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ABSTRACT. ú́§�Ér ë�H]j\�"fü< °ú s� ��_� µ1ÏÒqtõ� $í
�©�\� �'a
�#�"f�̧ q�

���+þA_� ë�H]j��H �Å�#Q�� ½+É �©�#4�s���. Û�æ��(wind waves)µ1ÏÒqt\� @/ô�Ç s��:r_�

µ1Ï���õ�&ñ
\�"f}��âì2£§(turbulence)_�>h¥Æ�_� �̧{9�õ�&ñ
�̀¦l��>r��«Ñ\�¦×�æd��

Ü¼�Ð ÷&|9�#Qú< ·ú¡Ü¼�Ð_� ���½̈ ~½Ó�¾Ó\� @/ô�Ç Dh�Ðî�r r��̧\�¦ ½+É M: �̧¹¡§s� |̈c

Ãº e���̧2�¤ 
�%i���.

1. "�Òeµ

Û�æ�� µ1ÏÒqt �&³�©�\� @/ô�Ç #��Q �'a8£¤ ���õ�\� _�
���� s� õ�&ñ
_� Óüto�&h� Bj&�m�7£§�Ér {9�ìøÍ&h�

Ü¼�Ð/BN"î
, Ô�¦îß�&ñ
$í
, �í�o_�[jéß�>�_�õ�&ñ
Ü¼�Ð��¾º�¦e����. Õª�Q��&ñ
|¾Ó&h�������\�"f �̂¦

M: s��:rõ� z�́8£¤ ��s�\���H ×�æ¹כô�Ç 	�s��� e����. "é¶gË:&h�Ü¼�Ð �&³F� s�ÀÒ#Qt��¦ e����H �̧��H ���

½̈[þt_�3lq&h��Érs�	�s�&h��̀¦[O�"î

��9��HX<e����. Óüt_�âì2£§õ�/BNl�_�âì2£§s����½+Ë÷&��Héß�>�

\� �̧²ú�
���� s��:rõ� z�́+«>°úכ_� 	�s���H ���+þAs��:r1)\�"f��H �¦�9
�t� ·ú§��H }��âì2£§ ò́õ�\�¦ �̧

{9�
�#� [O�"î
½+É Ãº�̧ e����. ����"f ���½̈��H Û�æ�� µ1ÏÒqt �&³�©�\�"f :£¤y� Ä»�̂%i��<Æ&h� Ô�¦îß�&ñ
$í


Bj&�m�7£§\� _�ô�Ç ��_� µ1Ï²ú� éß�>�\�"f ÅÒ�Ð }��âì2£§_� %i�½+É�̀¦ 7á§ �8 ú̧� s�K�½+É Ãº e����H ~½Ó�¾Ó

Ü¼�Ð ���'���)a��. s��Qô�Ç ~½Ó�¾ÓÜ¼�Ð Dh�Ðî�r s��:r&h���� ���½̈�� ]jîß�÷&%3���. Ä»�̂%i��<Æ&h� Ô�¦îß�&ñ


$í
s��� âì2£§_� ì�ro�ü< °ú �Ér s����_� s��:r\� Ø�¦µ1Ï
����"f }�� âì2£§_� ò́õ�\�¦ 7á§ �8 �¦�9ô�Ç��.

Äº��� �� ��ÀÒ\�"f /BNl� âì2£§_� ì�ro�\� _�ô�Ç \��-t� ���²ú� õ�&ñ
�̀¦ ¶ú�(R�Ð��.

���� ¢-a���y� µ1Ï²ú�ô�Ç K����_� éß�0A ���&h�{©� \��-t���H î̈
ç�H /BNl�âì2£§_� \��-t� ¢̧��H }��âì2£§_�

\��-t�ü< q�5pw
�����H ��s	כ ·ú��9&����.2) Õª�Q�� s� \��-t��� }��âì2£§ ���̂\�"f /BN/åL |̈c ��0px

$í
�Ér ��_� \O��¦ }��âì2£§�Ér /BNl�_� î̈
ç�H âì2£§\�"f ���Ð_� \��-t�_� âì2£§�̀¦ [�v��H %i�½+É�̀¦ ½+É

�.���s	כ ô�Ç¼#� /BNl�_� âì2£§õ� �'a>��)a �ª�[þt�Ér /BNl�ü< Óüt_� �â
>� ���_� ��1lx_� ���1lxÃº\�"f þj

@/�� ÷&��H \��-t� Û¼&7�àÔ!3��̀¦ °ú�>� |̈c �Ü¼�Ð	כ Òqty��½+É Ãº e����.1) Õª���X< �â
>� ���\�"f q��§

1ô�Ç²DGü@²DG#Q@/�<Æ�§ �����õ��<Æ@/�<Æ �����Óüto��<ÆÂÒ �§Ãº
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&h� ����î�r ��o�\�"f�̧ s��Qô�Ç þj@/ °úכs� �½Ó�©� ��������H ��Ér	כ ��m���. ����"f /BNl��ÐÂÒ'�

Óüt�Ð \��-t��� ���²ú� ÷&��H õ�&ñ
s� s����_� ���+þAs��:rõ� ��\�¦ �s�����H	כ Òqty���̀¦ 
�>� �)a��. s�

�Qô�ÇÒqty���Ér]X����~½Ó�¾Ó_��½Ó§4�_�����o��·ú�§4�_�����o�Ð��ß¼����H��&ñ

�\�"f��0px
���. s�

�â
Äº Z�}�Ér ·ú�§4� ÂÒì�r\�"f ±ú��Ér ·ú�§4� ÂÒì�rÜ¼�Ð ¹¡§f��s���H {9�����H ±ú��Ér ·ú�§4� ÂÒì�r\�"f ì�ro�

�)a��. s� �&³�©��Ér ·ú�§4�s� ç�H+þA�̀¦ Ä»t�
���H ~½Ó�¾ÓÜ¼�Ð F�C�u�÷�rëß� ��m��� ]X���� ~½Ó�¾Ó_� �½Ó§4�

�̧ °ú �Ér +þAI��Ð F�C�u� �)a��. s� �â
Äº :£¤y� ]X���� ~½Ó�¾Ó �½Ó§4�_� ç�H+þA�o��H /BNl��ÐÂÒ'� \��-t�

_� ���²ú��̀¦ Ä»�̧
�>� �)a��. Õª���X< s��Qô�Ç >�íß��Ér ���+þAs��:r\� _� #3�0A\�¦ #Á	#Q�� 9 ���²DG 	�H

��_� ��ÀÒ\�"f ���� L:t���H �&³�©�õ� °ú �Ér �¦̀�	כ �¦�9 K��� ½+É �.���s	כ

���Ér ô�Ç Òqty���̀¦ 0AK� q����+þA Bj&�m�7£§õ� éß�5Åq$í
\� _� ô�Ç ��ü< }��âì2£§_� Òqt$í
 õ�&ñ
�̀¦ Òqt

y��
���. ëß����\� }��âì2£§s� î̈
���&h�Ü¼�Ð ç�H|9� 
������ Fourier ���>h\�¦ �¦�9½+É Ãº e����. ����"f

}��âì2£§_� Òqt$í
s��� ��_� µ1ÏÒqt�Ér °ú 6£§ ~½ÓZO�Ü¼�Ð ��Ò�¦ Ãº e����. éß�t� Fourier ���>h�)a �§êøÍ_�

ô�Ç$í
ì�rs�r�çß�&h�Ü¼�ÐÕªo��¦/BNçß�\�"f#Qb�G>�7£x;�¤÷&��H��\�¦[O�"î

���H�.��s�ë�H]j���)a	כ

}��âì2£§_� +þA$í
õ� ��_� µ1ÏÒqt �&³�©�s� ��ÅÒ q�5pwô�Ç Bj&�m�7£§\� _�K� s�ÀÒ#Q ������¦ &h�&h� �8

Òqty��
�>� ÷&%3���. Reynolds Ãº�� 	�H �����\�"f_� âì2£§\�"f��H �'a8£¤\� _�
���� }��âì2£§�Ér r�çß�

õ� /BNçß�\�"f éß�5Åq&h���� ~½ÓZO�Ü¼�Ð Òqt|����. ��_� �â
Äº\� s��Qô�Ç >h¥Æ��̀¦ �̧{9�
���.3)

��_� �â
Äº\� #��Q 8£xÜ¼�Ð ��è�H ����̂ ¿ºa� l1_� �â
>�8£x�̀¦ Òqty��
���. Reynolds Ãº�� �FGô�Ç °úכ

s��©�s� ÷&��� s� 8£x�Ér Ô�¦îß�&ñ

���. ����"f þj@/ ���©�s� l1 ��� {9�	� Ô�¦îß�&ñ
 �̧×¼\�¦ %3�>� �)a

��. s� Ô�¦îß�&ñ
 �̧×¼��H î̈
ç�H âì2£§�̀¦ ����o r�v�>� ÷&�¦ y��y��_� ���©�\� @/K� �8 ����Ér ¿ºa� l2
_�8£xÜ¼�Ð��¾º#Q����â
>�8£x�̀¦%3�>��)a��. ëß����@/6£x÷&��H ReynoldsÃº���FGô�Ç°úכs��©�s�÷&

��� s� �â
>� 8£x�Ér Ô�¦îß�&ñ

�>� ÷&�¦ 2	� Ô�¦îß�&ñ
 �̧×¼\�¦ +þA$í

�>� �)a��. s� �̧×¼��H ��r� s�p�

�§êøÍ�)a î̈
ç�H âì2£§�̀¦ ����o r�v�>� ÷&#Q ]j 3	� Ô�¦îß�&ñ
 �̧×¼\�¦ +þA$í
ô�Ç��. s��Qô�Ç õ�&ñ
s� ìøÍ

4�¤÷&���� &h�$í
_� ò́õ��� ×�æ¹כ
�>� ÷&��� s��Qô�Ç õ�&ñ
�Ér =åQ��>� �)a��. ����:r&h�Ü¼�Ð �íl� Ô�¦

îß�&ñ
 �̧×¼��H ô�Ç¼#�Ü¼�Ð��H î̈
ç�H âì2£§\�"f ���Ér ô�Ç¼#�Ü¼�Ð��H 2	� Ô�¦îß�&ñ
 �̧×¼ü<_� �©� ñ���6 x\�

"f \��-t�\�¦ %3���H��. s� õ�&ñ
�Ér 3	� s��©�_� Ô�¦îß�&ñ
 �̧×¼\�"f�̧ ìøÍ4�¤�)a��. s��Qô�Ç ���8̈� õ�

&ñ
�̀¦ >�íß�
���H ��Ér	כ y�� �̧×¼ ��s�_� �©� ñ���6 xs� ��ÅÒ y©�
��¦ ��|ÃÐ_� �>rF��̧ �¦�9K��� �<Ê

Ü¼�Ð ���+þAs��:r_� #3�0A\�¦ #Á	#Qèß���.

2. ¤n>ÌfC l�ÒeµUc Ç̧ÐéÛ��̧ /�×�+ �¿���

Û�æ��µ1ÏÒqt\� �'aô�Ç %�6£§_� ���+þAs��:r\�"f��H }��âì2£§�Ér î̈
óøÍ_� �â
>�8£x ����s� ü< î̈
ç�H âì2£§

\� &h�½+Ëô�Ç âì2£§�̀¦ Ä»t�
���H %i�½+É ü@\���H �¦�9÷&t� ·ú§��¤��.1) z�́]j�Ð ���+þAs��:r_� Ãºï�r\�"f

�̧ }��âì2£§�Ér î̈
ç�H âì2£§�̀¦ Ä»t�
���H %i�½+É ü@\� ���Ér ò́õ�\�¦ �����·p��. z�́]j�Ð âì2£§s� q� &h�

$í
s���� /BNl�\�"f Óüt�Ð ���²ú�÷&��H î�r1lx|¾Ó_� î̈
ç�H�Ér
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F = −ρ
∫ ∞

0

V ′′w̃hdz + ρ
( ∫ ∞

0

w̃ωdz − 〈u′w′〉0
)

(1)

�� H�d�̀¦ �Ð{9� Ãº e����.4) #�l�"f w̃ ��H ÅÒl�&h���� Ãºf�� ~½Ó�¾Ó_� 5Åq�̧ $í
ì�r�̀¦ ����?/ 9 u′ü<

w′ ��H Ãºî̈
õ� Ãºf�� ~½Ó�¾Ó_� }��âì2£§ $í
ì�rs���. h ��H {9���_� î̈
ç�H Ãºf�� 0Au� z ÅÒ0A_� ���0A\�¦

����?/ 9, ω ��H s� ���0A\� _�K� Òqt|�� ÅÒl�&h���� �r��� $í
ì�rs���. Õªo��¦ '���� 0 ��H �â
>� ���\�

"f_� °ú̀�כ¦ �����·p��. B�>h���Ãº ω ��H âì2£§�Ér 2	�"é¶s��¦ q� &h�$í
s� 9 }��âì2£§�̀¦ �¦�9 
�t� ·ú§

�Ér %�6£§_� ���+þAs��:rõ� �&³F�_� s��:rõ�_� 	�s�&h��̀¦ ú̧� ����?/ÅÒ�¦ e����. z�́]j�Ð %�6£§_� �̧

4Sq\�"f��H Helmholtz &ñ
o�\�¦ s�6 x
�#� �r��� y��5Åq�̧ ω _� ����o�� %ò
s� H�d�̀¦ �Ð{9� Ãº e����.

#�l�"f {9�	� ��H��\�"f��H

(V − c)
∂ω

∂x
=

∂2

∂x∂z
〈w′2 − u′2〉 +

∂2

∂x2
〈u′w′〉 − ∂2

∂z2
〈u′w′〉 (2)

�̀¦ ëß�7á¤ô�Ç��. l�ï�r >���H �â
>� ���_� ��1lx_� �����5Åq�̧ c�Ð ¹¡§f��s� 9 î�r1lx ~½Ó&ñ
d���Ér ���+þA

�o
����

(V − c)
∂ω

∂x
(3)

��H �r��� y��5Åq�̧_� ����o\�¦ ����?/��H �ª�s���. ����"f 0A_� (2)d���Ér }��âì2£§ Reynolds 6£x§4�

_� ���1lx_� �<ÊÃº�Ð �r��� y��5Åq�̧_� °ú̀�כ¦ �����·p��.

w̃ ¢̧��H Ä»��� �<ÊÃº ψ \� �'a>�÷&��H ~½Ó&ñ
d���̀¦ jþt Ãº e����. s� ~½Ó&ñ
d��[þt�Ér ��ðøÍ��t��Ð }��âì

2£§ Reynolds 6£x§4� �½Ó

R ≡ ∂2

∂x∂z
〈w′2 − u′2〉 +

( ∂2

∂x2
− ∂2

∂z2

)
〈u′w′〉 (4)

�̀¦ �í�<Êô�Ç��. /BNl�\�"f Óüt�Ð \��-t��� ���²ú�÷&��H Ö�¦�̀¦ ����?/��H (1)d��\�"f �Ð��� s� ���²ú�

Ö�¦�Ér �â
>� ���\�"f_� Reynolds 6£x§4� �½Ó

− ρ〈u′w′〉 (5)
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\� _�K� "î
SX�
�>� Õªo��¦ ¶nqr�&h�Ü¼�Ð w̃ , h Õªo��¦ ω \� _�K� }��âì2£§\� _��>r�<Ê�̀¦ ·ú� Ãº

e����.

2.1. Miles�+ ��Ça�

Miles��H Rõ� ω ��s�\�

R = Cu2
∗(ωzV

′)z (6)

_� �'a>�\�¦ ]jîß�
�%i���. #�l�"f c��H z�́+«>&h�Ü¼�Ð ���&ñ
|̈c �©�Ãºs���.

(1)d��\�"f 'Í	P:ü< ÑütP: �½Ó�Ér y��y�� e��>� �â
>� 8£x_� ���6 x\� _�ô�Ç /BNl��ÐÂÒ'� Óüt�Ð_� î�r1lx|¾Ó

s� ���²ú�÷&��H Ö�¦õ� Reynolds}�� âì2£§ 6£x§4�_� ���1lx\� _�ô�Ç î�r1lx|¾Ó_� ���²ú�Ö�¦�̀¦ �����·p��. s�

[þt�Ér y��y��_� U�́s� '���̧_� �<ÊÃºs���. :£¤y� ÑütP: �½Ó�Ér U�́s� '���̧ü< �<Êa� 7£x��ô�Ç��.

1/V ′cü< 1/kc �̀¦ }�� âì2£§õ� ��_� :£¤$í
 U�́s�'���̧���¦ 
���� e��>� �â
>� 8£x_� ���1lx ò́õ�\� @/

K� Reynolds }�� âì2£§ 6£x§4�_� ò́õ���H kc/V
′
c_� °úכs� ß¼��� 9þtÃº2�¤ �8 ×�æ¹כ
�>� �)a���¦ Òqty��Ùþ¡

�¦ �©�Ãº C ��H s� °úכ\� _��>r ô�Ç���¦ ��&ñ
Ùþ¡��.

2.2. Phillips�+ ��Ça�

(1)d��_� î�r1lx|¾Ó_� î̈
ç�H ���²ú� Ö�¦ F ��H w̃2 _� �<ÊÃº�Ð ³ðr�½+É Ãº e����. s�\�¦ 0AK�"f âì2£§_�

���1lx\� �'aº���)a �r���

Ω =
∂ũ

∂z
− ∂w̃

∂x
(7)

�̀¦ &ñ

���H ��s	כ 
¹כ��9���. ô�Ç¼#�Ü¼�Ð��H 〈u′w′〉 ��H Áºr�½+É Ãº e���¦ ô�Ç¼#�Ü¼�Ð��H −V ′′h�� Ω

_� ]X�@/°úכ_� Ø�æì�rô�Ç ��H���� �)a���¦ ��&ñ

���� F��H

F = Acρ
(
− V ′′w̃2/kV ′

)
c
+Aρ

∫ ∞

0

(
− V ′′w̃2/k|V − c|

)
dz (8)

�� �)a��.4) #�l�"f Óüt�:r Äº��� w̃2
�̀¦ ���$� ���&ñ

���H ��s	כ 
¹כ��9���. s��Qô�Ç >�íß�
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(V cosα− c)(ψ′′ − k2ψ) − (V ′′ cosα)ψ = f (9)

�̀¦ ëß�7á¤
���H Ä»��� �<ÊÃº ψ �̀¦ B�>h�Ð >�íß�½+É Ãº e����. cosα �½Ó�Ér ��|ÃÐ_� ~½Ó�¾Óõ� ��_� ���

��~½Ó�¾Ó_�	�s�\�¦�¦�9
��������èß���. f ��H Reynolds}��âì2£§6£x§4�_����1lx\��'aº���)a�½Ós���.

s���Ér	כ R\�"f Ä»�̧½+É Ãº e����. Õª�QÙ¼�Ð ·ú¡_� ��&ñ
�Ér f \��̧ &h�6 x�)a��. Óüto� |¾Ó_� ß¼l�\�¦

�¦�9�<ÊÜ¼�Ð+� ��A�_� ���õ�\�¦ %3��̀¦ Ãº e����. �FGô�Ç �â
>� 8£x µ1Ú\�"f��H f ��H Áºr�½+É Ãº e���¦ ��

�Ð Rayleigh ~½Ó&ñ
d��_� K����

ψ(z) = Γa{U(z) cosα− c}e−kz (10)

�Ér ψ \� @/ô�Ç Ø�æì�rô�Ç ��H���� �)a��. s� d��Ü¼�ÐÂÒ'� _�
���� w̃ ��H

w̃ = −iΓka{U(z) cosα− c}ekzeikx (11)

�� �)a��. Γ ��H �FGô�Ç �â
>� 8£x\� ����"f °úכs� ���
���H �©�Ãºs���.

�FGô�Ç �â
>� 8£x îß�\�"f��H ψc ��H ��H��&h�Ü¼�Ð

ψc =
1

Uc cosα− c

∫ ∞

zc

k2(U2 cosα− c)ψdz (12)

�Ð ÅÒ#Q�����. #�l�"f ψ ��H (9)d��\� _�K� &ñ
_� �)a��. ����"f w̃ ��H

w̃c =
−iΓak3eikx

V ′c cosα

∫ ∞

zc

{V (z) cosα− c}2e−kzdz (13)

�� �)a��.
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2.3. Davis�+ ��Ça�

s� ��&ñ
�Ér R, f ü< °ú �Ér ���1lx
���H

〈−u′αu′β〉 (14)

_� �<ÊÃº\� @/ô�Ç ��s	כ ��m��� ���Ð ���1lx ���̂\� @/ô�Ç �.���s	כ

Reynolds 6£x§4��Ér {9�	� ��H���Ð í�Hçß�&h���� �â
>� ���\� @/ô�Ç 0Au�\� _��>rô�Ç���¦ 
��¦ s� 6£x§4�

_� ß¼l���H Ä»���

η = z − ae−kz+ikx (15)

�̀¦ ����"f �©�Ãº�� �)a���¦ ��&ñ
ô�Ç��5) Õª�Q���

〈−u′w′〉 = τo − V ′ + V ′′ae−kz+ikx (16)

�� �)a��. s�\�  »	·¡­#� z�́+«>\�"f %3�#Qt���H

〈u′2〉 = 〈w′2〉 = 2.4〈u′w′〉 (17)

�̀¦ ��&ñ
ô�Ç��. 0A_� ��&ñ

�\�"f Ä»��� �<ÊÃº ψ \�¦ ëß�7á¤
���H ~½Ó&ñ
d��_� Ãºu� K�\�¦ ½̈½+É Ãº e��

��.

