE =, 9AXNEEY F$ YA
2z Wsgel wetMe 48y FYPeAE 23de A% Aok

v A2 58] A LEG A At gasicty 83 gy A MR —RR Hols}
24 sow A ES FETw FukEAl (Inv. MR) B & AA RRol =@dl7] of £
A2 HYPPA 2 nrh e ZolM RRAoIVF B At uakA Edel PRz ZEst A
& Afele MRY A& Fho] #4E 1 RRTZIo] Foldloh TR B o3 wile
EEF STHZNAE ~40° A9 Yilzte 23¥w RRo| $451 MRo] wsEy Q23
WA A= MR F4o] vhe YA Foz X3 e 2499 F¢ ~20° Fxe YA
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oA MR —RRZFAI7} WA Th wahr] Blde] 7He Aol vistasglol o3 kel 3
dol ZIdid ), EF vistage whapgel A £ atA deHo ¥ uwa AYse 17 F
Aol JMae HdS wet A3 Aoz ridErh oleize] FHT: B TRM Ed
& wE AEE uhyo] AYstA d Aol

2y ol2lg 4T AAAY S FAFFH o2 FAAL e Inv. MR F43E A
A d&8 ¢ 7] dEd dAZME B FHelth FHTE Agsl oA &
EWNA S ZE WA disld AP AAsln o 2YE BE FEAPGcY Faukged o
MR —RRZ°|Zte] AYH g Zollle AYe] a7d, IHE we JYste FAHFAY 1S
%4 g #€93%d MR-—RR Holztg 3¢ F Ut
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