2.4. Reynolds��Ça�

#��Q ���½̈��_� ���½̈���õ�\� l��í
�#� ���1lx
���H Reynolds }��âì2£§ 6£x§4�

τ̃ij = 〈u′iu′j〉 − u′iu
′
j (18)
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�̀¦ }��âì2£§ &h�$í
�̀¦ B�>h�Ð @/6£x÷&��H ���+þA Ö�¦

S̃ij = 〈1
2
∂ui

∂xj
+
∂uj

∂xi
〉 − 1

2
( ∂ui

∂xj
+
∂uj

∂xi
(18)

õ�

τij = −2εSij (19)

_� �'a>�\�¦ ��&ñ
�̀¦ ô�Ç��. Õª�Q��� w ORR-SOMMERFELD+þA_� ~½Ó&ñ
d���̀¦ ëß�7á¤ô�Ç��.

3. Úr
Òeµ

·ú¡_� #��Q �̧4Sq�Ér ��f���Ér z�́+«>���õ�ü< 	�H 	�s���H \O�Ü¼�� s��Qô�Ç ��&ñ
s� &ñ
SX�
����¦ ����:r

f±	l�\���H ��f�� s�ØÔ��. Û�æ��\� @/K� %�6£§\� s��:rs� ��M®o�̀¦ M: Õª �¦̀�	כ 7£x"î

�l� 0A
�#� #�

�Q z�́+«>s� z�́'�� ÷&%3�1pws� t��FK�̧ �̧|	��̀¦ ²ú�o�
���H #��Q z�́+«> ���õ��� ��ü< 7á§�8 ���Ér �̧4Sq

�̀¦ ëß�[þt�̧2�¤ K��� ½+É �.���s	כ
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¤4ÁÖR� 3�× �"ë5ÑUc«כ� ¥o>¢4́Å]�£�· ËÂm�
�ÐM� ��È*�×Áþ�ÊÁ

�̂�5px¹¡¤∗†‡

¹כ ���. ¿º>h_� 0A�©�/BNçß� ��s�\� �>rF�
���H ���5Åq�<ÊÃº_� SX��©��)a �<ÊÃº�� #����y� ���5Åq

�<ÊÃº_� $í
|9��̀¦ Ä»t�
�>� ÷&��H ��Ér	כ Õª ¿º /BNçß�s� a%~�Ér �©��̀¦ s�Ò�¦M: $í
wn�ô�Ç��. ��

��"f ¿º>h_� 0A�©�/BNçß�[þts� a%~�Ér �©�s� ÷&l� 0Aô�Ç ¹כ��9 Ø�æì�r�̧|	�[þt�̀¦ ���½̈
���H �	כ

s� ×�æ¹כô�Ç õ�]js���.

1. "�Òeµ

Xü< Y\�¦ 0A�©�/BNçß�s����¦ 
���. ëß�{9� X_� ÂÒì�r|9�½+Ë A\� @/
�#� �<ÊÃº f : A −→ Y�� ���5Åqs����

A0A\�"f ����̂ X0A�Ð SX��©�ô�Ç �<ÊÃº F : X −→ Y�� #Q�"� �̧|	� 
�\�"f #����y� A_� �̧��H &h�\�"f ���

5Åq����� 
���H ë�H]j��H �̧A����ÂÒ'� d���̧e��>� ���½̈÷&#QM®o��. s� �7Hë�H %i�r� s� ì�r��_� :£¤&ñ
ô�Ç ?/6 x�̀¦ ��

ÀÒ>� ÷&��HX< s�\�¦ 0AK� ���$� l��:r&h���� &ñ
_�\�¦ ?/�9�Ð�� s� �7Hë�H ����̂\�"f��H :£¤Z>�ô�Ç ���/åLs� \O���H ô�Ç

Xü< Y��H �½Ó�©� 0A�©�/BNçß��̀¦ _�p�ô�Ç��.

Ça��+ 1.1. A��H X_� ÂÒì�r|9�½+Ës��¦ f : A −→ Y\�¦ e��_�_� �<ÊÃº���¦ 
���. �<ÊÃº F : X −→ Y�� �̧

��H &h� a ∈ A\� @/
�#� F (a) = f(a)\�¦ ëß�7á¤
���� (F|A = f�Ð ³ðr�) F\�¦ A0A\�"f ����̂ X0A�Ð SX��©�

ô�Ç �<ÊÃº���¦ ô�Ç��.

s� ì�r��_� @/³ð&h���� ���õ� ×�æ\� 
�����H w��̂-Äºo��<H(Tietze-Urysohn)_� SX��©�s��:rs� 9 ?/6 x�Ér ��

6£§õ� °ú ��. A��H &ñ
½©/BNçß� X_� {���2³ ÂÒì�r|9�½+Ës��¦ �<ÊÃº f : A −→ D (D��H Rîß�\�"f {���2³ ½̈çß�)�� ���

5Åqs���� A0A\� &ñ
_��)a ���5Åq�<ÊÃº\�¦ ����̂ X0A�Ð SX��©�ô�Ç ���5Åq�<ÊÃº F : X −→ D�� �>rF�ô�Ç��. Õª�Q��

{9�ìøÍ&h�Ü¼�Ð��H �<ÊÃº f \�¦ X ����̂\�"f�̧ #����y� ���5Åq��� �<ÊÃº�Ð SX��©�½+É Ãº \O�����H ��z�́�Ér s�p� ú̧� ·ú�

�94R e����([1]).

∗ô�Ç²DG ü@²DG#Q @/�<Æ�§ Ãº�<Æõ�
†Mathematics subject clssification 54C08.

‡Keyword semi continuous functions, quasi continuous functions, weakly quasi continuous func-

tions, almost continuous functions, S-closed space .
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2 �̂�5px¹¡¤

����"f SX��©�ô�Ç �<ÊÃº_� ���5Åq$í
\� �'aô�Ç ë�H]j\�¦ K����
�l� 0Aô�Ç �¦���&h���� ~½ÓZO�Ü¼�Ð��H X ����̂\�"f &ñ


_�÷&#Q��� �<ÊÃº F_� �̧|	��̀¦ ����or�v���H �.���s	כ \V\�¦ [þt#Q, ÂÒØÔ��v�(Bourbaki’s)_� SX��©�s��:r [4,&ñ


o� I.8.1]\� _�
���� A��H 0A�©�/BNçß� Xîß�\�"f �̧x9�
��¦ Y�� &ñ
gË:/BNçß�s���� ���5Åq�<ÊÃº f : A −→ Y��H ���

5Åq��� �<ÊÃº F : B −→ Y , (B = {x ∈ X|f��HA ∪ {x}�Ð SX��©��)a ���5Åq��� �<ÊÃº\�¦ �������.}⊆ X)�Ð SX��©�

½+É Ãº e����. s�ü< Ä»��ô�Ç ���õ��Ð+���H ��6£§ &ñ
o��� @/³ð&h���� \Vs���.

Ça�h� 1.1. A��H 0A�©�/BNçß� Xîß�\�"f �̧x9�
��¦ Y��H ¢-aq� ��o�/BNçß�s� 9 �<ÊÃº f : A −→ Y��H ���5Åqs�

���¦ 
���. Õª�Q��� A\�¦ ÂÒì�r|9�½+ËÜ¼�Ð ��t���H Gδ��� X_� ÂÒì�r|9�½+Ë B�� �>rF�
�#� ���5Åq�<ÊÃº f��H ���

5Åq��� �<ÊÃº F : B −→ Y�Ð SX��©�½+É Ãº e����. ([5, 4.3.20] )

s� ì�r��\� @/ô�Ç ���½̈��H #����y� �Ö̧µ1Ï
� 9, <Éªp��Ðî�r ��z�́�Ér 0A_� $í
|9��̀¦ ëß�7á¤
���H SX��©��<ÊÃº�� �>r

F�
���� Õª 0A�©�/BNçß�\���H #Q�"� :£¤&ñ
ô�Ç $í
|9�s� e������H �.���s	כ \V\�¦ [þt#Q, ÂÒØÔ��v�(Bourbaki’s)_� SX�

�©�s��:r\�"f u�%i� Y��H 
�ÄºÛ¼�̧ØÔáÔ(Hausdorff) /BNçß�[4,���_þvë�H]j I.8.19] ×�æ\�"f�̧ &ñ
gË:/BNçß�s�#Q��

ô�Ç����H �.���s	כ

s� �7Hë�H\�"f��H s��Ð�� �8 ����o�)a �â
Äº�Ð+� SX��©��<ÊÃº�� ÅÒ#Q��� /BNçß� A0A\�"fëß� ���5Åq��� �â
Äº\�¦ ¶ú�

(R�Ðl��Ð ô�Ç��. 7£¤ Xü< Y��H 0A�©�/BNçß�s��¦ A��H X_� ÂÒì�r|9�½+Ës� 9 f : A −→ Y��H ���5Åq�<ÊÃº {9� M:,

A_� �̧��H &h�\�"f ���5Åq��� �<ÊÃº f̃ : X −→ Y�Ð f\�¦ SX��©�½+É Ãº e����H��?

·ú�ô�Ç7�qÛ¼v�(Arhangel’skii)[2.pp.91-92]��H s�p� s� ë�H]j\� �'aô�Ç Y>� ��t� ���õ�\�¦ %3�%3�Ü¼ 9 s�\�¦ 0A

K� ��6£§õ� °ú �Ér &ñ
_�\�¦ ���$� ?/§4���.

Ça��+ 1.2. e��_�_� ÂÒì�r|9�½+Ë A ⊆ Xü< ÅÒ#Q��� ���5Åq�<ÊÃº f : A −→ Y\� @/
�#� A_� �̧��H &h�\�"f ���

5Åq��� A0A\�"f ����̂ X0A�Ð SX��©�ô�Ç �<ÊÃº F : X −→ Y�� �>rF�
���� (X, Y )\�¦ a%~�Ér �©�(good pair)s���

�¦ ô�Ç��.

s� �7Hë�H\�"f��H a%~�Ér �©�(good pair)_� >h¥Æ�\�"f ��������H 0A�©�/BNçß�_� :£¤&ñ
ô�Ç $í
|9��̀¦ ì�r$3�
�l��Ð

ô�Ç��. s�\�¦ 0A
�#� 2]X�\�"f��H ÅÒ¹כ |9�ë�H\� @/ô�Ç l��í&h���� ��z�́õ� &ñ
_�\�¦ ¶ú�x��¦ s�\� �'aô�Ç 0A�©�/BNçß�

_� l��:r $í
|9��̀¦ ���½̈
�>� �)a��. 3]X�\�"f��H 2]X�\�"f ¶ú�(R �:r #��Q��t� $í
|9�[þt�̀¦ �Ð@/�Ð a%~�Ér �©�(good

pair)s� ÷&l� 0Aô�Ç Ø�æì�r�̧|	��̀¦ /BNÂÒ
�>� �)a��. ¢̧ô�Ç X�� T1-/BNçß�s�����H �̧|	� 
�\� (X, Y )�� a%~�Ér

�©�(good pair)s� ÷&l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��̀¦ µ1ß+ÀI��.

2. e�Ôeµ�\� l�Òeµø� Ça��+

¼ÇÐÖR� Ça�h� 2.1. A ⊆ B ⊆ X, B��H \P��2;|9�½+Ës� 9 f : A −→ Y��H ���5Åq�<ÊÃº���¦ 
���. A0A\�"f

B0A�Ð SX��©�ô�Ç �<ÊÃº f∗ : B −→ Y�� A_� �̧��H &h�\�"f ���5Åqs���� B0A\�"f ����̂ X0A�Ð SX��©�ô�Ç �<ÊÃº

f̃ : X −→ Y �̧ A_� �̧��H &h�\�"f ���5Åq��� $í
|9��̀¦ �������.



a%~�Ér �©� /BNçß�\�"f ���5Åq$í
�̀¦ Ä»t�
���H SX��©��<ÊÃº 3

¤� ÃZ�:A ⊆ B ⊆ X, B��H \P��2;|9�½+Ës� 9 f : A −→ Y��H ���5Åq�<ÊÃº���¦ 
���. ¢̧ô�Ç f∗ : B −→ Y��H

A0A\�"f B0A�Ð SX��©�ô�Ç �<ÊÃºs� 9 �̧��H &h� a ∈ A\�"f ���5Åqs����¦ 
��¦ f̃ : X −→ Y��H B0A\�"f ���

�̂ X0A�Ð SX��©�ô�Ç �<ÊÃº���¦ 
���. s�]j f̃�� A0A\�"f ���5Åqe���̀¦ �Ðs�l� 0A
�#� a�� A_� e��_�_� "é¶�è

s��¦ V\�¦ Yîß�\�"f f̃(a)_� ��H~½Ós����¦ 
���. ��&ñ
\� _�
�#� �<ÊÃº f∗ : B −→ Y��H a\�"f ���5Åqs�Ù¼

�Ð f∗−1(V ) = B ∩ ˜f−1(V )��H Bîß�\�"f a_� ��H~½Ós���. ����"f Bîß�\�"f_� \P��2;|9�½+Ë U�� �>rF�
�#�

a ∈ U ⊆ B ∩ ˜f−1(V )\�¦ ëß�7á¤ô�Ç��. s� M:, B�� Xîß�\�"f \P��2;|9�½+Ës�Ù¼�Ð U¢̧ô�Ç Xîß�\�"f \P��2;|9�½+Ë

s���. ����"f U ⊆ ˜f−1(V )�Ð ÂÒ'� ˜f−1(V )��H a ∈ A_� ��H~½Óe���̀¦ ·ú� Ãº e��Ü¼Ù¼�Ð �<ÊÃº f̃ : X −→ Y

%i�r� A_� �̧��H &h�\�"f ���5Åqs���. �

Ça��+ 2.1. A��H X_� ÂÒì�r|9�½+Ës����¦ 
���. A_� �̧��H &h�\�"f ���5Åqs��¦ A0A\�"f �½Ó1px��� �<ÊÃº r :

X −→ As� �>rF�
���� A\�¦ X�ÐÂÒ'� ���
�>� Ãº»¡¤(weak retract)÷&%3����¦ ô�Ç��.

¼ÇÐÖR� Ça�h� 2.2. X ′
��H X_� ÂÒì�r/BNçß�s��¦ Z ⊆ Y��H Y�ÐÂÒ'� ���
�>� Ãº»¡¤(weak retract)÷&%3����¦ 
�

��. Õªo��¦ A��H X ′_� ÂÒì�r|9�½+Ës� 9 �<ÊÃº f : A −→ Z��H ���5Åqs����¦ 
���. A_� �̧��H &h�\�"f ���

5Åq��� A0A\�"f ����̂ X0A�Ð SX��©�ô�Ç �<ÊÃº f∗ : X −→ Y�� �>rF�
���� A _� �̧��H &h�\�"f ���5Åq��� �<ÊÃº

f̃ : X ′ −→ Z�� �>rF�ô�Ç��.

Õª�QÙ¼�Ð (X, Y )�� a%~�Ér �©�(good pair)s���� (X ′, Z) ¢̧ô�Ç a%~�Ér �©�(good pair)s���.

¤� ÃZ�: f̃ = (r ◦ f∗)|X ′�Ð &ñ
_�
��¦ f̃�� SX��©��<ÊÃºe���̀¦ �Ðs���.(7£¤ ˜f|A = fs��¦ �̧��H a ∈ A\�"f ���

5Åq )

�̧��H a ∈ A\� @/
�#� f̃(a) = (r ◦ f∗)(a) = r(f∗(a)) = r(f(a)) = f(a) s� $í
wn�
�Ù¼�Ð f̃|A = fs�

��.

¢̧ô�Ç f̃ = (r ◦ f∗)|X ′�Ð ÂÒ'� ˜f|A = (r ◦ f∗)|A = r ◦ (f∗|A)s� $í
wn�
�Ù¼�Ð ˜f|A �� A_� �̧��H &h�\�"f

���5Åqs���. �

0A_� ����Ér &ñ
o� 2.2\� _�
�#� ��6£§ &ñ
o��� $í
wn�ô�Ç��.

����̧Ça�h� 2.1. X ′
��H X_� ÂÒì�r/BNçß�s��¦ Z ⊆ Y��H /BN|9�½+Ës� ����� \P��2;|9�½+Ës����¦ 
���. Õªo��¦ A��H

X ′_� ÂÒì�r|9�½+Ës� 9 �<ÊÃº f : A −→ Z��H ���5Åqs����¦ 
���. A_� �̧��H &h�\�"f ���5Åq��� A0A\�"f ����̂

X0A�Ð SX��©�ô�Ç �<ÊÃº f∗ : X −→ Y�� �>rF�
���� A _� �̧��H &h�\�"f ���5Åq��� �<ÊÃº f̃ : X ′ −→ Z�� �>r

F�ô�Ç��.

Ça��+ 2.2. (1) X_� �̧��H "f�Ð �è��� {���2³ ÂÒì�r|9�½+Ë Fü< K\� @/
�#� "f�Ð �è���

\P��2;|9�½+Ë Gü< H�� �>rF�
�#� F ⊆ G, K ⊆ H\�¦ ëß�7á¤½+É M:, X\�¦ &ñ
½©/BNçß�s����¦ ô�Ç��.
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(2) X_� �̧��H ÂÒì�r/BNçß�s� &ñ
½©/BNçß�s���� X\�¦ Ä»���&h� &ñ
½©/BNçß�s����¦ ô�Ç��.

Ça��+ 2.3. X_� ¿º ÂÒì�r|9�½+Ë A0, A1s� �̧|	� Ā0 ∩ A1 = A0 ∩ Ā1 = ∅\�¦ ëß�7á¤
���� A0ü<A1�Ér ì�r

o�(separated)÷&%3����¦ ô�Ç��.

����̧Ça�h� 2.2. A0ü<A1�Ér X_� ÂÒì�r|9�½+Ës����¦ 
���. Õª�Q��� ��6£§�Ér "f�Ð 1lxu�s���.

(a) A0ü<A1�Ér ì�ro�÷&%3���.

(b) A0ü<A1�Ér "f�Ð �ès��¦ A0 ∪A1îß�\�"f \P��2; ÂÒì�r|9�½+Ë��� 1lxr�\� {���2³ ÂÒì�r

|9�½+Ës���.

¤� ÃZ�: (a) => (b): A0ü<A1�Ér ì�ro�÷&%3�Ü¼Ù¼�Ð A0ü<A1s� "f�Ð �è��� ��Ér	כ ì�r"î

���. s� M:, (X \
A1) ∩ (A0 ∪ A1) = A0��H A0 ∪ A1 îß�\�"f \P��2; ÂÒì�r|9�½+Ës��¦, °ú �Ér ~½ÓZO�Ü¼�Ð A1 %i�r� A0 ∪ A1îß�\�

"f \P��2; ÂÒì�r|9�½+Ës���.

¢̧ô�Ç, A0�� A0 ∪A1 îß�\�"f \P��2; ÂÒì�r|9�½+Ës���� (X \A0) ∩ (A0 ∪A1) = A1 ��H A0 ∪A1îß�\�"f {��

�2³ ÂÒì�r|9�½+Ës��¦, °ú �Ér ~½ÓZO�Ü¼�Ð A0 %i�r� A0 ∪A1 îß�\�"f {���2³ ÂÒì�r|9�½+Ës���.

(b) => (a): A0ü<A1�Ér"f�Ð�ès��¦ Xîß�\�"f\P��2;|9�½+Ë Q0���>rF�
���� A0 = (A0∪A1)∩Q0s���.

����"f (A0 ∩Q0) ∪ (A1 ∩Q0) = A0s�Ù¼�Ð A0 ⊆ Q0s��¦ A1 ∩Q0 = ∅s���. s� M:, A1 ⊆ X\Q0s��¦

A1 ⊆ X\Q0 s� $í
wn�
�Ù¼�Ð A0 ∩A1 = ∅s� �)a��. °ú �Ér ~½ÓZO�Ü¼�Ð A0 ∩A1 = ∅s���. �

�¿	�̧Ça�h� 2.3. X��H T1- /BNçß�s����¦ 
���. Õª�Q��� ��6£§�Ér "f�Ð 1lxu�s���.

(a) X��H Ä»���&h� &ñ
½©/BNçß�s���.

(b) �̧��H ì�ro��)a A0, A1 ⊆ X\� @/
�#� Ai ⊆ Ui, i = 0, 1�̀¦ ëß�7á¤
���H "f�Ð �è���

\P��2;|9�½+Ë Ui, i = 0, 1�� A0 ∪A1îß�\�"f �>rF�ô�Ç��.

¤� ÃZ�: (a) => (b): X��H Ä»���&h� &ñ
½©/BNçß�s��¦ A0,A1 ⊆ X�Ér ì�ro��)a |9�½+Ës����¦ 
���. s� M:, ��

2£§&ñ
o� 2.7\� _�
�#� A0ü<A1�Ér "f�Ð �ès��¦ A0 ∪ A1îß�\�"f {���2³ ÂÒì�r|9�½+Ës�Ù¼�Ð U0 ∩ U1 = ∅s��¦
A0ü<A1\�¦ y��y�� �í�<Ê
���H \P��2;|9�½+Ë Ui, i = 0, 1�� �>rF�ô�Ç��.

(b) => (a): S��H X_� e��_�_� ÂÒì�r/BNçß�s��¦ S1, S2\�¦ Sîß�\�"f "f�Ð �ès��¦ {���2³ ÂÒì�r|9�½+Ës����¦


���. s� M:, S1 ⊆ S \ S2s��¦ S1 ⊆ S \ S2s�Ù¼�Ð S1 ∩ S2 = S1 ∩ S2 = ∅s���. ����"f S1õ�S2��H Sîß�

\�"f ì�ro�÷&%3�Ü¼Ù¼�Ð Si ⊆ Ui, i = 0, 1�̀¦ ëß�7á¤
���H "f�Ð �è��� \P��2;|9�½+Ë Ui, i = 0, 1 �� �>rF�ô�Ç��. �
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3. ¤4ÁÖR� 3�×(Good pair)

3]X�\�"f��H s� �7Hë�H_� ÅÒ]j�� ÷&��H ?/6 x��� a%~�Ér �©�(good pair)s� ÷&l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��̀¦ µ1ßy�

�9�¦ ô�Ç��. s� ë�H]j\�¦ K����
�l� 0Aô�Ç l��:r&h���� Òqty���Ér u�%i���� Y�� ²DG�è (��Øþ�àÔ /BNçß�s�����H �.���s	כ

Õªo��¦ 7£x"î
 ����̂_� âì2£§�Ér °ú �Ér ë�H]j\�¦ K����
���H õ�&ñ
\�"f &ñ
_�%i� X�� ��o��<ÊÃº\�¦ ×�¦ Ãº e����H /BN

çß�(metrizable)s�����H �̧|	� 
�\�"f µ1ß)���� ��z�́�̀¦ ���Ér����H �.s���([3])	כ

Ça�h� 3.1. Y��H ²DG�è (��Øþ�àÔ /BNçß�s��¦ A ⊆ X��H �̧x9�
� 9 �<ÊÃº f : A −→ Y��H ���5Åqs����¦


���. Õªo��¦ (Ux
i )i∈Ix

��H Xîß�\�"f x_� \P��2; ��H~½ÓÜ¼�Ð s�ÀÒ#Q��� l�$����¦ 
���. ¢̧ô�Ç Ci(x) =

f(Ux
i ∩A)(A�� �̧x9�
�Ù¼�ÐCi(x) 6= ∅)s��¦ B = {x|Ci(x)�� (��Øþ�àÔ�� ÷&��H i ∈ Ix�� �>rF�ô�Ç��.}��

�¦ &ñ
_�
���. Õª�Q��� ��6£§s� $í
wn�ô�Ç��.

(a) A ⊆ Bs���.

(b) B��H \P��2;|9�½+Ës���.

(c) �̧��H x ∈ B\� @/
�#�
⋂

i∈Ix
Ci(x) 6= ∅s���.

(d) �̧��H &h� a ∈ A\�"f ���5Åq��� �<ÊÃº f̃ : X −→ Y�� �>rF�ô�Ç��.

¤� ÃZ�: (a) x ∈ A���¦ 
���. s�]j Ci(x)�� (��Øþ�àÔ�� ÷&��H i ∈ Ix�� �>rF��<Ê�̀¦ �Ðs���. (Ux
i )i∈Ix

��

Xîß�\�"f x_� \P��2; ��H~½ÓÜ¼�Ð s�ÀÒ#Q��� l�$�s�Ù¼�Ð (Ux
i ∩A)i∈Ix

��H Aîß�\�"f x_� \P��2; ��H~½ÓÜ¼�Ð s�

ÀÒ#Q��� l�$��� �)a��. Y�� ²DG�è (��Øþ�àÔ /BNçß�s�Ù¼�Ð &h� f(x) ∈ Y��H (��Øþ�àÔ ��H~½ÓÜ¼�Ð s�ÀÒ#Q��� l�$�

(Dj)j∈If (x)\�¦�������. Õªo��¦�<ÊÃº f��H A0A\�"f���5Åqs�Ù¼�Ð �̧��H j ∈ If(x)\�@/
�#� f−1(Dj)��H Aîß�

\�"f x_� ��H~½Ós� �)a��. ����"f y��y��_� j ∈ If(x)\� @/
�#� i ∈ Ix�� �>rF�
�#� Ux
i ∩A ⊆ f−1(Dj)�̀¦

ëß�7á¤ô�Ç��.

Õª�QÙ¼�Ð

f(Ux
i ∩A) ⊆ f(f−1(Dj)) ⊆ Dj

s��¦ Dj�� (��Øþ�àÔs�Ù¼�Ð

Ci(x) = f(Ux
i ∩A) ⊆ Dj

s� �)a��. 7£¤, Ci(x)��H (��Øþ�àÔ |9�½+Ë��� Dj_� {���2³ ÂÒì�r|9�½+ËÜ¼�Ð+� (��Øþ�àÔs���.

(b) x ∈ B���¦ 
���. Õª�Q��� Ci(x) = f(Ux
i ∩A)�� (��Øþ�àÔ�� ÷&��H i ∈ Ix�� �>rF�ô�Ç��. s�]j

Ux
i ⊆ Be���̀¦ �Ðs���. s�\�¦ 0A
�#� y ∈ Ux

i �� 
��¦ Ci(y)�� (��Øþ�àÔ�� ÷&��H i ∈ Iy�� �>rF��<Ê�̀¦ �Ðs�

��. Y�� ²DG�è (��Øþ�àÔ /BNçß�s�Ù¼�Ð f(y)��H (��Øþ�àÔ ��H~½ÓÜ¼�Ð s�ÀÒ#Q��� l�$� (Ej)j∈If (y)\�¦ �������. Õª

�Q��� �̧��H j ∈ If(y)\� @/
�#� f−1(Ej)��H Aîß�\�"f y_� ��H~½Ós� �)a��. ����"f y��y��_� j ∈ If(y)\� @/
�

#� Uy
i ∩A ⊆ f−1(Ej)\�¦ ëß�7á¤
���H \P��2;|9�½+Ë Uy

i �� �>rF�ô�Ç��.

Õª�QÙ¼�Ð

f(Uy
i ∩A) ⊆ f(f−1(Ej)) ⊆ Ej
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s� $í
wn�
��¦

Ci(y) = f(Uy
i ∩A) ⊆ Ej

�� �)a��. 7£¤, Ci(y)��H (��Øþ�àÔ |9�½+Ë��� Ej_� {���2³ ÂÒì�r|9�½+ËÜ¼�Ð+� (��Øþ�àÔs���.

(c)
⋂

i∈Ix
Ci(x) = ∅�̀¦ ëß�7á¤
���H x ∈ B�� �>rF�ô�Ç���¦ ��&ñ

���. x ∈ Bs���� Cj(x)�� (��Øþ�

àÔ�� ÷&��H j ∈ Ix�� �>rF�
��¦
⋂

i∈Ix
(Ci(x) ∩ Cj(x)) = ∅s� �)a��. Õªo��¦ �̧��H i ∈ Ix\� @/
�#�

Ci(x)∩Cj(x)��H(��Øþ�àÔ��� Cj(x)_�{���2³ÂÒì�r|9�½+ËÜ¼�Ð+�%i�r�(��Øþ�àÔs���. ����"fÄ»ô�Çô�Ç K ⊆ Ix��

�>rF�
�#�
⋂

i∈K(Ci(x) ∩ Cj(x)) = ∅�̀¦ ëß�7á¤ô�Ç��. Õª���X<⋂
i∈K

(Ci(x) ∩ Cj(x)) =
⋂
i∈K

((f(Ux
i ∩A)) ∩ (f(Ux

j ∩A))) ⊇

⋂
i∈K

(f(Ux
i ∩A) ∩ f(Ux

j ∩A)) ⊇

⋂
i∈K

(f(Ux
i ∩ Ux

j ∩A)) ⊇ f(
⋂
i∈K

(Ux
i ∩ Ux

j ) ∩A) 6= ∅

��H �̧í�Hs�Ù¼�Ð �̧��H x ∈ B\� @/
�#�
⋂

i∈Ix
Ci(x) 6= ∅s���.

(d) f∗ : B → Y��H �<ÊÃº f_� SX��©��<ÊÃº�Ð+� f∗(x) ∈
⋂

i∈Ix
Ci(x)\�¦ ëß�7á¤ô�Ç���¦ 
���. ����Ér &ñ


o� 2.1\� _�
�#� �<ÊÃº f∗�� A0A\�"f ���5Åqe���̀¦ �Ðs���� Ø�æì�r
���. s�\�¦ 0A
�#� a ∈ As��¦ V��H

f∗(a) = f(a)_� \P��2; ��H~½Ós����¦ 
���. s�]j f∗−1(V )�� Bîß�\�"f a_� ��H~½Óe���̀¦ �Ðs���. Y��H ²DG�è

(��Øþ�àÔ /BNçß�s�Ù¼�Ð f(a)_� \P��2; ��H~½Ó W�� �>rF�
�#� W��H (��Øþ�àÔs��¦ W ⊆ V\�¦ ëß�7á¤ô�Ç��. ¢̧ô�Ç �<Ê

Ãº f��H ���5Åqs�Ù¼�Ð Xîß�\�"f a\�¦ �í�<Ê
���H \P��2;|9�½+Ë U�� �>rF�
�#� f(U ∩A) ⊆ Ws� �)a��.

s�]j f∗(U ∩ B) ⊆ Ve���̀¦ �Ðs�l� 0A
�#� x ∈ U ∩B���¦ 
���. B�� \P��2;|9�½+Ës�Ù¼�Ð U ∩ B��H

Xîß�\�"f x_� ��H~½Ós� ÷&�¦, ����"f &h�{©�ô�Ç i ∈ Ix�� �>rF�
�#� Ux
i ⊆ U ∩ B\�¦ ëß�7á¤ô�Ç��. Õª�QÙ¼�Ð

f(Ux
i ∩A) ⊆ f(U ∩A) ⊆ W ⊆ Vs��¦ s��Ð+� f∗(x) ∈ V�� �)a��. �

Ça�h� 3.2. X��H T1-/BNçß�s����¦ 
���. Õª�Q��� ��6£§�Ér "f�Ð 1lxu�s���.

(a) X��H Ä»���&h� &ñ
½©/BNçß�s���.

(b) (X, {0, 1})��H a%~�Ér �©�(good pair)s���.(#�l�"f {0,1}�Ér s�íß�/BNçß�s���.)

(c) (X, R)��H a%~�Ér �©�(good pair)s���.

(d) ¿º >h_� /BN|9�½+Ës� ��m��¦ "f�Ð �è��� \P��2;|9�½+Ë�̀¦ �í�<Ê
���H 0A�©�/BNçß� Y��

�>rF�
�#� (X,Y)��H a%~�Ér �©�(good pair)s� �)a��.

¤� ÃZ�: (a) => (b): A ⊆ Xs��¦�<ÊÃº f : A −→ {0, 1}��H���5Åqs� 9 i = 0, 1\�@/
�#� Ai = f−1(i)��

�¦ 
���. : �<ÊÃº f_� ���5Åq$í
\� _�
�#� A0ü<A1��H Aîß�\�"f \P��2;|9�½+Ës��¦ Xîß�\�"f ì�ro�÷&#Q&��6£§�̀¦
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_�p�ô�Ç��. Õªo��¦ X��H Ä»���&h� &ñ
½©/BNçß�s�Ù¼�Ð �̧¹¡§&ñ
o�2.8\� _�
�#� Ai ⊆ Ui, i = 0, 1�̀¦ ëß�7á¤
�

��H "f�Ð �è��� \P��2;|9�½+Ë U0, U1s� �>rF�ô�Ç��. ����"f �̧��H x ∈ Ui@/
�#� f̃(x) = i\�¦ ëß�7á¤
���H �<ÊÃº

f̃ : X −→ {0, 1}��H �<ÊÃº f_� SX��©�s��¦ A_� �̧��H &h�\�"f ���5Åqs���.

(a) => (c): [2.&ñ
o�.20]\� _�
�#� "î
Ñþ�
���.

(b)¢̧��H (c)�ÐÂÒ'� (d)_� 7£x"î
 ¢̧ô�Ç ì�r"î

���.

(d) => (a): (X, Y )��H a%~�Ér �©�(good pair)s��¦ V0, V1 ⊆ Y��H /BN|9�½+Ës� ��m��¦ "f�Ð �è��� \P��2;|9�

½+Ës����¦ 
���. s� M:, i = 0, 1\� @/
�#� yi ∈ Vi\�¦ ���×þ�
���. Õªo��¦ A0, A1 ⊆ X��H ì�ro�÷&#Q&��

�¦ A = A0

⋃
A1s����¦ 
���. ¢̧ô�Ç �<ÊÃº f : A −→ Y��H f(a) = yi,∀a ∈ Ai, i = 0, 1�Ð &ñ
_�
���.

A0ü<A1�Ér Xîß�\�"f ì�ro�÷&#Q&��Ü¼Ù¼�Ð Aîß�\�"f A0ü<A1�Ér \P��2; ÂÒì�r|9�½+Ës���. Õª�QÙ¼�Ð f��H ���5Åq

�<ÊÃºs���. ¢̧ô�Ç ��&ñ
\� _�
�#� (X, Y )��H a%~�Ér �©�(good pair)s�Ù¼�Ð A_� �̧��H &h�\�"f ���5Åqs��¦ �<Ê

Ãº f_� SX��©��<ÊÃº��� f̃ : X −→ Y�� �>rF�ô�Ç��. s� M:, Ui = Int( ˜f−1(Vi)), i = 0, 1���¦ Z�~Ü¼��� ì�r"î


y� U0ü< U1��H \P��2;|9�½+Ës��¦ "f�Ð �ès���. >����� f̃��H Ai, i = 0, 1 _� �̧��H &h�\�"f ���5Åqs�l� M:ë�H\�

Ai ⊆ Ui�̀¦ ëß�7á¤ô�Ç��. �
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ABSTRACT. Òqt"î
&ñ
�Ð�<Æ�̀¦ �í�<Êô�Ç ÒqtÓüt�<Æ\�"f ��Ò�¦ Ãº e����H Ãº�<Æ&h�

���½̈ @/�©�[þts�#Q�"��.��¤��þts�e����Ht�¶ú�(R�Ð]	כ s�[þtÒqtÓüt&ñ
�Ð@/�©��̀¦

���½̈
���HX< e��#Q t� �FK��t� @/Ãºl�
��<Æ\�"f >hµ1Ï÷&#Q�:r #��Q s��:r[þt�̀¦

&h�6 x
�#��Ð��¤��. :£¤y�,>�:�xÃº[þts��¦Ä»
�>���t���H>�:�xì�rÀÓÔ�¦���|¾Ó�̀¦

&h��Ér >hÃº_� {9��̀¦ ��t���H >�:�xÃº\� @/K� #��Q >�íß� ·ú��¦o�7£§(Macaulay

2, Singular, Maple)[þt�̀¦ s�6 x
�#� >�íß�K� �Ð��¤��.

1. Introduction

þj��H\� Òqt"î
õ��<Æì�r��\�¦ ���½̈
���HX< e��#Q Ãº�<Æ&h� t�d��[þts� ×�æ¹כ
�����H

��z�́\� @/ô�Ç /åJ[þts� ú́§s� æ¼#�4R M®o��. [j>�_� y�� @/�<Æ[þt�Ér ÒqtÓüt�<Æõ� Ãº

�<Æ¿ºì�r��_��©� ñ�§ÀÓ\�¦7£x���r�v�l�0A
�#� ú́§�Ér �̧§4��̀¦l�Ö�¦s��¦e����.

Õª�Q��, s��Qô�Ç �̧§4�\��̧ Ô�¦½̈
��¦ ú́§�Ér Ãº�<Æ��[þt�Ér ��f���̧ ÒqtÓüt�<Æ ì�r��

\� @/ô�Ç Ãº�<Æ_� ����'a$í
\� @/K� SX�����̀¦ °ú��¦ e��t� ·ú§Ü¼ 9, d��t�#Q��H ÒqtÓüt

�<Æs� Ãº�<Æ&h���� �'a&h�\�"f �Ð��� ���r� �'ad���̀¦ =åJ���� ú́� ì�r�����¦ Òqty��
�l�

��t� ô�Ç��. �=��
���� ÒqtÓüt�<Æ ì�r��\�"f Ãº�<Æ ì�r��_� Dh�Ðî�r &ñ
o�\�¦ s�=åJ

#Q è­q Ãº e����xÖ¼�� 
���H _�ë�Hs� ]jl�÷&�¦ e��l� M:ë�Hs���. s��Qô�Ç _�ë�H�Ér

2000 Mathematics Subject Classification. 68R10, 05C05, 68Q25, 92D15.
Key words and phrases. DNA, Ä»����̂, >�:�xì�rÀÓ@/Ãºl�
��<Æ, >�:�xÃº, >�:�xì�rÀÓÔ�¦���

|¾Ó, ·ú��¦o�7£§
Department of Mathematics Education, Graduate School of Education, Hankuk Uni-

versity of foreign Studies1.

This research was supported by the research fund of Hankuk University of Foreign

Studies, 2007
9



10 Young Rock Kim

20#��̧� ���\� Gian-Carlo Rota�� ��6£§õ� °ú �Ér ë�H�©�Ü¼�Ð ³ð�&³
�%i���. “The

lack of real contact between mathematics and biology is either a tragedy, a

scandal, or a challenge, it is hard to decide which” [7].

Õª�Q��, s� ë�H�©�\� ����èß� ¿º �<Æë�H��s�_� ���&ñ
ô�Ç �§ÀÓ��H Ãº�<Æ��ü< ÒqtÓüt

�<Æ���� 1lx1pxô�Ç ��àÔ�-�Ð+� "f�Ð\�>� t�&h���� %ò
�¾Ó§4��̀¦ ×�¦ Ãº e���̀¦ M: {9�#Q

±ú� Ãº e�����¦ �̂¦ Ãº e����. \V\�¦ [þt#Q Óüto��<Æ�Ér Ãº�<Æ��[þt\�>� a%~�Ér ³ðï�rs�

÷&#QM®o�¦,¿ºì�r��_��<Æ��[þt�Ér"f�Ð\�¦�>r×�æ
� 9 �̧�½�l�çß�1lxîß�t�?/M®o��.

:£¤y�, Ãº�<Æ_� l�
��<Æs��� 0A�©�Ãº�<Æ\� Óüto��<Æ_� 
�Hs��:r, ��Ö�¦@/g�A�:r, �ª���

%i��<Æ�Ér F�g�©�ô�Ç _�p�\�¦ ��t��¦ e���¦ "f�Ð çß�\� ���&ñ
ô�Ç �§ÀÓ�� e��#Q M®o��

�¦½+ÉÃºe����. þj��H\���H Cohens���6£§õ�°ú s�ÒqtÓüt�<Æõ�Ãº�<Æõ�_��'a>�\�

@/K� ���/åL
�%i���. “Mathematics is biology’s next microscope, only better;

biology is mathematics’ next physics, only better” [3].

&ñ
�Ð:�x���s� 20[jl� ú́��̀¦�©�d��
�%i������ 21[jl�\�¦ÅÒ�̧½+Éõ��<Æõ�íß�\O�_�

�o¿º��H Ä»����̂{9� ����s	כ ú́�K��̧ s�_�\�¦ ]jl�½+É ��|ÃÐ�Ér \O��̀¦ �.���s	כ Ä»

����̂(Genome)\� @/ô�Ç ���½̈�� ��ØÔ>� ���'��÷&#Qf��\� ���� Ä»����̂ >�:�x ì�r

ÀÓ�<Æ(Phylogenomics)s� ��ØÔ>� ×�æ¹כ ì�r���Ð @/¿º÷&�¦ e����. s� ì�r����H Òqt

"î
/BN�<Æ\�"f ¿º>h ì�r��, Ä»����̂�<Æ(Genomics)ü< ì�r��>�:�xì�rÀÓ�<Æ(Molecular

Phylogenetics)_� ���½+ËÜ¼�Ð s�ÀÒ#Q4R e����. Ô�¦õ� 10#��̧� ���ëß� K��̧ Ô�¦��0px


�o��� #���&��~�� Ä»����̂ íß�\O�s� s�XO�>� À1Ïo� $í
/BN
�>� �)a ���©� 	�H s�Ä»

×�æ_� 
�����H Ãº�<Æ�̀¦ l�ìøÍÜ¼�Ð 
��¦ (��ÉÓ'� s��:r[þt�̀¦ ��6 x
���H Òqt"î
&ñ
�Ð

�<Æ(Bioinformatics)_� µ1Ï���s��� ½+É Ãº e����.

Òqt"î
&ñ
�Ð�<Æ�Ér Ä»����̂\� @/ô�Ç 8úx�̂&h���� ���½̈\�¦ 
���H �<Æë�HÜ¼�Ð, Ä»����̂

\�¦ë�H���Ð�����·p"f\P�(Sequence)\�@/ô�Ç���½̈÷�rëß���m���,éß�Ñþ�|9��̀¦���½̈


���HáÔ�Ð_��̧b��Û¼(Proteomics),éß�Ñþ�|9�_� 2D, 3D ½̈�̧���½̈,���©�Ùþ�d��&h�

��� l�0px Ä»����̂�<Æ(Functional genomics), >�:�x ì�rÀÓ ���½̈, &ñ
�©� [j�íü< #î


��H [j�í_� q��§ ���½̈ 1px ú́§�Ér ���ª�ô�Ç ì�r��[þt�̀¦ �í�<Ê
���H �<Æë�Hs���. Òqt"î


&ñ
�Ð�<Æ�Ér 90�̧�@/ ÊêìøÍÂÒ\� [þt#Q�̧���"f ���çß�Ä»����̂��\O�(Human Genome

Project)_� �Ö̧$í
�oü< DNA }9�(chip)1px ]jìøÍ l�Õüt[þt_� µ1Ï²ú��Ð ���
�#� �8¹¡¤

�8 Û�æÂÒô�Ç Ãº�<Æ :�x>��<Æ&h���� X<s�'�[þt�̀¦ �Ö̧6 x½+É Ãº e��>� ÷&%3���.
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Ä»����̂\�¦ ë�H���Ð �����·p "f\P�(Sequence)\� @/ô�Ç ���½̈\�"f ��Òqt÷&#Qt�

��H#��Q��t�ë�H]j[þts�e����HX<,Õª×�æ\���HÄ»����̂ ?/\�"f:£¤Z>�ô�ÇÄ»�����¹1Ô

l� ë�H]j, ¿º >h_� Ä»����̂��s�_� ÒqtÓüt�<Æ&h���� �'a>�\�¦ ¹1ÔÜ¼�9��H 3lq&h�_� "f\P�

&ñ
§>=ë�H]j1pxs�e����. s�ë�H]j[þt\�@/ô�ÇÃº�<Æ&h����·ú��¦o�7£§[þt�Ér statistical

learning &ñ
o��Ð ÂÒ'� l����÷&��H ~½ÓZO�[þt�̀¦ l�ìøÍÜ¼�Ð ëß�[þt#Q &���¦, ¢̧ô�Ç, s�

[þt�Ér ņu�������ØÔ�ïáÔ(Hidden Markov) �̧4Sq, �8�������Ð��{9�ìøÍ&h����Õª

A�áÔ �̧4Sq(graphical models)õ� �'aº��$í
s� e����.

ÕªA�áÔ �̧4Sq[þt�Ér @/Ãº&h� :�x>��<Æ&h���� �'a&h�\�"f �Ð��� ú̧� ½̈�̧�o�)a $�	�

"é¶_� ���Ãº/BNçß�Ü¼�ÐÂÒ'� J$�"fY�L/BNçß�(P2n−1−1, n :=>�:�xÃº T_� {9�_� >hÃº)

Ü¼�Ð ����H ���½Ód�� ���©�s���. s��Qô�Ç ���½Ód�� ���©��Ér @/Ãºl�
��<Æ\�"f ú́§s�

��ÀÒ#Q4R M®o�¦ ÒqtÓüt�<Æ&h���� _�p�\�¦ ��t��¦ e����H @/�©�s�Ù¼�Ð, s� �¦̀�	כ ���½̈


�Ù¼�Ð+� ÒqtÓüt�<Æ&h���� @/�©�[þt\� @/ô�Ç Dh�Ðî�r Ãº�<Æ&ñ
o�\�¦ %3��̀¦ Ãº e���¦, %i�

Ü¼�Ð s��Qô�Ç @/�©�[þt\� @/K� Ãº�<Æ&h�Ü¼�Ð ·ú��9��� &ñ
o�[þt�̀¦ ���½ÓÜ¼�Ð ÒqtÓüt

�<Æ&h���� K�$3��̀¦ �Ð�� &ñ
SX�y� ½+É Ãº e���� [10].

@/Ãºl�
��<Æ&h���� �̧½̈\�¦��6 x
����ÒqtÓüt�<Æ\�"f��ÀÒ�¦e����H#��Q@/�©�[þt

s� @/Ãº���ª��̂(Ä»ô�Ç>h_� ���½Ód��[þt_� K�_� |9�½+Ë)�Ð ³ð�&³÷&#Q �������H �¦̀�	כ

·ú� Ãº e����HX<, s�\� @/ô�Ç ���½̈[þts� Ä»Ãº_� @/Ãºl�
��<Æ��[þt�̀¦ ×�æd��Ü¼�Ð 
�

#�Ãº'��÷&#Qt��¦e����. z�́]j&h�Ü¼�Ð,>�:�xì�rÀÓ@/Ãºl�
��<Æ(Phylogenetic al-

gebraic geometry)\�@/ô�Ç���½̈���&³F�p�²DG_�!Q9þto�@/�<Æ_�Û¼)3�:\�(Bernard

Sturmfels) �§Ãº\�¦ ×�æd��Ü¼�Ð ú́§s� ���'��÷&�¦ e���� [8].

>�:�xì�rÀÓ@/Ãºl�
��<Æì�r��\�@/ô�Ç���½̈ ��s�n�#Q��Hy��ÒqtÓüt�̂_�Ä»����̂

[þtçß�_� �'a>�\�¦�Ð s�ÀÒ#Q��� :�x>�&h� �̧4Sq[þts� J$�"f/BNçß�\�"f @/Ãº���ª��̂\�¦

s�ê�r����H ��z�́\�"f %3��̀¦ Ãº e����. 7£¤, y��y��_� >h�̂[þtçß�_� ��o��� >�:�xì�r

ÀÓÔ�¦���|¾Ó[þt�̀¦ >�íß�
���H ���\O��̀¦ @/Ãºl�
�&h���� �̧½̈\�¦ ��6 x
�#� ½+É Ãº e��

�� [1]. ¢̧ô�Ç, >�:�xÃº(Phylogenetic tree) T�� ÅÒ#Qt���� s��ÐÂÒ'� Òqt$í
÷&��H

XT��H toric���ª��̂�� ÷&��HX<, homogeneous prime ideal of XT��H 2	�d��[þt�Ð

s�ÀÒ#Q��� Groebnerl�$�\�¦°ú���H����H�¦̀�	כ Seth Sullivant���7Hë�H\�"f7£x"î


�̀¦ 
�%i���. #�l�\�"f XT\�¦ ÒqtÓüt�<Æ��[þt�Ér Jukes-Cantor �̧4Sqs����¦ Ô�¦!3�

�¦, �̧A���� ÂÒ'� ú́§�Ér ���½̈\�¦ 
�#� M®o�� [11].
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>�:�xì�rÀÓ@/Ãºl�
��<Æ�ÉrÄ»ô�Ç>hÃº_�{9��̀¦��t���H>�:�xÃº�ÐÂÒ'�%3��̀¦Ãº

e����H 4�¤�è��%ò
@/Ãº ���ª��̂[þtõ� �'aº��s� ÷&#Qe����. s��Qô�Ç ���ª��̂[þt 0A_�

�ª�_� z�́Ãº &h�[þt�Ér ����o_� SX�Ò�¦�:r&h� �̧4Sq�̀¦ �����·p���¦ ½+É Ãº e����. {9�_�

>hÃº��&h��Ér>�:�xÃº[þt\�"f��H toric determinantal��%ò
�̂,Õª_� secant���ª�

�̂ü<°ú �Ér��%ò
l�
�&h����@/�©�[þt�̀¦4�¤"é¶K�è­qÃºe����HìøÍ���\�,{9�_�>hÃº��

ú́§�Ér >�:�xÃº[þt\� @/K�"f��H ��_� �̧ØÔ��H t��â
s���. �&³F�\���H s��Qô�Ç ë�H]j

\�¦ K����
�l� 0AK� (��ÉÓ'� áÔ�ÐÕªÏþ�[þt Macaulay2, Singular, Maple�̀¦ s�6 x


�#� >�:�xÃº[þts� ��t���H >�:�xì�rÀÓÔ�¦���|¾Ó[þt(Phylogenetic invariants)�̀¦ >�

íß�
�%i���. 	�Ãº,	�"é¶1px_�>�:�xì�rÀÓÔ�¦���|¾Ó[þt�̀¦>�íß�
���HX<\���H{9�_�>h

Ãº�� ×�æ¹כô�Ç ���Ãºs��� [6].

2. Òqt"î
&ñ
�Ð @/�©�[þt ×�æ Ãº�<Æ&h� @/�©�[þt

2.1. DNA. Ä»���ZO�gË:(Genetics)�Ér 1866�̧�\� e�¦êøÍ×¼ ÚÔê�r_� Ãº�̧"é¶ ��]j

ÕªYU�¦ØÔ F'p4Sq(Gregor Mendel)\� _�K� µ1Ï|
�÷&%3���. Õª��H 8�̧� 1lxîß� 3ëß�#�

ÕªÀÒ_� ���ª�ô�Ç d��Óüt�̀¦ F�C�
����"f %3��Ér ���õ�\�¦ ÚÔê�r_� �����õ��<Æ�rt�\�

l��¦
�%i���. Õª��H Òqt"î
�̂�� �èÄ»
��¦ ¢̧ Êê�<H\�>� ���²ú�
���H Ä»���&h� l�

�:réß�0A\�¦ Ä»�����(Gene)���¦ &ñ
_�
�%i���. 1944�̧� ��t���H %i�Ò�o�̂�� Ä»���

&ñ
�Ð\�¦ ���²ú�
���H �¦����s	כ {9�ìøÍ&h�Ü¼�Ð ·ú��94R e��%3���. s��Qô�Ç ��Ér	כ \�

s�ÚÔo�(Avery)ü< Ðlo
�ØÔw�(McCarty)�� DNA�� ÒqtÓüt�̂_� Ä»���Óüt|9��̀¦ î�r

ìøÍ
���H ×�æ¹כÓüt|9�s����¦ µ1ßjËµÜ¼�Ð+� L:t�>� ÷&%3���. 1953�̧�\� ]je��Û¼ Móf

��H(James Watson)õ� áÔ�½�r�Û¼ ß¼aË:(Francis Crick)�Ér 3	�"é¶_� DNA ½̈�̧

\�¦ µ1ß)�?/�¦ /BI s�#Q 4�¤]j ~½ÓZO��̀¦ ÆÒ�:r
�%i��� [12]. s� ]X�_� ú́§�Ér ?/6 x�Ér

Û¼)3�:\�õ� ��âì'��§Ãº�� ��H Õþ�õ� Ron Shamir_� <�Ì�̀s�t�\� e����H Lecture

Note “Algorithms for Molecular Biology”\�e����H?/6 x[þt�̀¦�ÃÐ�̧
�%i��� [8],

[9].

DNA_� l��:r "é¶�è[þt�Ér í�HÃºô�Ç DNA�Ð ÂÒ'� ÂÒì�r&h�Ü¼�Ð L:#Qf��Ü¼�Ð ���

K����&ñ
÷&#Qt��¦�¦wn�÷&#Q4RM®o%3���. s��Qô�Ç���½̈\�_�
�#� DNA��H¾»9þt

YU�̧��s�×¼(Nucleotide)���¦Ô�¦o�Äº��Hl��:réß�0A�Ðs�ÀÒ#Q���&���êøÍì�r��
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����H ��s	כ ·ú��9&����. ¾»9þtYU�̧��s�×¼��H ���íß�(Phosphate), {©�(Sugar), 4��

t�×�æ
���_�%i�l�(nitrogen base)�Ð ½̈$í
÷&#Qe����. 4��t�%i�l���H��X<���,

½̈�����, r��Ð���, w����s��� Ô�¦o��¦ y��y�� A, G, C, T���¦ ³ðl�ô�Ç��.

DNA��H s�×�æ �����(Double helix) ½̈�̧\�¦ ��t��¦ e����. y�� ������Ér ���íß�

���½+ËÜ¼�Ð éß�éß�y� Óü���� ¾»9þtYU�̧��s�×¼_� �¦ì�r���̂s��¦, ¿º ������Ér Ãº�è

���½+ËÜ¼�Ð������÷&#Qe����. s�Ãº�è���½+Ë�Ér%i�l�_��©�Ü¼�Ðs�ÀÒ#Qt���HX<,%i�

l�\���H ÉÓ�2;>�(Purine) %i�l�ü< x�o�p����>�(Pyrimidine) %i�l��� e����. ÉÓ

�2;>� %i�l�\���H Aü< G, x�o�p����>� %i�l�\���H Tü< C�� e����. A��H Tü< ¿º

�©�_� Ãº�è ���½+ËÜ¼�Ð ������÷&#Qt��¦ (l� ñ�Ð��H A = T ) G��H Cü< [j �©�_� Ãº

�è ���½+ËÜ¼�Ð ������÷&#Q����� (l� ñ�Ð��H G ≡ C). y��y��_� {©��Ér s�×�æ ����� ×�æ

0AAá¤ ��{��\���H ��$Á	���P: òøÍ�è\� ������÷&#Q e���¦, ��A�Aá¤ ��{��\���H [j���P:

òøÍ�è\� ������÷&#Q e����. ÒqtÓüt�<Æ&h���� ���ë�H#Q�Ð��H DNA ��{��s� 5′Ü¼�ÐÂÒ'�

3′Ü¼�Ð çß������¦ ô�Ç��. s� ¿º>h_� �Ð¢-a&h���� DNA ��{���Ér "f�Ð %i��'a>�\�

e����.

DNA s�×�æ ������Ér ô�ÇAá¤=åQ\�"f r����K�"f \P�o���H t�(��Ð"f Òqty��½+É Ãº e��

��. Äºo��� DNAs�×�æ������̀¦t�(��Ð"fÒqty��ô�Ç�����,s�¿º��{���̀¦Û�¦���y��

y��_� ��{��\� éß�%i�l�[þts� �̧Ø�¦÷&>� �)a��. DNA ½̈�̧\� _�K� ÂÒ#��)a ���½+Ë

ZO�gË:s� B�Äº %3����
�l� M:ë�H\� y��y��_� �̧Ø�¦�)a %i�l���H Õª %i�l�_� �Ð¢-a %i�l�


��¦ëß� =�G �©��̀¦ s�ÀÒ#Q�� ô�Ç��. s��Qô�Ç %i�l� �Ð¢-a$í
 M:ë�H\� y��y��_� ��{��

[þt�Ér ÅÒ+þA(Template)%�!3� '��1lx
��¦ DNA s�×�æ �����s� Û�¦o��¦ èß� ��6£§ ��

r� ���½+Ë½+É M:ü< 1lx{9�ô�Ç s�×�æ �����Ü¼�Ð ��r� >h&ñ
s� ÷&l� r����ô�Ç��. Dh�Ð

s�ÆÒ��÷&��H¾»9þtYU�̧��s�×¼��H[j�íîß�_�p�ÒqtÓüt 8̈��â
\�ìøÍ×¼r���������H

��Ä» ¾»9þtYU�̧��s�×¼_� Û�¦(pool)�ÐÂÒ'� �:r �¦����s	כ ���©�
�#���ëß� ô�Ç��.

DNA 4�¤]j��H DNA e�¦o�Bj��]j(Polymerase)����H ò́�è(Enzyme)\� _�K�"f

8ú¤����)a��. s� ò́�è��H �̂����̀¦ SX��©�½+É Ãº e��t� Dh�Ðî�r �̂����̀¦ r����½+É Ãº��H

\O���. Õª�QÙ¼�Ð, DNA ì�r$3��Ér �̀¦o��¦¾»9þtYU�̧��s�×¼(Oligonucleotide)-���

�Ér ¾»9þtYU�̧��s�×¼ �̂���-�Ð ÂÒ'� r����÷&#Q��ëß� ô�Ç��. �̀¦o��¦¾»9þtYU�̧��

s�×¼��H DNA_� ×�æ4�¤ÂÒ0A_� ô�Ç ÂÒì�r�̀¦ Òqt$í

��¦, 4�¤]j õ�&ñ
\� _�K� Dh�Ð

î�r ��{��Ü¼�Ð ���
�>� �)a��.
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2.2. ËÂ¦�>��ÿ? �]�aËcW� �̧��H ÒqtÓüt�Ér ¿º��t� ÕªÒ�̈Ü¼�Ð ��¾º#Q�����. 
�����H

áÔ�ÐH�o��̧àÔ(Prokaryote)s�����H Ùþ�s� \O���H éß�[j�í ÒqtÓüts��¦ ���Ér 
���

��HÄ»H�o��̧àÔ(Eukaryote)����H�©�0A_�Ä»l��̂���X<s���j�í\���HÙþ�s]�_	כ

e����. Ä»l��̂_� [j�í_� Ùþ� îß�\� e����H y��y��_� DNA ì�r����H 
���_� ì�ro��)a

%i�Ò�o�̂ (chromosome)\��í�©�÷&#Q4Re���¦,Ä»l��̂_�%i�Ò�o�̂\� $��©�÷&#Q���

Ä»��� &ñ
�Ð[þt�̀¦ {9�(��#Q Ä»����̂(genome)�̀¦ +þA$í
ô�Ç���¦ ô�Ç��. Y>�Y>�_� \Vü@

\�¦ ���&ñ

���� Ä»H�o��̧àÔ ��[j�í Ä»l��̂_� Ùþ�\���H ¢-a���ô�Ç �©��̂_� Ä»����̂

\�¦ �í�<Ê
��¦ e���¦, ìøÍ���\� ���Ér �̧f��_� [j�í[þt_� l�0px_� �©�s�$í
�Ér K�{©�
�

��H Ä»�����_� ���ª�ô�Ç ³ð�&³\� l����ô�Ç���¦ �:r��.

���çß�_� Ä»����̂��H ��� 3× 109>h_� %i�l��©�(bp)�̀¦ �í�<Ê
��¦ e����HX< - 46>h

_� %i�Ò�o�̂[þt�Ð ½̈$í
�)a - 22>h_� "f�Ð ���Ér {9�ìøÍ %i�Ò�o�̂ü< ¿º>h_� $í
 %i�Ò�o

�̂: XX ¢̧��H XY�Ðs�#Q4Re����. 24>h_�"f�Ð���Ér%i�Ò�o�̂[þt�Ér 50×106\�

"fÂÒ'� 250× 106>h_� #3�0A_� %i�l��©�[þt�Ð s�ÀÒ#Q4R e����. DNA_� Ãº��H 7áx

���� ��ØÔ��. \V\�¦ [þt#Q éß�[j�í ÒqtÓüt��� ��Bj��(Amoeba dubia)��H ��|ÃÐ�Ð

�� 200C��� �8 ú́§s� ��t��¦ e����.

Ä»���\� @/K� Òqt�o�<Æ&h�Ü¼�Ð �&³F� ·ú��¦ e����H ��z�́[þt�̀¦ ��t��¦"f F'p4Sq_�

Ä»�����\� @/ô�Ç ÆÒ�©�&h���� >h¥Æ��̀¦ Óüto�&h���� ?/6 xÜ¼�Ð ��r� &ñ
_�½+É Ãº e����.

Ä»�������H s�íß�&h���� Ä»���_� :£¤$í
�̀¦ ]j#Q
���H DNA_� {9�ÂÒì�rÜ¼�Ð"f �Ð:�x

�Ér éß�Ñþ�|9��̀¦ ½̈$í

���H &ñ
�Ð\�¦ ���²ú�
���H 
���_� mRNA\� @/6£x�)a��.

1977�̧�\� ì�r�� ÒqtÓüt�<Æ��[þt�Ér @/ÂÒì�r_� Ä»H�o��̧àÔ Ä»�����[þt�Ér "lo�<H

(exons)s��� Ô�¦o�Äº��H ÂÒ ñ&h���� "f\P�[þt�̀¦ ��t���HX<, ���àÔ�:r(introns)s���

Ô�¦o�Äº��HÂÒ ñ&h�s�t������"f\P�[þt\�_�
�#�~½ÓK�~ÃÎ��H����H�
|µ1Ï¦̀�	כ�
�%i�

��. ��|ÃÐ_� Ä»�������H @/|ÄÌ 2-3 (�G'pàÔ_� Ä»���&h���� DNAü< 97-98 (�G'pàÔ_�

Ä»���÷&t� ·ú§��H &ñ
ß¼ DNA�Ð s�ÀÒ#Q4R e����. &ñ
ß¼ DNA��H ��f����t���H Õª

%i�½+É�̀¦ ú̧� ·ú�t� 3lw
��¦ e��t�ëß� s��Qô�Ç ÂÒì�r�̀¦ ]j��\�¦ 
���H z�́+«>�̀¦ :�xK�"f

Õª 0A+«>$í
s� 7£x"î
s� ÷&#Q4R e����. Y>�Y>�_� s��:r[þts� ]jr�
���H ��ü< °ú s�,

7£¤, ·ú�»¡¤�)a �©�I�\�"f DNA\�¦ Óüto�&h�Ü¼�Ð �¦&ñ

���H ��Ér	כ s����_� Ä»��� X<

s���\�¦ �Ð�>r
���H ��s	כ �)a��.
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2.3. ê�>ë5ÑËÂ¦�>W�è«�×ý·cçÃ (Human Genome Project). ���çß�Ä»����̂ áÔ

�Ð#�oàÔ_� ÏãÎ�FG&h���� 3lq&h��Ér 24>h_� ���çß� %i�Ò�o�̂ y��y��\� @/ô�Ç 
���_� ���5Åq

&h���� "f\P��̀¦ Òqt$í

���H �¦��s	כ �̧��H Ä»�����[þt_� 0Au�[þt�̀¦ ¬¹��
���H ��s	כ

��. ²DG]j���çß�Ä»����̂ "f\P��	��èr�%3�\�_�K�[O�"î
÷&#Qt���H�&³F����'��÷&#Q

t���H �íîß��Ér 20000>h_� &���êøÍ 9þt�:r[þt�Ð ÂÒ'� Ä»�̧÷&#Qt���H "f\P� ÂÒì�r[þt

�̀¦ 7áx½+Ë
�#� ���$í
÷&#Q&����.

ê�>ë5Ñ ËÂ¦�>W� è«�×ý·cçÃ ë�>�ßj��/�×Ø̧

• 1985�̧� - s� áÔ�Ð#�oàÔ��H p�²DG_� Health and environment research at the

depart of energy(DoE)_� ÂÒ���©���� ¹1ÏÛ¼ 4Sqo�t�(Charles Delisi)\� _�K� r�

���s� ÷&#Q&����.

• 1988�̧� - ²DG�� ÊêÒqt'õA(National Institute of Health(NIH))s� ���çß� Ä»����̂

���½̈ ��Áºz�́�̀¦ [O�wn�
�%i���.

• 1990�̧� -���çß�Ä»����̂ áÔ�Ð#�oàÔ��H 15�̧� 3%3�Ô�¦_�\Víß�Ü¼�Ð¢-a$í
ô�Ç����H_�

�̧
�\�"f �ÃÌÃº÷&%3���.

• 1996�̧� -!QÁ»�� (Bermuda)p�h�A\�"f���çß�Ä»����̂ áÔ�Ð#�oàÔ_�²DG]j&h����

a�?§4���[þts� "f\P� X<s���\�¦ @/×�æ&h���� X<s�'� Z�s�Û¼\� /BN>h
���H �¦̀�	כ �í

�<Êô�ÇX<s�'�s�6 x_� �̧|	�[þt�̀¦+þAd���o
���H�.��¡a�?���Ùþ¦̀�	כ s��þts�t��FK]	כ

\� ü<"f��H !QÁ»�� "é¶gË:s����¦ ·ú��94R e����.

• 1998�̧� - ß¼YUs�Õª �$�àÔ�-(Craig Ventner)��H ���çß� >�0lu�̀¦ 3�̧� s�?/\� "f

\P��o 
���x����H _��̧�Ð �r��\�¦ [O�wn�Ùþ¡��. ��×�æ\� Celera���¦ Ô�¦o�#Q t���H

�r����HDh\�v�¦��d��ðøÍ ‘����̂ Ä»����̂5Æw|	�(whole genome shotgun)’]X���H~½Ó

d���̀¦ �è>hÙþ¡��.

• 1999�̧� - @/×�æ&h� áÔ�Ð#�oàÔ(The public project)��H �$�àÔ�-_� �̧���\� ìøÍ6£x

�̀¦ �Ð%i��¦ Õª [þt_� �íîß��̀¦ ¢-a$í

���HX< ���o���H r�çß��̀¦ ��Ë̈%3���.

• 1999�̧� 12�Z4 -���çß�_� 22���P:%i�Ò�o�̂_�'Í	���P:¢-a���ô�Ç"f\P�\�@/ô�ÇØ�¦óøÍ

s� s�ÀÒ#Q&����.

• 2000�̧� 6�Z4 -@/×�æ&h�áÔ�Ð#�oàÔü<!sqYU��(Celera)_�t��̧��[þts�Ñþ�����'a\�

"f ���çß� Ä»����̂ "f\P�_� ���\O� �íîß��̀¦ ¢-a$í
Ùþ¡����H �¦̀�	כ µ1Ï³ð
�l� 0AK� �̧%i�

��.
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• 2001�̧� 2�Z4 - ���çß� Ä»����̂_� �íîß�s� Ä»"î
 ú̧�t� Nature, Science\� Ø�¦çß�s�

÷&%3���.

Ä»����̂ "f\P�s� ���&ñ
÷&#Qt���H 'Í	��� P: '��ÆÒ1lxÓüt�Ð"f ���çß�_� Ä»����̂��H

Äºo��� ���Ér '��ÆÒ1lxÓüt_� Ä»����̂[þt\�"f µ1Ï|
�½+É ��\þt]	כ @/K� @/³ð$í
�̀¦ 8A

>� ÷&��H �	כ °ú ��.

2.4. ¡�́��(transcription). DNA\�$��©�÷&#Qe����HÄ»���&ñ
�Ð_�³ð�&³�Ér¾»

9þtYU�̧��s�×¼_� ���+þA "f\P��̀¦ éß�Ñþ�|9�\� e����H ��p��̧íß�[þt_� �©� ñ ���+þA "f

\P��Ð K�$3�
���H ��õ	כ ����'as� ÷&#Qe����. Õª âì2£§�Ér ��6£§õ� °ú ��: DNA →
mRNA → éß�Ñþ�|9�.

DNA_� {9�ÂÒì�r�Ér %�6£§Ü¼�Ð �©��Ð$í
_� RNA��{��Ü¼�Ð 4�¤���� ÷&#Q�����.

4�¤�����¦Ô�¦o�Äº��Hs��Qô�Çõ�&ñ
�Ér RNAe�¦o�Bj��]j����H ò́�è\�_�K�"f8ú¤

���÷&#Q�����. ��_�@/ÂÒì�r_�Ä»�����[þt\���HDNA?/\�áÔ�Ð�̧'�(Promotor)��

Ô�¦o�Äº��H :£¤Z>�ô�Ç J����s� e����. s� ��Ér	כ 4�¤���� r����÷&��H /BM��� s�×�æ �����

_� 0A ��{��\� 0Au�
��¦ RNA e�¦o�Bj��]j\�>� 4�¤��\�¦ #Qn�\�"f r����½+É t�

\�¦·ú��9ÅÒ��H%i�½+É�̀¦ô�Ç��. s��¦&ñ
�ÉráÔ�Ð�̧'�"f\P��̀¦���d��
��¦���½+Ë
�>�


���H 4�¤�� Ä»��������_� �̧¹¡§�̀¦ ~ÃÎ�� ¢-a$í
÷&#Q �����. q�2�¤ RNA(ribonucleic

acid)�� DNA�Ð"fÙþ�íß�_�|�� �̂���s���½+Ét����̧ B�Äº���Ér$í
|9�[þt�̀¦��t�

�¦ e����. 'Í	P:, RNA��H �Ð:�x ssRNA���¦ Ô�¦o�Äº��H 
���_� ��{��s���. ¿º

���P:, RNA��H deoxy-ribose @/���\� 
���_� o��ÐÝ¼{©�(ribose sugar)�̀¦ ��t�

�¦ e����. !Ó	P:, RNA��H w���� @/���\� x�o�p����>� %i�l���� Äº��z�́(Urasil -

çß�éß�y� U)�̀¦ ��t��¦ e����. �Å	P:, ÅÒ�Ð Ùþ�\� 0Au�K� e����H DNAü<��H ²ú�o�

RNA��H Ùþ� µ1Ú\� e����H [j�í|9�(cytoplasm) 5Åq\�"f�̧ µ1Ï|
�÷&#Q|9� Ãº�̧ e����.

Ä»H�o��̧àÔÄ»l��̂\�"f��Héß�Ñþ�|9��̀¦Òqt$í

�l�0AK�"f���àÔ�:rõ�"lo�;H �̧

¿º\�¦�í�<Ê
���H����̂U�́s�_�Ä»�������%�6£§Ü¼�ÐB�Äº	�H RNAì�r���Ð4�¤��

÷&#Q4R��ô�Ç�� -s��.��ô�Ç¦�����¹4�¤כÅÒ¦̀�	כ Ä»�����_�=åQÂÒì�r\�"f4�¤��

�� "3�ÆÒ�¦, Ãºz��>h_� ��X<��� ¾»9þtYU�̧��s�×¼[þts� �Ð ñ\�¦ 0AK�"f RNA ì�r

��_� =åQ\� ·¡­>� �)a�� - s� õ�&ñ
�̀¦ poly-A ¡óo� Òqt$í
s����¦ ô�Ç��. 5′ �̧����H

�@�o�ÐÂÒ'�Zþt#Q����H RNA4�¤��\�¦�Ð ñ�<ÊÜ¼�Ðéß�Ñþ�|9�ì�r$3��̀¦r����
���HX<

e��#Q×�æ¹כô�Çõ�&ñ
s���. RNAì�r����Ùþ�\�"fì�ro�÷&l����\� RNA4�¤½+Ë�̂��



ÒqtÓüt&ñ
�Ð @/�©�[þt_� @/Ãºl�
��<Æ&h� ½̈�̧ü< >�:�xì�rÀÓÔ�¦���|¾Ó >�íß�
�l� 17

ò́�è�Ð 
�#��FK �̧��H ���àÔ�:r "f\P�[þt�̀¦ ]j��
��̧2�¤ 
��¦, ]X�½+Ë(splicing)s�

����H õ�&ñ
\�"f �s̀��� �8 Âúª�Ér RNA ì�r��\�¦ Òqt$í
ô�Ç��.

���+þA&h����Ä»H��Ðs�àÔ"lo�<H�Ér î̈
ç�HU�́s��� 200 bp&ñ
�̧s��¦���àÔ�:r�Ér���

10,000 bp &ñ
�̧ �)a�� - s��Qô�Ç U�́s�[þt�Ér ���Ér ���àÔ�:rõ� "lo�<H[þt\� ���� B�

Äº���ª�
���. ú́§�Ér�â
Äº\���H]X�½+Ë_�J�����Ér4�¤����s�ÀÒ#Qt���H �̧f��\���

�� ²ú���|9� Ãº e����. \V\�¦ [þt#Q, çß�\�"f 4�¤���)a #Q�"� Ä»�����_� mRNA�ÐÂÒ

'� b��#Q4R ��çß� ���àÔ�:r�Ér ö&\�"f 4�¤��|̈c M: °ú �Ér mRNA�ÐÂÒ'� b��#Q4R ��

��t�·ú§�̀¦Ãº�̧e����. s��Qô�Ç���ª�$í
(variation)�̀¦���×þ�&h�]X�½+Ë(Alternative

aplicing)s����¦ 
���H X<, s� ��Ér	כ �̧f��\�"f_� ����̂&h���� éß�Ñþ�|9� ���ª�$í


_� "é¶���s� �)a��. s��Qô�Ç RNA /BN&ñ
 éß�>��� =åQèß� Êê\� RNA ì�r����H ���

s�(Translation) õ�&ñ
�̀¦ Ãº'��
�l� 0AK� Bj���$� RNA(mRNA)�Ð+� [j�í|9�

�Ð �̀��������.

Ä»�����_� ¾»9þtYU�̧��s�×¼ "f\P�s� @/6£x÷&��H éß�Ñþ�|9�_� ��p��̧íß� "f\P��Ð

���s�÷&��H ZO�gË:��� Ä»��� ��� ñ��H 1960�̧�@/ ���ìøÍl�\� K�1lqs� ÷&#Q&����. ×�æçß�

éß�>�\� &h�6 xs� ÷&��H mRNA ì�r��_� ¾»9þtYU�̧��s�×¼_� "f\P��Ér "é¶�è�� 3>h

��� ÕªÒ�̈[þt_� ���5Åq&h���� í�H"f�Ð {9��̀¦ Ãº e������H �¦̀�	כ µ1Ï|
�
�%i���. ���5Åq�)a

¾»9þtYU�̧��s�×¼ 3>h\�¦ �ï�7H(codon)s��� ÂÒØÔ��HX<, s� ��Ér	כ ���s� õ�&ñ
\�

"f 
���_� ��p��̧íß��̀¦ ���&ñ
ô�Ç��. ¾»9þtYU�̧��s�×¼�� DNA\�"f Õª�Q
�1pw

s� ��p��̧íß��Ér éß�Ñþ�|9�_� l��:rs� ÷&��H éß�0As���.

RNA�� W1>h_� "f�Ð ���Ér ¾»9þtYU�̧��s�×¼ ���+þA ���ª��̂s�l� M:ë�H\� ��

0pxô�Ç �ï�7H_� 7áxÀÓ��H 43 = 64>h e����. Õª�Q��, �̧�Ðt� 20>h_� ���Ér ��p�

�̧íß�[þts���¥y�éß�Ñþ�|9�\�"fµ1Ï|
�÷&#Qt��¦,ÕªA�"f@/ÂÒì�r_���p��̧íß�[þt�Ér

Y>� >h_� �ï�7H[þt\� _�K�"f �©�Õüt÷&#Q|9� Ãº e����.  »	·¡­#�"f, 64��t� 7áxÀÓ ×�æ

3��t� UAA, UAG, UGAü< °ú �Ér [j >h_� �ï�7H�Ér éß�Ñþ�|9� ½+Ë$í
�̀¦ 7áx«Ñ
���H

&ñ
t��ï�7H(stop codon)Ü¼�Ð ���6 xô�Ç��. ��u� ë�H�©�_� ��gË>³ðü< °ú �Ér %i�½+É�̀¦


���H �ï�7Hs���. ¢̧, ô�Ç��t� :£¤s�ô�Ç �ï�7H��� AUG�� e����HX< s���Ér	כ Bjw��̧

���s�����H��p��̧íß�Ü¼�Ð���%i�÷&��H�ï�7H���1lxr�\����s�õ�&ñ
_�=åQ�Ért�&ñ

�

��H r�����ï�7H(start codon)s���. s��Qô�Ç �ï�7H�Ér ����o ×�æ\� Y>�Y>�_� ���èô�Ç

\Vü@\�¦ ��t��¦"f ��ÅÒ ú̧� �Ð�>rs� ÷&#Q&���¦, ~ÃÌ_�o���, d��Óüt, ���çß� 1px ���ª�

ô�Ç Ä»l��̂(organism)[þt\� e��#Q >á¤°ú ��.
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U C A G

U UUU(Phe) UCU(Ser) UAU(Tyr) UGU(Cys) U

U UUC(Phe) UCC(Ser) UAC(Tyr) UGC(Cys) C

U UUA(Leu) UCA(Ser) UAA(7áx«Ñ) UGA(7áx«Ñ) A

U UUG(Leu) UCG(Ser) UAG(7áx«Ñ) UGG(Trp) G

C CUU(Leu) CCU(Pro) CAU(His) CGU(Arg) U

C CUC(Leu) CCC(Pro) CAC(His) CGC(Arg) C

C CUA(Leu) CCA(Pro) CAA(Gln) CGA(Arg) A

C CUG(Leu) CCG(Pro) CAG(Gln) CGG(Arg) G

A AUU(Ile) ACU(Thr) AAU(Asn) AGU(Ser) U

A AUC(Ile) ACC(Thr) AAC(Asn) AGC(Ser) C

A AUA(Ile) ACA(Thr) AAA(Lys) AGA(Arg) A

A AUG(Met:r����) ACG(Thr) AAG(Lys) AGG(Arg) G

G GUU(Val) GCU(Ala) GAU(Asp) GGU(Gly) U

G GUC(Val) GCC(Ala) GAC(Asp) GGC(Gly) C

G GUA(Val) GCA(Ala) GAA(Glu) GGA(Gly) A

G GUG(Val) GCG(Ala) GAG(Glu) GGG(Gly) G

Figure 1. Ä»������ ñ(Genetic code)

2.5. ¦�>l�(translation). "é¶gË:&h�Ü¼�Ð,y�� RNA"f\P��Éry��~½Ó�¾Ó_� 3>h_�o�

ç̀
áÔYUe��(reading frame)_�#QÖ¼
����Ð���s�÷&#Q4R"f, #Qn�\�"fs�õ�&ñ


s� r����÷&��Ht�\� _��>r
���H 8úx 6>h_� \P��9��� o�ç̀
 áÔYUe��(ORF)�̀¦ Òqt$í
ô�Ç

��. ��_� �̧��H �â
Äº\�"f s��Qô�Ç o�ç̀
 áÔYUe��[þt ×�æ �̧f�� ô�Ç 7áxÀÓëß�s� l�0px

&h���� éß�Ñþ�|9��̀¦ Òqt$í
ô�Ç��. Õª�Q��, ��¥
�t� ·ú§�Ér �â
Äº\�, :£¤Z>�y� ��s��QÛ¼

\�"f, DNA_� ×�æ4�¤÷&#Qt���H �Ð¢-a&h���� ÂÒì�r[þt�ÐÂÒ'� Ä»�����[þts� ���s�÷&

#Q#Q�����.

mRNA�ÐÂÒ'� éß�Ñþ�|9��Ð_� ���s���H ��p��̧íß�õ� ¾»9þtYU�̧��s�×¼ ÕªÒ�̈�̀¦

�̧¿º ���d��
���H #Q4Ss'� ì�r��[þt\� _��>rô�Ç��. s��Qô�Ç #Q4Ss'�[þt�Ér ���s� RNA

- tRNA�Ð ·ú��9��� {9�º��_� �̧Õªëß� RNA ì�r��[þt�Ð ½̈$í
÷&#Q�����. Õª U�́s�



ÒqtÓüt&ñ
�Ð @/�©�[þt_� @/Ãºl�
��<Æ&h� ½̈�̧ü< >�:�xì�rÀÓÔ�¦���|¾Ó >�íß�
�l� 19

��H ��� 80>h_� ¾»9þtYU�̧��s�×¼ &ñ
�̧s���. tRNA ì�r����H ��6£§õ� °ú �Ér +þAd��

Ü¼�Ð �Ð¼#�&h���� Ä»����� �ï×¼ �7Ho�\�¦ y©¹כ�ô�Ç��: tRNA_� ô�Ç Aá¤\���H 3>h_�

RNA %i�l�"f\P���� îß�w��ï�7H(anticodon)�̀¦ ·¡­[þt�¦ e���¦, ���Ér Aá¤\���H &h�]X�

ô�Ç ��p��̧íß��̀¦ ·¡­[þt�¦ e����.

Ä»H�o��̧àÔ\�"f��H Non-coding%ò
%i�s�\P�\�·¡­#Qe����H Coding%ò
%i�Ü¼�Ð

½̈$í
�)a��. Coding%ò
%i��Éréß�Ñþ�|9�Òqt$í
�̀¦0AK���6 x÷&��H"lo�<H ¢̧��H"lo�<H_�

{9�ÂÒì�r��� ìøÍ���\�, 3′ ���s� Ô�¦0px %ò
%i�õ� 5′ UTR�Ð s�ÀÒ#Q��� Non-coding %ò


%i��Ér ��ÅÒ ½©gË:&h�s�t�ëß� ���s��� ÷&t� ·ú§��H��. DNA\�¦ ����"f Coding %ò


%i��Ér ��H]X�K� e��t� ·ú§�̀¦ Ãº�̧ e���¦, Y>�Y>�_� "lo�<H�̀¦ ������½+É Ãº�̧ e����.

áÔ�ÐH�o��̧àÔ\�"f��H Ä»�������H �̧f�� 3′ UTRõ� 5′ UTRs� \P�\� ·¡­#Q e��

��H Coding %ò
%i� ëß��̀¦ ��t��¦ e����. mRNA\� tRNA ì�r��[þts� l�>�&h�Ü¼�Ð

4�¤ú̧�
�>� &ñ
�7H÷&l� M:ë�H\� ×�æçß����� 
¹כ��9���. o��Ð5Åu(ribosome)�Ér Y>�Y>�

_� ½̈�̧&h���� tRNA ì�r��[þtõ� �'aº���)a 50>h_� "f�Ð ���Ér éß�Ñþ�|9��Ð s�ÀÒ#Q

��� 4�¤½+Ë�̂s���. y����_� o��Ð5Åu�Ér &���êøÍ éß�Ñþ�|9� ½+Ë$í
 l�>��Ð"f tRNA��

mRNA ì�r��\� ��� ñ�o ÷&#Q e����H Ä»��� &ñ
�Ð\�¦ {9��̧2�¤ ��l� �����[þt�̀¦ &h�

{©�
�>� 0Au�
�>� ô�Ç��. o��Ð5Åu[þt�Ér ��ÅÒ ò́Ö�¦&h�Ü¼�Ð ���1lxô�Ç��: 1�í îß�\�


���_� ~ÃÌ_�o��� o��Ð5Åu�Ér ��� 20>h_� ��p��̧íß��̀¦ $í
�©�
���H e�¦o�:\���s�

×¼(Poneighbor-joiningeptide)\� �������̀¦ ô�Ç��. ú́§�Ér o��Ð5Åu[þt�Ér 1lxr�\� 
�

��_� mRNA ì�r��\�¦ ���s�½+É Ãº e����.

2.6. í5�9̀c��
 éß�Ñþ�|9��Ér:\���s�×¼���½+Ë[þtõ��<Êa�������÷&#Q�����p��̧íß�[þt_�

���+þA ×�æ½+Ë�̂s���. î̈
ç�H&h���� éß�Ñþ�|9�_� ß¼l���H ��� 200 ��p��̧íß� U�́s�s��¦,

&���êøÍ éß�Ñþ�|9�[þt�Ér 1000 ��p��̧íß� &ñ
�̧��t��̧ �)a��. @/ÂÒì�r_� [j�í[þt�Ér

éß�Ñþ�|9��Ð ½̈$í
÷&#Q4R"f, �̂×�æ_�]X�ìøÍs��©��̀¦	�t�
�>��)a��. éß�Ñþ�|9��Ér[j

�í_� �̧�ª�õ� ½̈�̧\�¦ ���&ñ

�#� #Q�"� [j�í���t� ¢̧ô�Ç #Q�"� ���6 x�̀¦ 
���Ht�\�¦

·ú�>� K� ÅÒ��H ×�æ¹כ �̧½̈s���.

éß�Ñþ�|9��Ér 4�¤ú̧�ô�Ç ½̈�̧\�¦ ��t���HX<, W1>h_� >�8£x ½̈�̧\�¦ ��������¦ Òqty��

÷&#Q�����. éß�Ñþ�|9� �̂���_� ��p��̧íß� "f\P��̀¦ 'Í	���P: ½̈�̧(primary struc-

ture)���¦ ô�Ç��. s� "f\P�_� ���Ér ÂÒì�r[þt�Ér ²DG�è&h�s��¦ |9�"f&ñ
���ô�Ç ¿º���

P: ½̈�̧(secondary structure)���¦ 
���H X<, α-������Ér ô�Ç ��{��_� ��p��̧íß�
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�����[þts��¦, β-óøÍ�Ér ��_� ���+þAÜ¼�Ð ��\P��)a �̂���_� {9�ÂÒì�rÜ¼�ÐÂÒ'� ëß�[þt

#Q��� î̈
��� �̧y��[þts���. [j���P: ½̈�̧(tertiary structure)��H s��Qô�Ç ½̈�̧Óüt

[þt�̀¦ 
���_� ¢̧��H Y>�Y>�_� 3	�"é¶ %ò
%i�\� Ë̈�9 V,�6£§Ü¼�Ð+� +þA$í
÷&#Q�����.

þj7áx&h�s��¦¢-a���ô�Çéß�Ñþ�|9��ÉrW1���P: ½̈�̧(quaternary structure)\�&ñ
§>=�)a

Y>�Y>�_� éß�Ñþ�|9� %ò
%i�[þt�̀¦ �í�<Ê
��¦ e����.

'Í	���P: ÂÒ'� W1���P: ��t�_� ����̂ 4�¤ú̧�ô�Ç ½̈�̧[þt�Ér ��p��̧íß�[þt_� ÅÒ¹כ

"f\P�õ� ×�æçß� õ�&ñ
\�"f Óüto��o�<Æ&h���� �©� ñ���6 x\� _�K� ���&ñ
÷&#Q�����. Õª

�QÙ¼�Ð, éß�Ñþ�|9�_� ]X���H ½̈�̧��H þj�è ��Ä» \��-t�\�¦ ¹�Ðכ��9 
���H 3	�"é¶ ½̈

�̧�� ÷&�̧2�¤ Ä»��� Óüt|9�\� _�K� &ñ
_�÷&#Q�����. éß�Ñþ�|9�_� ½̈�̧��H Õª ��_	כ

l�0px�̀¦ ���&ñ
ô�Ç��. q�2�¤ ��p��̧íß� "f\P�s� f��]X�&h�Ü¼�Ð éß�Ñþ�|9� ½̈�̧[þt ���&ñ
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���� @/ÂÒì�r_� �â
Äº\� Õª ½̈�̧

�� F�g�©�y� Ä»��
���.

2.7. �â·¥o>£o>l�(Mutations). [�t������s���HÂÒ&h�]X�ô�Ç4�¤]jõ�&ñ
\�_�K�DNA

îß�\� e����H ¾»9þtYU�̧��s�×¼ "f\P�_� Ä»���$í
_� ����o�Ð &ñ
_� ÷&#Q �����. s�

�Qô�Ç 4�¤]j �̧ÀÓ��H ��ü@��� ~½Ó��\� �̧Ø�¦÷&���� ���Ér 8̈��â
&h���� �̧|	�\� _�K�

7áx7áx {9�#Qèß���. [�t������s�\���H ¿º��t� 7áxÀÓ�� e����. 
���_� Ä»������� @/

wn�Ä»������Ð_� ����o\�¦ 
���H ��s	כ Õª 
���s���. s��Qô�Ç ����o��H 
���_� Ä»

����� ?/\�"f {9�#Q���¦ 
���_� %i�Ò�o�̂ 0Au�\�¦ ���+þAr�v�Ù¼�Ð s��Qô�Ç [�t���

���s�\�¦ &h�[�t������s�(point mutation)s��� ô�Ç��. ���Ér 7áxÀÓ_� Ä»���&h���� ���

�o��H %i�Ò�o�̂_� [�t������s� ¢̧��H >á¤ °ú �Ér %i�Ò�o�̂�� ���Ér %i�Ò�o�̂[þt_� ÂÒì�r�̀¦

�§8̈�
���H F�&ñ
§>=Ü¼�Ð"f s�\�¦ ���0A(translocation)���¦ ô�Ç��.  »	·¡­#�"f, 
�

��_� %i�Ò�o�̂��H �Ð�� �8 F�g#3�0Aô�Ç ����o - %i����(reversal), ���]j(deletion), ×�æ

4�¤(duplication) - \�¦ ô�Ç��. \V\�¦ [þt#Q, ��î�r 7£xÊêç�H(Down’s Syndrome)�Ér

s��Qô�Ç %i�Ò�o�̂ [�t������s�\� _�ô�Ç �.���s	כ

Ä»������ ñ M:ë�H\� ·ú��� Ï@ Ω = {A, C,G, T}0A_� 3/åJ���Ð ÷&#Qe����H /åJ��

[þts� Òqt"î
/BN�<Æ\�"f ×�æ¹כô�Ç %i�½+É�̀¦ ô�Ç��. ·ú¡\�"f �Ð��¤1pws� s��Qô�Ç /åJ��[þt

�̀¦ �ï�7Hs����¦ 
��¦ ·ú¡"f �Ð#�ï�r ³ð��H 20��t� 7áxÀÓ_� ��p��̧íß�Ü¼�Ð ì�rÀÓ

½+ÉÃºe����. 64>h_��ï�7H[þt�ÐÂÒ'� 20>h_���p��̧íß�Ü¼�Ð����H�<ÊÃº��Héß���

�<ÊÃº����m��¦
���_���p��̧íß�\�Y>�>h_��ï�7Hs�@/6£x�)a��. s��Qô�Ç�ï�7H
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[þt�̀¦ synonymous���¦ ÂÒ�Ér��. #�W=� >h_� ��p��̧íß�[þt�Ér %�6£§ ¿º >h_� 0A

u�\�"f {9�u�
���H synonymous��� �ï�7H[þts���. s��Qô�Ç �ï�7H[þt_� [j��� P: 0A

u�[þt�̀¦ four-fold degenerate���¦ ÂÒ�Ér��. 
���_� Ä»�����\�"f {9�º��_� �ï�7H

[þts� ���s�
���H ��Ér	כ 3	�"é¶ éß�Ñþ�|9� e�¦ç̀
s���.

�ï�7H[þt_� �̧+þA�Ér:�x>��<Æ&h���� �̧+þAÜ¼�Ð"f�©�I�/BNçß��Ér Ω3_� 64>h_�"é¶�è

[þts���. �̧+þA�̀¦ �¦ØÔ��H ��Ér	כ Ω3\�"f SX�Ò�¦ distributions p = (pIJK)[þt�̀¦ ½̈

�̂�o
���H �.���s	כ y��y��_� SX�Ò�¦ distribution p = (pIJK)��H ½+ËK�"f 1s� ÷&��H

6£§Ãº�� ����� z�́Ãº[þt_� 4 × 4 × 4 _�s��̂¦s���. l�
��<Æ&h�Ü¼�Ð��H, �ï�7H[þt_�

distribution�Ér 63	� SX�Ò�¦ éß��̂ ∆63_� 
���_� &h�s���:

∆63 = {p ∈ RΩ3

:
∑

IJK∈Ω3

pIJK = 1, pIJK ≥ 0, ∀IJK ∈ Ω3}.

ÕªA�"f, �ï�7H_� �̧+þA�Ér éß��̂ ∆63_� 
���_� ÂÒì�r|9�½+ËMs���.

U�́s��� 3m��� m>h_� ���5Åq&h���� �ï�7Hs� ÕªÒ�̈t�#Q��� DNA Ãº\P��̀¦ Òqty��K�

�Ð��. Äº��� uIJK\�¦ :£¤Z>�ô�Ç �ï�7H IJK�� ��������H S��Ãº�� 
���. Õª�Q��� Äº

o�_� X<s�'���H 4 × 4 × 4 _�s��̂¦ u = uIJKs� �)a��. s��Qô�Ç _�s��̂¦_� $í


ì�r[þt�Ér 6£§s� ����� &ñ
Ãº[þts��¦, y��y��_� $í
ì�r[þt�̀¦ mÜ¼�Ð ��¾º��� SX�Ò�¦ éß��̂

∆63_� 
���_� &h���� Dh�Ðî�r _�s��̂¦
1
m
· u�̀¦ %3�>� �)a��. Äºo�_� 1lqwn� �̧+þA���

M�Ér 18>h_� ��Ä» ���Ãº\�¦ �������. )�6 x���Ãº[þt_� |9�½+Ë�Ér 18	�"é¶ �̂¦2�¤ ��

����̂, 7£¤,

P = ∆15 ×∆3

s� �)a��. #�l�\�"f ∆15��H SX�Ò�¦ distribution α = (αIJ)�Ð s�ÀÒ#Q��� 15	�"é¶

_� éß��̂(simplex)s��¦, ∆3�Ér SX�Ò�¦ distribution β = (βK)�Ð s�ÀÒ#Q��� �����

�̂s���. Äºo�_� �̧+þAM�Ér ��6£§õ� °ú s� B�>h�o�)a �<ÊÃº

φ : P → ∆63, φ((α, β))IJK = αIJ · βK

s���.

Õª�QÙ¼�Ð, M = image(φ)��H 63	�"é¶ éß��̂ îß�\� e����H 18	�"é¶ @/Ãº&h� ÂÒì�r

|9�½+Ës� �)a��. ÅÒ#Q��� 4× 4× 4 _�s��̂¦ p��M\� [þt#Qe����H t�\�¦ _�Û¼àÔ
�
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l� 0A
�#� s� _�s��̂¦�̀¦ 16'�� 4\P�_� 2	�"é¶ '��§>= p′�Ð ����è­q Ãº e����.

p′ =



pAAA pAAC pAAG pAAT

pACA pACC pACG pACT

pAGA pAGC pAGG pAGT

pATA pATC pATG pATT

pCAA pCAC pCAG pCAT

...
...

...
...

pTTA pTTC pTTG pTTT


���+þA@/Ãº t�d���̀¦ ��6 x
�#� ��6£§õ� °ú �Ér ���õ�\�¦ %3��̀¦ Ãº e����:

p ∈ ∆63\� @/
�#� ��6£§[þt�Ér 1lxu�s���.

1. distribution p��H �̧+þAM\� [þt#Qe����.

2. 16× 4 '��§>= p′�Ér >�Ãº(rank) 1s���.

3. �̧��H p′_� 2× 2 �è'��§>=d��[þt(minors)�Ér �̧¿º 0s���.

4. �̧��H ¾»9þtYU�̧��s�×¼ I, J, K, L, M, N\� @/
�#�

pIJK · pLMN = pIJN · pLMK .

#�l�\�"f @/Ãºl�
�_� l��í&h���� ��z�́�̀¦ ��6 x
���� �̧+þAM�Ér Segre ���ª�

�̂���)a����H�.����ú�Ãºe·¦̀�	כ z�́]j�ÐM�Ér P15×P3_� P63\�"f_� SegreB�

]�ts���.

2.8. ËÂ¦�>�� P±Øe� DNA Ãº\P�\�"f Ä»�����[þt�̀¦ ¹1Ôl� 0AK�"f��H Ä»����� Ãº\P�

s�������¦þt\�"fÄ»�����Ãº\P��̀]	כ ½̈Z>�K�è­qÃºe����H ½̈�̧&h����:£¤$í
õ�Ãº\P�

_� :£¤fç
�̀¦ ����H ��s	כ �9�Ãº&h�s���. Ä»�������H Ä»����̂(genome)_� ���5Åq&h����

ÂÒì�rÃº\P�s���m���,	���o����àÔ�:r(intron)õ�"lo�;H(exon)[þt�Ð��¾º#Q�����

�¦ ½+É Ãº e����. 4�¤��(transcription)õ�&ñ
 Êê\� ���àÔ�:r[þt�Ér b��#Q4R �����¦

z����4R e����H "lo�;Hëß�s� ���%i�÷&#Q �����(translation). Õª�Q�� "lo�;H ×�æ\� �̧

¿º ����H ���%i�÷&#Qt���H ��s	כ ��m���: 'Í	ÂÒì�rõ� =åQÂÒì�r_� "lo�;H[þt�Ér ���%i�÷&
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#Qt�t� ·ú§��H ÂÒì�r[þts���. Ä»������ ñ��H ×�æ4�¤÷&#Qt�t� ·ú§��H 3>h_� ô�ÇZO�s�l�

M:ë�H\� ���%i�÷&#Q t���H "lo�;H ÂÒì�r[þt_� U�́s���H ìøÍ×¼r� mod 3Ü¼�Ð 0s���.

ņu����� ��ØÔ�ïÚÔ �̧4Sq(Hidden Markov model: HMM)�Ér U�́s��� n���

DNA Ãº\P�\�"f l�$�[þt_� 1lxr� �̧+þA�o\�¦ )�6 x
��¦ s� Ãº\P�\� �'a>��)a ½̈

�̧&h� :£¤fç
�̀¦ ��t���H SX�Ò�¦ �̧4Sqs���. HMM�Ér l>h_� ��0pxô�Ç �©�I�\�¦ ��t���H

n>h_� �'a8£¤÷&#Qt���H e��_�_� ���Ãº Y1, · · · , Ynõ� k>h_� ��0pxô�Ç �©�I�\�¦ ��t�

��H n>h_� ņu����� e��_�_� ���Ãº X1, · · · , Xn[þt�Ð ½̈$í
÷&#Q �����.

ì�rÀÓÒqtI��<Æ\�"f��H �'a8£¤÷&#Qt���H e��_�_� ���Ãº Yi[þt�Ér @/>h l = 4s���,

7£¤ Ω = {A, C,G, T}. ņu����� e��_� ���Ãº[þt Xi[þt�Ér Y1, · · · , Yn[þt�Ð Òqt$í
÷&

#Qt���H Ãº\P�õ� �'a>�÷&#Qt���H �̧+þA_� :£¤$í
[þtõ� �'a>�t�#Q�����. çß�éß�ô�Ç r�

��o��̧��H k = 2s��¦ ņu����� �©�I�[þt�Ér Θ = {exon, intron}s���.

HMM_� �¦Ä»ô�Ç :£¤fç
�Ér distribution Yi[þt�Ér Xi\� _��>r
��¦ Xi[þt�Ér ��

ØÔ�ïÚÔ �̂����̀¦ s�ê�r��. >�íß� ÒqtÓüt�<Æ��[þt�Ér DNA Ãº\P�[þt�̀¦ K�1lq
���H X<

HMM[þt�̀¦ s�6 xô�Ç��. Õª ÅÒ¹כ ��s�n�#Q��H ��6£§õ� °ú ��: Ä»����� ¹1Ôl� ë�H

]j\�"f��H 1lx+þA_� HMM1pxs� s�6 x÷&#Q t���HX<, s� ��_	כ _�p���H Xi → Xi+1

SX�Ò�¦_� ���s�[þt�Ér ��6£§õ� °ú �Ér k × k '��§>= S = (sij)s��¦ Xi → Yi_� ���s�

[þt�Ér ���Ér k × 4 '��§>= T = (tij)s���. #�l�\�"f sij��H ņu����� �©�I� i\�"f ņu

����� �©�I� j�Ð_� ���s� SX�Ò�¦�̀¦ �����·p��: 7£¤, ëß���� k = 2s���� i, j ∈ Θ =

{exon, intron}. ���Ãº tij��H �©�I� i ∈ Θ\� ë�H�� j ∈ Ω�� ����±ú� SX�Ò�¦�̀¦ ��

���·p��. ¢̧ô�Ç s��Qô�Ç �þt�Ér]	כ SX�Ò�¦s�l� M:ë�H\�

sij, tij ≥ 0,
∑
j∈Θ

sij =
∑
j∈Ω

tij = 1

s� $í
wn�ô�Ç��. s��Qô�Ç �¦¹1Ï
�\� ��6£§ ���õ�\�¦ %3��̀¦ Ãº e����.

Proposition 1. The homogeneous HMM is the image of a map φ : Ck(k+l) →
Cln, where each coordinate of φ is a bi-homogeneous polynomial of degree

n−1 in the transition probabilities sij and degree n in the output probabilities

tij.

#Q�"�:£¤&ñ
_� DNAÃº\P� σ ∈ Ωn\�@/ô�Ç�<ÊÃº φ_�$í
ì�r�<ÊÃº φσ��H HMMs�

Ãº\P� σ\�¦ Òqt$í
½+É SX�Ò�¦�̀¦ �����·p��. ��6£§�Ér s��Qô�Ç ��z�́[þt\� @/ô�Ç %3�x9�ô�Ç
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+þAd��s���:

φσ =
∑
i1∈Θ

ti1σ1(
∑
i2∈Θ

si1i2ti2σ2(
∑
i3∈Θ

si2i3ti3σ3(· · · ))))

s� ���½Ód���̀¦ ���>h
���� ��6£§õ� °ú �Ér kn >h_� �½Ó�̀¦ �������:

ti1σ1si1i2ti2σ2si2i3ti3σ3 · · · sin−1intinσn .

e��_�_� �¦&ñ
�)a ���Ãº[þt\� @/K� Û¼àÔa�A î = (i1, i2, · · · , in) ∈ Θn
\�¦ ���&ñ

��¦

z�·�ÉrX< s� Û¼àÔa�A�Ér φσ_� �̧��H kn �½Ó[þt ×�æ\� þj@/ Ãºu�°ú̀�כ¦ °ú���H �½Ó[þt�̀¦

�����·p��. Äºo���H s��Qô�Ç î\�¦ �'a¹1Ï σ_� [O�"î
s����¦ ô�Ç��. Ä»����� ¹1Ôl� ë�H

]j��H ��2£§ ����� {9�§4�°úכs� σs��¦ Ø�¦§4�°úכs� î��� �¦̀�	כ >�íß�
���H �.���s	כ �&³

z�́&h�Ü¼�Ð��H s��Qô�Ç Ä»����� ¹1Ôl� ë�H]j�� B�Äº #Q�9Äº�� Ãº�<Æ&h�Ü¼�Ð��H Ô�¦

��0pxô�Ç ��Ér	כ ��m���.

2.9. "�á~
Ça�Ý~
 >�íß�ÒqtÓüt�<Æ\� e��#Q ���©� ��H�:r&h���� ���\O��Ér DNA ¢̧��H éß�

Ñþ�|9� "f\P�[þt�̀¦ &ñ
§>=
���H �.���s	כ z�́]j�Ð ��������H ÒqtÓüt�<Æ&h���� "f\P�[þt�Ér

�Ð:�x U�́s��� B�Äº U�́#Q"f ���½̈��[þt�Ér þj&h�_� &ñ
§>=�̀¦ ¹1Ôl� 0AK�"f B�Äº

ò́Ö�¦&h���� ·ú��¦o�7£§�̀¦ >hµ1ÏK� M®o��. s��Qô�Ç ·ú��¦o�7£§ ×�æ @/ÂÒì�r_� �þt]	כ

�Ér 1lx&h� áÔ�ÐÕªA�bç
(Dynamical programming) "é¶gË:\� ���½Ó�̀¦ ¿º�¦ e����.

Σ = {A, C, G, T}0A\�"f ��6£§õ� °ú s� &ñ
_��)a 2>h_� DNA "f\P��̀¦ Òqty��K�

�Ð��: σ1 = σ1
1σ

1
2 · · ·σ1

n, σ
2 = σ2

1σ
2
2 · · ·σ2

m. (σ1, σ2)_� "f\P�&ñ
§>=�Ér ¼#�|9�ë�H��

{H, I, D} 0A\�"f ��6£§ �'a>�d�� #H + #D = n, #H + #I = m�̀¦ ëß�7á¤
���H

string h�Ð &ñ
_�½+É Ãº e����. An,m�̀¦ (σ1, σ2)_� �̧��H "f\P�&ñ
§>=_� |9�½+Ës���

�¦ 
���. Õª�Q��� |An,m| = 1/(1 − x − y − xy)_� xmyn_� >�Ãº����H �'a>�d��

�̀¦ %3��̀¦ Ãº e���� [8].

3. >�:�xì�rÀÓÔ�¦���|¾Ó >�íß�
�l�

%�6£§Ü¼�Ð ����o ÒqtÓüt�<Æ\� Andreas Dressü< Õª 1lx«Ñ[þts� ��o�/BNçß�\� @/

ô�Ç >h¥Æ��̀¦ �̧{9�
�#� ú́§�Ér s��:r[þt�̀¦ &ñ
wn�
�%i���HX< s�\� @/K� ·ú����Ð��x��

([4], [5]). Ä»ô�Ç��o�/BNçß��Ér 
���_� n × n @/g�A'��§>= D = (dij)���X< "é¶�è
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[þt�Ér dij = dji ≥ 0, dii = 0, dik ≤ dij + djkü< °ú �Ér �'a>�d���̀¦ ëß�7á¤ô�Ç��.

[n] := {1, 2, · · · , n}0A_� 
���_� ��o�/BNçß� D��H R(n
2)_� ô�Ç &h�\� K�{©��)a��.

s��Qô�Ç��o�/BNçß�[þt_�|9�½+Ë�Ér R(n
2)?/\�e����H����̂ 	�"é¶_� �̂¦2�¤���ª��̂�BH���

X< �Ð:�x�Ér s�\�¦ ��o��BH(metric cone)s��� ô�Ç��.

��o��BH(metric cone)_� �̧��H &h� D��H �̂¦2�¤���ª��̂ PD = {x ∈ Rn : xi +

xj ≥ dij∀i, j}�Ð K�$3�÷&#Q|9� Ãº e����. ëß���� D1, · · · , Dks� ��o�/BNçß�[þts��¦

D1 + · · ·+ Dk�̧ ¢̧ô�Ç ��o�/BNçß�s������

PD1 + · · ·+ PDk
⊂ PD1+···+Dk

.

0Ad��\�"f1pxd��s�$í
wn�÷&��H�â
Äº, »	!lr D1+ · · ·+Dk\�¦x9��ÃÌ÷&#Q(coherent)

e�����¦ ô�Ç��. 
���_� ì�r½+É(split)�Ér [n]_� "f�Ð /BN:�xÂÒì�rs� \O���H /BN|9�½+Ës�

����� ¿º ÂÒì�r|9�½+Ë_� í�H"f�©� (α, β), α ∪ β = [n]Ü¼�Ð &ñ
_�ô�Ç��. Õª�Q���, y��

y��_�ì�r½+É (α, β)�Ér��6£§õ�°ú �Érì�r½+É��o�(split metric)\�¦&ñ
_�½+ÉÃºe����.Dα,β
ij = 0 {i, j} ⊂ α, ¢̧��H {i, j} ⊂ β

Dα,β
ij = 1 ���Ér �â
Äº.

s��â
Äº,ì�r½+É��o� Dα,β
\�¦����?/��H PDα,β��H
���_�Ä»ô�Çô�Ç �̧"fo�\�¦��t�

�¦¿º>h_�=�Gt�&h��Ér α, β\�@/6£x�)a��. 
���_���o�D��H#Q�"� λ > 0\�@/
�

#� Dα,β ≤ λD\�¦ ëß�7á¤
���H ì�r½+É (α, β)s� \O��̀¦ M: ì�r½+É�èÃº(split-prime)��

�¦ ô�Ç��.

Theorem 2 (Dress-Bandelt Split Decomposition). �̧��H Ä»ô�Ç ��o�/BNçß�

D��H Ä»{9�ô�Ç x9��ÃÌ ì�r½+É D = D1 + · · · + Dk + D′�Ð ����è­q Ãº e����. #�

l�"f D1, · · · , Dk��H 1	� 1lq{9���� ì�r½+É��o�[þts��¦ D′
��H ì�r½+É�èÃº ��o�s���.

s� &ñ
o���H ����o ÒqtÓüt�<Æ\� B�Äº Ä»6 x
���, �=��
����, s� &ñ
o���H >�:�x4�¤

"é¶\� e��#Q"f ���ª��̂�Ð+� ]X���H½+É Ãº e����H s��:r&h� ��H��\�¦ ]j/BN
�l� M:ë�Hs�

��. \V\�¦ [þt#Q ÅÒ#Q��� n>h_� >h�̂, 7£¤, n>h_� ÒqtÓüt�̂_� Ä»����̂1px\� @/K�

s�[þt_� ��o�[þt_� '��§>=�̀¦ D�Ð ×þ�ô�Ç���¦ 
���. �Ð:�x�Ér dij��H Ä»����̂ iü< Ä»

����̂ j ��s�_� "f\P�&ñ
§>=�ÐÂÒ'� %3��̀¦ Ãº e����H Jukes-Cantor ��o�{9� ��s	כ

��. Õªo��¦, 4�¤½+Ë���ª��̂��� Bd(PD)��H y��y��_� [j�í[þts� ���ª��̂ PD_� Ä»ô�Ç
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���[þt�Ð s�ÀÒ#Q4R e����. s� ��Ér	כ »¡¤�è��0pxô�Ç (��e�¦�7�Û¼(complex)s��¦ ��o�

/BNçß� D_� tight span ¢̧��H injective hulls����¦Ô�¦�9�����. ��o� D����Áº��

o�(tree metric)s�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér Bd(PD)�� 1	�"é¶��� �.���s	כ s�

�â
Äº\� Bd(PD)��H ��2£§ ����� D�Ð ÂÒ'� ³ð�&³÷&#Qt���H >�:�xÃº(phylogenetic

tree)s���.

3.1. N�§� &P�ÇÚ��·£o>%�× >�:�xì�rÀÓ@/Ãºl�
��<Æ(Phylogenetic algebraic geome-

try)\�@/ô�Ç���½̈���&³F�p�²DG_�!Q9þto�@/�<Æ_�Û¼)3�:\�(Bernard Sturmfels),

o��̧ ��âì'�(Lior Pachter) �§Ãº\�¦ ×�æd��Ü¼�Ð ú́§s� ���'��÷&�¦ e����. >�:�xì�r

ÀÓ@/Ãºl�
��<Æ ì�r��\� @/ô�Ç ���½̈ ��s�n�#Q��H y�� ÒqtÓüt�̂_� Ä»����̂[þtçß�_�

�'a>�\�¦�Ð s�ÀÒ#Q��� :�x>�&h� �̧4Sq[þts� J$�"f/BNçß�\�"f @/Ãº���ª��̂\�¦ s�ê�r��

��H ��z�́\�"f %3��̀¦ Ãº e����. 7£¤, y��y��_� >h�̂[þtçß�_� ��o��� >�:�xì�rÀÓÔ�¦���

|¾Ó[þt�̀¦ >�íß�
���H ���\O��̀¦ @/Ãºl�
�&h���� �̧½̈\�¦ ��6 x
�#� ½+É Ãº e���� [1].

¢̧ô�Ç, >�:�xÃº(Phylogenetic tree) T�� ÅÒ#Qt���� s��ÐÂÒ'� Òqt$í
÷&��H XT��H

toric ���ª��̂�� ÷&��HX<, homogeneous prime ideal of XT��H 2	�d��[þt�Ð s�ÀÒ

#Q��� Groebner l�$�\�¦ °ú���H����H �¦̀�	כ Seth Sullivant�� �7Hë�H\�"f 7£x"î
�̀¦


�%i���. #�l�\�"f XT\�¦ ÒqtÓüt�<Æ��[þt�Ér Jukes-Cantor �̧4Sqs����¦ ÂÒØÔ�¦,

�̧A� ���ÂÒ'� ú́§�Ér ���½̈\�¦ 
�#� M®o�� [11].

½̈�̂&h�Ü¼�Ð,s�ì�r��\�"fY>���t�>�íß�ë�H]j[þt\�@/K�Macaulay 2, singu-

lar 1px �'aº�� (��ÉÓ'� >�íß� áÔ�ÐÕªÏþ��̀¦ s�6 x
�#� K�[þts� ½̈K�&����. ¢̧ô�Ç, &h�

�Ér >hÃº_� {9��̀¦ ��t���H >�:�xÃº(Phylogenetic tree)�� #Qb�G>� @/Ãº���ª��̂��

÷&��H t�\�¦ ·ú� Ãº e���¦, s��Qô�Ç @/Ãº���ª��̂_� 	�"é¶õ� 	�Ãº 1px >�:�xì�rÀÓÔ�¦

���|¾Ó(Phylogenetic invariants)\� @/ô�Ç ú́§�Ér Ãº�<Æ&h� &ñ
o�[þts� %3�#Q&���� [6],

[8]. þj��H\���H �9����̧ s� [þt >�:�xì�rÀÓÔ�¦���|¾Ó[þt\� @/ô�Ç Y>�Y>�_� >�íß����õ�\�¦

%3��Ér �� e����.

s��Qô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt�̀¦ [O�"î

�l� 0AK�"f��H ��6£§õ� °ú �Ér >h¥Æ�[þt�̀¦

[O�"î
½+É�9¹כ���e����. Äº����ÉrSX�Ò�¦éß�í�H�̂(probability simplex) �̧+þA_�B�>h

�o\�¦ ¶ú�(R�Ð��� ��A�ü< °ú s� ¿º��t� ~½ÓZO�Ü¼�Ð B�>h�o½+É Ãº e������H �¦̀�	כ ·ú�

Ãºe����. 'Í	���P:~½ÓZO��Ér>�:�xÃº_� �̧��H{9�_�ºú���\�@/ô�Ç#î
½+ËSX�Ò�¦(joint

probabilities)[þt�ÐÅÒ#Qt���HX<, y��y��_�SX�Ò�¦�Érs� �̧+þA_�B�>h���Ãº[þt\�@/
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ô�Ç ���½Ód��s���. #�l�\�"f ¿º >h_� SX�Ò�¦[þts� 1lxu�����H ��Ér	כ Õª [þt_� Òqt$í


���½Ód��[þts� >á¤°ú ����H _�p�s���. s��Qô�Ç 1lxu��'a>�\� _�ô�Ç 1lxu�ÀÓ\�¦ Òqty��

½+É Ãº e����. ô�Ç¼#�, l�$����8̈��̀¦ :�x
�#� s��Qô�Ç �̧+þAB�>h�o��H Dh�Ðî�r ýa³ð

r�Û¼%7�(ÉÒo�\� ýa³ð>�)Ü¼�Ð ���8̈�|̈c Ãº e����. s� ýa³ð>�\�"f��H #��Q��t�

���\O��̀¦ Ãº�Z4y� ½+É Ãº e����. s��Qô�Ç ¿º ýa³ð>�\�¦ s�6 x
�#� ��6£§õ� °ú �Ér >�

:�xì�rÀÓÔ�¦���|¾Ó[þt�̀¦ >�íß�½+É Ãº e����.

(1) D: The dimension of the model.

(2) d: The degree of the model.

(3) E: The largest degree of a generator in the degree reverse lexico-

graphic reduced Grobner basis.

(4) e: The largest degree of an element in a minimal generating set for

the ideal of phylogenetic invariants. (complexity of the model).

(5) M : The cardinality of the degree reverse lexicographic reduced

Grobner basis of the ideal of phylogenetic invariants.

(6) mld: The maximum likelihood degree of the model.

(7) µ: The cardinality of the smallest set of generators that define the

ideal of phylogenetic invariants.

(8) np: Number of equivalences classes of the probability coordinates.

(9) nq: Number of equivalence classes of Fourier coordinates without

counting class 0. This is also the dimension of the smallest linear

space that contains the model.

(10) pi: The sum of all probability coordinates in the ith equivalence

class. These indeterminates form a set of sufficient statistics for the

given model.

(11) qj: The average of all Fourier coordinates in the jth equivalence

class.

(12) sD: The dimension of the set of singular points of the model.

(13) sd: The algebraic degree of the set of singular points of the model.
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��6£§ FIGURE 2,3,4\� ������ e����H ³ð[þt\���H &h��Ér >hÃº_� {9��̀¦ ��t�

��H >�:�xÃº(Phylogenetic tree)0A_� >�:�xì�rÀÓÔ�¦���|¾Ó[þt\� @/ô�Ç Y>�Y>� >�íß� ���

õ�[þts���. s�[þt ³ð\� ��������H #��Q ��t� ��[jô�Ç ���½Ó[þt, 7£¤, 6 x#Q MC,

NMC, comb, fork, giraffe, claw, crane 1px\� @/ô�Ç [O�"î
�Ér s� �7Hë�H\�"f��H Òqt

|ÄÌô�Ç��. s�\� �'aô�Ç ��[jô�Ç ?/6 x�Ér Garciaü< Porter�� î�r%ò

���H website\�

��[jy� [O�"î
÷&#Q4R e��Ü¼Ù¼�Ð �ÃÐ�¦
�l� ��êøÍ�� [6]. s��Qô�Ç Ô�¦���|¾Ó�̀¦ >�íß�


���H X<\���H Singular, Macaulay 2 ¢̧��H Maple 1px ��ÅÒ ò́Ö�¦&h���� >�íß� ·ú�

�¦o�7£§[þts�e����. #�l�\�"f *³ðr���Ht��FK>�5Åq>�íß�×�æ\�e��#Q"f��f�����

õ��� SX����÷&t� ·ú§�Ér �©�I�_� >�íß�°úכ[þt�̀¦ ����?/�¦, ? ³ðr���H >�íß� ~½ÓZO��̀¦

ú̧� �̧ØÔ���� ��m���� >�íß� ���õ��� s��©�ô�Ç �¦̀�	כ �����·p��. ¢̧ô�Ç, N71, JC,

K2, K3�Ér Felsenstein hierarachy\� _�ô�Ç :�x>��<Æ&h� �̧4Sq_� 7áxÀÓ\�¦ �����·p

��. s� ³ð\� ����èß� ��õ	כ °ú s� {9�_� >hÃº�� 5>h��t�_� >�:�xÃº\�"f @/K�"f

�̧ �̧ØÔ��H ���õ�[þts� ú́§Ü¼ 9, {9�_� >hÃº�� 6>h s��©���� >�:�xÃº\� @/K�"f��H

>�íß� ���õ�\�¦ %3�Ü¼�9�¦ �&³F� �̧§4� ×�æs���.

topology cl np nq D d sD sd µ e M E mld

N71 4 4 4 1 - - 0 - 0 - 1

NMC JC 5 5 4 3 2 3 1 3 1 3 23

K2 10 10 7 12 4 22 9 4 9 4 *

K3 16 16 10 96 * * 34 4 34 4 *

N71 3 3 3 1 - - 0 - 0 - 1

MC JC 4 4 3 3 2 1 1 3 1 3 11

comb K2 7 7 5 6 3 10 4 4 4 4 *

K3 10 10 7 12 4 22 9 4 9 4 *

N71 2 2 2 1 - - 0 - 0 - 1

MC JC 3 3 2 3 1 2 1 3 1 3 5

claw K2 4 4 3 3 2 1 1 3 1 3 *

K3 5 5 4 3 2 3 1 3 1 3 *

Figure 2. 3>h_� {9��̀¦ ����� >�:�xÃº\� @/ô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt
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topology cl np nq D d µ e M E mld

N71 8 8 6 4 2 2 2 2 14

NMC JC 15 13 6 34 33 3 33 3 ?

4tet K2 36 34 11 2536 795 4 847 4 *

K3 64 64 16 689920 8002 4 9124 5 *

N71 8 8 5 8 3 2 3 2 92

NMC JC 15 12 5 20 21 3 30 5 ?

d-4tet K2 36 33 9 832 193 4 437 5 *

K3 64 64 13 70784 1096 4 4706 5 *

N71 3 3 2 2 1 2 1 2 3

MC JC 5 4 2 4 2 2 2 2 17

claw K2 8 7 3 8 7 2 7 2 *

K3 11 11 4 16 21 2 21 2 *

N71 6 5 4 2 1 2 1 2 17

MC JC 11 9 4 14 15 3 17 4 ?

comb K2 24 20 7 129 111 4 163 6 *

K3 40 34 11 1560 373 5 756 11 *

N71 4 4 3 2 1 2 1 2 5

MC JC 7 6 3 5 5 3 6 3 ?

crane K2 13 12 5 18 18 3 30 4 *

K3 20 20 7 80 52 3 104 5 *

N71 5 5 4 2 1 2 1 2 1

MC JC 9 8 4 14 13 3 13 3 ?

fork K2 18 17 7 108 107 4 112 4 *

K3 28 28 10 944 396 4 446 5 *

N71 5 4 3 2 1 2 1 2 15

MC JC 9 7 3 11 10 3 12 4 ?

giraffe K2 18 14 5 45 37 4 52 5 *

K3 28 23 7 227 100 4 192 6 *

Figure 3. 4>h_� {9��̀¦ ����� >�:�xÃº\� @/ô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt
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topology cl np nq D d µ e M E mld

N71 16 16 6 52 30 2 37 4 *

NMC JC 51 27 6 115 33 3 33 3 *

1st K2 136 106 11 49516 2920 4 9276 5 *

K3 * * * * * * * * *

N71 16 16 7 44 24 2 28 3 *

NMC JC 51 31 7 315 272 3 345 5 *

2nd K2 136 112 12 365808 10853 4 22168 5 *

K3 * * * * * * * * *

N71 16 16 8 34 20 2 24 3 *

NMC JC 51 34 8 813 512 3 613 5 *

3rd K2 * * * * * * * * *

K3 * * * * * * * * *

N71 3 3 2 2 1 2 1 2 3

MC JC 6 5 2 5 5 2 5 2 ?

claw K2 10 9 3 11 17 2 21 4 *

K3 14 14 4 23 44 2 60 4 *

N71 11 8 5 5 5 2 5 2 ?

MC JC 35 21 5 87 133 3 171 4 ?

comb K2 88 58 9 5024 1770 4 4000 10 *

K3 * * * * * * * * *

N71 9 8 5 5 5 2 6 3 ?

MC JC 25 19 5 87 117 3 152 4 ?

fork K2 58 50 9 4763 1714 4 5112 21 *

K3 * * * * * * * * *

N71 9 8 5 5 5 2 5 2 ?

MC JC 25 18 5 87 115 3 131 4 ?

giraffe K2 58 47 9 4208 1818 4 2668 8 *

K3 * * * * * * * * *

Figure 4. 5>h_� {9��̀¦ ����� >�:�xÃº\� @/ô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt
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Beyond projective normality of algebraic curves

YOUNG ROCK KIM1

ABSTRACT. Let L be a very ample line bundle on a smooth curve C
of genus g with 3g+3

2 < deg L ≤ 2g− 5. Then L is normally generated if
deg L > max{2g+2−4h1(C,L), 2g− g−1

6 −2h1(C,L)}. Let C be a triple

covering of genus p curve C ′ with C
φ→ C ′ and D a divisor on C ′ with

4p < deg D < g−1
6 − 2p. Then KC(−φ∗D) becomes a very ample line

bundle which is normally generated. As applications, we characterize
some smooth projective surfaces.

1. Introduction

We work over the algebraically closed field of characteristic zero. Spe-
cially the base field is the complex numbers in considering the classification
of surfaces. A smooth irreducible algebraic variety V in Pr is said to be pro-
jectively normal if the natural morphisms H0(Pr,OPr(m)) → H0(V,OV (m))
are surjective for every nonnegative integer m. Let C be a smooth irre-
ducible algebraic curve of genus g. We say that a base point free line bundle
L on C is normally generated if C has a projectively normal embedding via
its associated morphism φL : C → P(H0(C, L)). The Clifford index of C is
taken to be Cliff (C) = min{ Cliff (L) | h0(C, L) ≥ 2, h1(C, L) ≥ 2 }, where
Cliff (L) = deg L− 2(h0(C, L)− 1) for a line bundle L on C.

Any line bundle of degree at least 2g + 1 on a smooth curve of genus g is
normally generated but a line bundle of degree at most 2g might fail to be
normally generated [15], [18], [20]. Green and Lazarsfeld showed a sufficient
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Key words and phrases. algebraic curve, linear series, line bundle, projectively normal,

normal generation, projective surface.
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condition for L to be normally generated as follows ([9], Theorem 1): If L
is a very ample line bundle on C with deg L ≥ 2g+1−2h1(C, L)−Cliff (C)
(and hence h1(C, L) ≤ 1), then L is normally generated. Using this, we
show that a line bundle L on C with 3g+3

2
< deg L ≤ 2g − 5 is normally

generated for deg L > max{2g +2− 4h1(C, L), 2g− g−1
6
− 2h1(C, L)}. As a

corollary, if C is a triple covering of genus p curve C ′ with C
φ→ C ′ then it

has a very ample KC(−φ∗D) which is normally generated for any divisor D
on C ′ with 4p < deg D < g−1

6
−2p. It is a kind of generalization of the result

that KC(−rg1
3) on a trigonal curve C is normally generated for 3r ≤ g

2
− 1

[14].
As an application to nondegenerate smooth surface S ⊂ Pr of degree

2∆ − e with g(H) = ∆ + f , max{ e
2
, 6e − ∆} < f − 1 < ∆−2e−6

3
for some

e, f ∈ Z≥1, we obtain that S is projectively normal with pg = f and

−2f − e+2 ≤ K2
S ≤

(2f+e−2)2

2∆−e
if its general hyperplane section H is linearly

normal, where ∆ := deg S − r + 1. This application is derived by the
methods in Akahori’s, Livorni’s and Sommese’s papers [3], [17], [21].

We follow most notations in [2], [8], [10]. Let C be a smooth irreducible
projective curve of genus g ≥ 2. By abuse of notation, we sometimes use
a divisor D on a smooth variety V instead of OV (D). We also denote
H i(V,OV (D)) by H i(V, D) and h0(V, L)− 1 by r(L) for a line bundle L on
V . We denote KV the canonical line bundle on a smooth variety V . For a
divisor D on C we have a finite dimensional vector space H0(C,O(D)) =
{s ∈ k(C) | (s) + D ≥ 0} over k. For V ⊂ H0(C,O(D)) of dimension r + 1,
PV is said to be a linear series gr

d of dimension r and degree d := deg D.
PH0(C,O(D)) is called a complete linear series and denoted by |O(D)| or
|D|.

2. Known results

We have known that the canonical line bundle on non-hyperelliptic curve
is normally generated [20]. Recently T. Kato, C. Keem and A. Ohbuchi
gave the necessary and sufficient conditions for non-special line bundles
of degree 2g − 2 and 2g − 3 being not normally generated and also for
special line bundles of degree d ≥ 2g− 6 being normally generated [16]. M.
Green and R. Lazarsfeld showed that any very ample line bundle L on C
of deg L ≥ 2g + 1 − 2h1(C, L) − Cliff (C) is normally generated [9]. Using
this, E. Ballico, C. Keem and S. Kim showed that a very ample special
line bundle L of degree d > 3g−1

2
on a general k-gonal curve is normally
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generated if the degree of the base locus of its dual bundle KL−1 does not

exceed c(k−2)
2

, where c := d− 3g−1
2

, [6].
Along this line we want to extend such theorems to k-gonal curves (not

necessarily “general” k-gonal). We will explain the results for our approach
comparing to those of the general k-gonal curves.

Recall that the gonality of C is defined by

gon(C) := min{n | there is a g1
n on C}.

Then we have 2 ≤ gon(C) ≤
[

g+3
2

]
by Meis’ Theorem([19]). Let M1

g,k

be the closure of the locus of k-gonal curves in the moduli space Mg of
smooth curves of genus g. Then we know that it is irreducible, a general
k-gonal curve has a unique pencil of degree k([1]) and dimension 2g−5+2k.
By Clifford’s theorem, we have 0 ≤ Cliff (C) ≤

[
g−1
2

]
and 2 ≤ gon(C) −

Cliff (C) ≤ 3. Generally, gon(C)−Cliff (C) = 2 [4]. The following theorems
play important roles in proving [6]’s result.

Theorem 2.1 ([4]). Let C be a general k-gonal curve of genus g and let g1
k

be the unique pencil of degree k on C. Then dim |rg1
k| = r for r ≤

[
g

k−1

]
and dim |rg1

k| > r for r >
[

g
k−1

]
.

Theorem 2.2 ([12, Theorem 2.1]). Let C be a general k-gonal curve of
genus g ≥ 4, k ≥ 4 with the unique pencil |F | of degree k on C. If C has
a linear series |D| of Cliff (D) ≤

[
g−4
2

]
and deg D ≤ g − 1. Then |D| is

compounded of |F |.

If we weaken the condition “general k-gonal curve” to “k-gonal curve”,
then the results in the above holds in case k = 2 by Clifford’s Theorem. In
fact, if a hyperelliptic curve has a linear series |D| = gr

d, d ≤ g − 2, then
r ≤ d

2
and the equality holds if and only if |D| = |rg1

2|. If C is a k-gonal
curve with non-special very ample linear series, then it is hard to apply
Green and Lazarsfeld’s result, in particular, Lemma 2.8. Therefore we can
only consider the special linear series and the degree range depends on the
speciality.

Note that a general k-gonal curve has the unique pencil of degree k, which
is simple. Suppose a k-gonal curve C have more than one g1

k, then the result
of [6] cannot be proven, since the uniqueness of g1

k plays important role in
proving that result. On the other hand, our result holds for any k-gonal
curve with simple g1

k. In fact, the locus of k-gonal curves without a simple
g1

k has codimension at least 2k − 3 in M1
g,k because of the following. Any

k-gonal curve without a simple g1
k is an n-fold covering of some curve of
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genus γ > 0 and the locus of genus g curves which are n-fold covering of
genus γ curves has dimension at most 2g− 2 + (2n− 3)(1− γ) by Riemann
moduli count. In particular, if k is prime, then every k-gonal curve has a
simple g1

k and so our results hold for every k-gonal curve.
The following result can be considered as generalization of the above

theorems with more restricted range.

Theorem 2.3 ([14]). Let C be a k-gonal curve with a simple pencil |F | of
degree k ≥ 2. If C has a complete gr

d for d ≤ 2g
k−1

+ (µ − 2)k + 1, r ≥[
d+µk−1

k

]
+ 1, µ = 0 or 1, then gr

d = |rg1
k| + B for some g1

k, where B is the
base locus of gr

d.

Comparing the above theorem and M. Coppens’ result in [7], we have the
following: If r ≤ 2g

k(k−1)
− 1 + 1

k
, then dim |rg1

k| = r by Theorem A. On the

other hand, if r ≥ 2g
k(k−1)

+ 2
k−1

− 2
k(k−1)

, then dim |rg1
k| = r + 1 by the proof

of Theorem in [7]. Note that these two bounds for r are quite near (: the
difference is no more than 2), and moreover if k is prime, then Theorem 2.3
holds for any k-gonal curves since any g1

k is simple. It is valuable to know
what kind of very ample linear series can exist on a given curve C, since C
is embedded in projective space by very ample linear series. We state the
already known result.

Theorem 2.4 ([11]). Let C be the general k-gonal curve with the unique
pencil g1

k = |F | for 3 ≤ k ≤ g+2
2

. Then K(−lF ) is very ample for 1 ≤ l ≤[
g

k−1

]
− 2.

We can also have the similar theorem for any k-gonal curve with a simple
g1

k in more restricted range by Theorem 2.3.

Theorem 2.5 ([14]). Let C be a k-gonal curve with a simple |F | of degree
k ≥ 3. Then for any g1

k, K(−rg1
k) is very ample if rk ≤ 2g

k−1
− 2k − 1.

The following result in [6] has shown by Theorems 2.1 and 2.2.

Theorem 2.6 ([6]). Let C be a general k-gonal curve of genus g ≥ 4, k ≥ 4
with 2k − 2 − g < 0. Let L be a very ample special line bundle of degree
d > 3g−1

2
and set c := d− 3g−1

2
. Let B be the base locus of KL−1. If

deg B ≤ c(k − 2)

2
,

then L is normally generated.
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In particular, if C is a general k-gonal curve with the unique pencil g1
k,

then K(−rg1
k) is normally generated for rk < g−3

2
by Theorems 2.4 and 2.6.

In this paper we obtain the following theorem about the normal generation
of line bundles on k-gonal curves with a simple g1

k (not necessarily “general”)
by Theorems 2.3 and 2.5. It turns out that we have the result for a simple
g1

k with much restricted range of degree instead of general k-gonal condition.
In fact, if k is prime, then any g1

k is simple so the following theorem always
holds.

Theorem 2.7 ([14]). Let C be a k-gonal curve for k ≥ 4. Then K(−rg1
k)

is normally generated if g1
k is simple and

rk ≤ 2g

k − 1
− 2k − 1 for k ≥ 7,

rk ≤ 3g

2(k − 1)
− 2k for 4 ≤ k ≤ 6.

We have already known the following lemma from the proof of Theorem
in [9] whose statement is in [6].

Lemma 2.8 ([9], Theorem 2.1). Let C be a smooth algebraic curve of genus
g and L a very ample line bundle on C with deg L > 3g−3

2
+ ε; ε = 0 if

L is special, ε = 2 if L is non-special. Suppose that L is not normally
generated. Then there exists a non-trivial effective divisor R and a line
bundle A such that (i) A ∼= L(−R), (ii) deg A ≥ g−1

2
, (iii) Cliff (A) ≤

Cliff (L), (iv) h0(C, A) ≥ 2 and h1(C, A) ≥ h1(C, L) + 2.

If a line bundle L of deg L > 3g+1
2

on C is not normally generated, then
C has some line bundle A = L(−R), R > 0 with h1(C, A) ≥ h1(C, L) +
2, h0(C, A) ≥ 2 and Cliff (A) ≤ Cliff (L). In fact, we deduce our con-
clusions by investigating the image curve of C via the morphisms asso-
ciated with A or KA−1. First we will prove that L ∼= K − g1

a+4 + R4,
R4 ∈ C4 if dim |KA−1| = 1, and |KA−1(−B)| is not birationally very ample
if dim |KA−1| ≥ 2 and B is the base locus of KA−1 on some genus bound.
Using this we have the necessary conditions not being normally generated
for nonspecial very ample line bundles of degrees d = 2g − 4, 2g − 5 on a
smooth curve.

Theorem 2.9 ([15]). Let C be a smooth curve of genus g and L be a
nonspecial very ample line bundle on C with deg L = 2g − 2 − a, a = 2, 3

and g > (4+a)(5+a)
2

. If L fails to be normally generated, then either
(1) C is a double covering of a genus p curve C ′, 0 ≤ p ≤ 2 and
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L ∼= K−φ∗gn
n+p−Bb +R2(n+p)−a+b, 0 ≤ b ≤ a+2−2p, 2 ≤ n ≤ 3g−3

4
−p;

(2) C is trigonal and L ∼= K − (2 + a)g1
3 + R2a+6;

(3) C is a triple covering of an elliptic curve C ′ and a = 3, L ∼= K−φ∗g2
3 +

R6;
(4) C is 4-gonal and L ∼= K − 2g1

4 −Bb + R8−a+b, 0 ≤ b ≤ a− 2;
(5) C has a g1

4+a and L ∼= K − g1
4+a + R4 or

(6) C is a double covering of a smooth plane quartic curve C ′ and
L ∼= K − φ∗g2

4 −Bb + R8−a+b, 0 ≤ b ≤ a− 2.
Here we mean that Bb ∈ Cb, Ri ∈ Ci and φ is a covering morphism from C
to C ′. The converse holds for (1) with p = 0, 1, (2) and (5).

Next we can also determine special line bundle of degree 2g − 7 on a
smooth curve which is not normally generated.

Theorem 2.10 ([15]). Let C be a smooth curve of genus g > 28 and L
be a line bundle on C generated by its global sections with h1(C, L) = 1,
deg L = 2g − 7. Then L is very ample and fails to be normally generated if
and only if the pair (C, E5 := |KL−1|) falls into one of the followings:
(1) C is a double covering of a smooth plane quartic curve C ′ such that all

the points of φ(E5) are distinct and exactly four points of φ(E5) lie on
a line in P2;

(2) C is a double covering of a genus 2 curve C ′ such that φ(Pi) 6= φ(Pj)
for any two distinct points Pi, Pj < E5 in C.

Here φ is a covering morphism from C to C ′.

Recently Prof. Seonja Kim looked into the normal generation of special
line bundles on multiple converings. First she found some conditions under
which special line bundles are normally generated or not normally generated.

Theorem 2.11 ([13]). Let C be a smooth curve of genus g which is an
n-fold covering of a smooth curve C ′ of genus p via simple morphism φ with
n ≤ 4, p < g

3n
. Let L be a special very ample line bundle of deg L < 3g−3

2
.

Assume KL−1 = φ∗N(−
∑b

i=1 φ(Pi)) for some line bundle N on C ′ and∑b
i=1 Pi on C such that the points φ(Pi)’s are distinct. Then

L is normally generated if b ≤ 3 and Cliff (L) < min{g
6
− 1, g−np

n−1
− 3}.

L fails to be normally generated if b > (b−c)(b−c+1)
2

, where c := h0(C, KL−1

(
∑b

i=1 Pi))− h0(C, KL−1).

As a corollary of this theorem, she had the following:

Corollary 2.12 ([13]). Let C be a smooth curve of genus g which is a
double covering with p < g

6
. Let L a very ample special line bundle on C
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with deg L > 3g−3
2

, Cliff (L) < g
6
− 1 and B the base locus of KL−1. Then L

is normally generated if deg B0 ≤ 3 and the points φ(B0) are distinct where
B = φ−1(F ) + B0 for some divisor F on C ′ and there is nor Q ∈ C ′ such
that B0 ≥ φ−1(Q).

Furthermore, she investigated the normal generation of nonspecial line
bundles on multiple coverings.

Theorem 2.13 ([13]). Assume that a smooth curve C of genus g is an
n-fold covering of a smooth curve C ′ of genus p via the simple morphism φ
with n ≤ 4 and p < g

3n
. Let L be a nonspecial line bundle of deg L > 3g+1

2
.

We may set L ∼ K − φ∗g0
t −B + E for some B, E ≥ 0 on C and g0

t on C ′

with supp(B +φ∗g0
t )∩ supp(E) = ∅. Assume that supp(B)∩ supp(φ∗g0

t ) = ∅
and B =

∑b
i=1

∑n−1
j=1 P j

i and φ(P 1
i ) = · · · = φ(P n−1

i ), i = 1, · · · , b. Then

(1) L is very ample if deg E ≥ 3.
(2) L is normally generated if deg E > b + 2 and Cliff (L) < min{g

6
−

1, g−np
n−1

− 3}.
(3) L fails to be normally generated if 3 ≤ a ≤ b + 2 and h0(C ′, g0

t +∑b
i=1 Qi) > a(a−3)

2
+ 1, where a = deg E and Qi = φ(P j

i ), i =
1, · · · , b.

Corollary 2.14 ([13]). Let a smooth curve C of genus g be a double covering
with p < g

6
and let L be a nonspecial very ample line bundle of deg L > 3g+1

2
.

We may set L ∼ K − φ∗g0
t − B + E for some B, E ≥ 0 on C and g0

t on
C ′. Then L is normally generated if deg E ≥ deg B + 2 and all the points
of φ(B) are distinct.

3. Main results

In this section, we investigate the normal generation of a line bundle with
given degree on a smooth curve under some condition about the speciality
of the line bundle.

Theorem 3.1. Let L be a very ample line bundle on a smooth curve C
of genus g with 3g+3

2
< deg L ≤ 2g − 5. Then L is normally generated if

deg L > max{2g + 2− 4h1(C, L), 2g − g−1
6
− 2h1(C, L)}.

Proof. We have h1(C, L) ≥ 2, since 2g − 5 ≥ deg L > 2g + 2 − 4h1(C, L).
Suppose L is not normally generated. Then there exists a line bundle A '
L(−R), R > 0, such that (i) Cliff (A) ≤ Cliff (L), (ii) deg A ≥ g−1

2
, (iii)

h0(C, A) ≥ 2 and h1(C, A) ≥ h1(C, L) + 2 by the proof of Theorem 3
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in [9]. Assume deg KCL−1 = 3. Then |KCL−1| = g1
3. On the other hand,

L = KC(−g1
3) is normally generated. So we may assume deg KCL−1 ≥ 4 and

then r(KCL−1) ≥ 2 since deg L > 2g+2−4h1(C, L). Set B1(resp. B2) is the
base locus of KCL−1(resp. KCA−1). And let N1 := KCL−1(−B1), N2 :=
KCA−1(−B2). Then N1 � N2 since A ∼= L(−R), R > 0 and h1(C, A) ≥
h1(C, L) + 2. Hence we have the following diagram,

C -

HHH
HHH

HHHj

C2

?

π: projection

φN2

φN1

C1

where Ci = φNi
(C).

If we set mi := deg φNi
, i = 1, 2, then we have m2|m1. If N1 is bira-

tionally very ample, then by Lemma 9 in [15] and deg KCL−1 < g−1
2

we

have r(N1) ≤
[

deg N1−1
5

]
. It is a contradiction to deg L > 2g + 2− 4h1(C, L)

that is equivalent to deg KCL−1 < 4(h0(C, KCL−1) − 1). Therefore N1 is
not birationally very ample, and then we have m1 ≤ 3 since deg KCL−1 <
4(h0(C, KCL−1)− 1).

Set H1 be a hyperplane section of C1. If |H1| on a smooth model of C1

is special, then r(N1) ≤ deg N1

4
, which is absurd. Thus |H1| is nonspecial. If

m1 = 2, then

r(KCL−1(−B1 + P + Q)) ≥ r(KCL−1(−B1)) + 1

for any pairs (P, Q) such that φN1(P ) = φN1(Q) since |H1| is nonspecial.
Therefore we have r(L(−P −Q)) ≥ r(L)− 1 for (P, Q) such that φN1(P ) =
φN1(Q), which contradicts that L is very ample. Therefore we get m1 = 3.
Suppose B1 is nonzero. Set P ≤ B1 for some P ∈ C. Consider Q,R in C
such that φN1(P ) = φN1(Q) = φN1(R) = P ′ for some P ′ ∈ C1. Since |H1| is
nonspecial, we have

r(KCL−1(Q + R)) ≥ r(N1(P + Q + R)) = r(H1 + P ′)

= r(H1) + 1 = r(KCL−1) + 1

which is a contradiction to the very ampleness of L. Hence KCL−1 is base
point free, i.e., KCL−1 = N1. On the other hand, we have m2 = 1 or
3 for m2|m1. Since KCA−1(−B2) = N2 
 N1 = KCL−1, we may set
N1 = N2(−G) for some G > 0.
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Assume m2 = 1, i.e. KCA−1(−B2) = N2 is birationally very ample. On
the other hand we have r(N2) ≥ r(N1) + deg G

2
, since N2(−G) ∼= N1 and

Cliff (N2) ≤ Cliff (A) ≤ Cliff (L) = Cliff (N1). In case deg N2 ≥ g we have
n := r(N2) ≤ 2 deg N2−g+1

3
by Castelnuovo’s genus bound and hence

Cliff (L) ≥ Cliff (N2) ≥ deg N2−
4 deg N2 − 2g + 2

3
=

2g − 2− deg N2

3
≥ g − 1

6
,

since N2 = KCA−1(−B2) and deg A ≥ g−1
2

. If we observe that the condition

deg L > 2g− g−1
6
− 2h1(C, L) is equivalent to Cliff (KCL−1) < g−1

6
, then we

meet an absurdity. Thus we have deg N2 ≤ g − 1, and then Castelnuovo’s
genus bound produces deg N2 ≥ 3r(N2) − 2. Note that the Castelnuovo
number π(d, r) has the property π(d, r) ≤ π(d− 2, r− 1) for d ≥ 3r− 2 and

r ≥ 3, where π(d, r) = m(m−1)
2

(r−1)+mε, d−1 = m(r−1)+ε, 0 ≤ ε ≤ r−2
(Lemma 6, [15]). Hence

π(deg N2, r(N2)) ≤ · · · ≤ π(deg N2−deg G, r(N2)−
deg G

2
) ≤ π(deg N1, r(N1)),

because of 2 ≤ r(N1) ≤ r(N2) − deg G
2

. Since r(N1) ≥ deg N1

4
and deg N1 <

g−1
2

, we can induce a strict inequality π(deg N1, r(N1)) < g as only the
number regardless of birational embedding from the proof of Lemma 9 in
[15]. It is absurd. Hence m2 = 3, which yields C1

∼= C2.
Set H2 be a hyperplane section of C2. If |H2| on a smooth model of C2 is

special, then n ≤ deg N2

6
. Thus the condition deg KCL−1 < 4(h0(C, KCL−1)−

1) yields the following inequalities:

2 deg N2

3
≤ Cliff (N2) ≤ Cliff (N1) ≤

deg N1

2
,

which contradicts to N1 � N2. Accordingly |H2| is also nonspecial.
Now we have r(Ni) = deg Ni

3
−p, i = 1, 2 where p is the genus of a smooth

model of C1
∼= C2. Therefore

deg N1

3
+ 2p = Cliff (N1) ≥ Cliff (N2) =

deg N2

3
+ 2p

which is a contradiction that deg N1 < deg N2. This contradiction comes
from the assumption that L is not normally generated, thus the result fol-
lows. �

Using the above theorem, we obtain the following corollary under the
same assumption:
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Corollary 3.2. Let C be a triple covering of genus p curve C ′ with C
φ→ C ′

and D a divisor on C ′ with 4p < deg D < g−1
6
− 2p. Then KC(−φ∗D)

becomes a very ample line bundle which is normally generated.

Proof. Set d := deg D and L := KC(−φ∗D). Suppose L is not base point
free, then there is a P ∈ C such that |KCL−1(P )| = gr+1

3d+1. Note that

gr+1
3d+1 cannot be composed with φ by degree reason. Therefore we have

g ≤ 6d+3p due to the Castelnuovo-Severi inequality. Hence it cannot occur
by the condition d < g−1

6
− 2p. Suppose L is not very ample, then there are

P, Q ∈ C such that |KCL−1(P +Q)| = gr+1
3d+2. By the same method as above,

we get a similar contradiction. Thus L is very ample. The condition d <
g−1
6
− 2p produces Cliff (KCL−1) = d+2p < g−1

6
since deg KCL−1 = 3d and

h0(C, KCL−1) = h0(C ′, D) = d−p+1. Whence deg L > 2g− g−1
6
−2h1(C, L)

is satisfied. The condition 4p < d induces deg KCL−1 > 4(h0(C, KCL−1)−
1), i.e., deg L > 2g + 2− 4h1(C, L). Consequently L is normally generated
by Theorem 3.1. �

Remark 3.3. In fact, we have similar result in [15] for trigonal curve C:
KC(−rg1

3) is normally generated if 3r < g
2
− 1 ([14]). Thus our result could

be considered as a generalization which deals with triple covering under the
some condition.

Let S ⊆ Pr be a nondegenerate smooth surface and H a smooth hyper-
plane section of S. If H is projectively normal and h1(H,OH(2)) = 0, then
q = h1(S,OS) = 0, pg = h2(S,OS) = h1(H,OH(1)) and h1(S,OS(t)) = 0
for all nonnegative integer t ([3], Lemma 2.1, Lemma 3.1). Using Theorem
3.1, we can characterize smooth projective surfaces with the wider range
of degree and sectional genus. Recall the definition of ∆-genus given by
∆ := deg S − r + 1.

Theorem 3.4. Let S ⊂ Pr be a nondegenerate smooth surface of degree
2∆ − e with g(H) = ∆ + f , max{ e

2
, 6e −∆} < f − 1 < ∆−2e−6

3
for some

e, f ∈ Z≥1 and its general hyperplane section H is linearly normal. Then S

is projectively normal with pg = f and −2f − e + 2 ≤ K2
S ≤

(2f+e−2)2

2∆−e
.

Proof. From the linear normality of H, we get h0(H,OH(1)) = r and hence

h1(H,OH(1)) = − degOH(1)− 1 + g(H) + h0(H,OH(1))

= −2∆ + e− 1 + g(H) + h0(H,OH(1))

= g(H)−∆ = f
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Therefore we have h1(H,OH(1)) > deg KH⊗OH(−1)
4

+ 1 since f > e
2

+ 1 and
degOH(1) = 2∆ − e = 2g(H) − 2 − (2f + e − 2). Thus OH(1) satisfies
degOH(1) > 2g(H) + 2 − 4h1(H,OH(1)). The condition f − 1 > 6e − ∆
implies degOH(1) > 2g − g−1

6
− 2h1(H,OH(1)). Also the condition f −

1 < ∆−2e−6
3

yields degOH(1) > 3g+3
2

. Hence OH(1) is normally generated
by Theorem 3.1, and thus its general hyperplane section H is projectively
normal since it is linearly normal. Therefore S is projectively normal with
q = 0, pg = h0(S, KS) = h1(H,OH(1)) = f > 1 since h1(H,OH(2)) = 0
from degOH(1) > 3g+3

2
.

If we consider the adjunction formula g(H) = KS .H+H.H
2

+1 then KS.H =
2f + e − 2. Since H is very ample and g(H) 6= h1(S,OS) = 0, Γ(H + KS)
spans H + KS (cf. [21]) and so H + KS is free from fixed components.
Thus for any irreducible curve in S, we can choose effective D ∈ |H + KS|
such that D does not contain C and D.C ≥ 0 which implies H + KS is nef.
Hence we get KS.(H + KS) ≥ 0 with equality holding only when KS = 0.
Therefore

K2
S ≥ −KS.H = −2f − e + 2.

Thus −2f − e + 2 ≤ K2
S ≤

(2f+e−2)2

2∆−e
by the Hodge index theorem K2

SH2 ≤
(KS.H)2. Hence the theorem is proved. �

Remark 3.5. Assume |KS| has no fixed component with K2
S = 0. Then S

is minimal by adjunction formula and useful remark III.5 in [5]. Also the
Kodaira dimension κ of S is at most one since K2

S ≤ 0. Since pg > 1, S
is nonruled and so κ ≥ 0. If κ = 0 then pg ≤ 1 by Theorem VIII.2 in [5]
and thus κ must be 1. Hence by Proposition IX.2 in [5] there is a smooth
curve B and a surjective morphism p : S → B whose generic fibre is an
elliptic curve which means that S is a minimal elliptic surface of Kodaira
dimension 1.
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On Hopf hypersurfaces with η-harmonic curvatures
in a complex space form

In-Bae Kim and Jae Ho Jung1

0. Introduction

A complex n-dimensional Kaehlerian manifold of constant holomorphic
sectional curvature c is called a complex space form, which is denoted by
Mn(c). A complete and simply connected complex space form consists
of a complex projective space Pn(C), a complex Euclidean space Cn or
a complex hyperbolic space Hn(C), according to c > 0, c = 0 or c < 0.
The shape operator or second fundamental tensor of a real hypersurface
in Mn(c) will be denoted by A, and the induced almost contact metric
structure of the real hypersurface by (φ,<, >, ξ, η). The structure vector
field ξ is said to be principal if Aξ = αξ is satisfied, where α = η(Aξ). In
this case, it is known that α is locally constant ([3]) and that M is called
a Hopf hypersurface.

R. Takagi([9]) classified all homogeneous real hypersurfaces in Pn(C)
into six model spaces A1, A2, B, C, D and E, which are Hopf hypersur-
faces. J. Berndt([1]) has completed the classification of all homogeneous
Hopf hypersurfaces in Hn(C), which are divided into the model spaces A0,
A1, A2 and B. A real hypersurface of type A1 or A2 in Pn(C) or that of
A0, A1 or A2 in Hn(C) is said to be of type A for simplicity.

A Riemannian manifold M is said to have harmonic curvature if its
Ricci tensor S is a Codazzi tensor, that is, (∇XS)Y = (∇Y S)X for any
vector fields X and Y on M . Concerning to real hypersurfaces with har-
monic curvatures in a complex space form Mn(c), U.-H. Ki([2]), and J.-H.
Kwon and H. Nakagawa([5]) proved that any real hypersurface with prin-

1Department of Mathematics, Hankuk University of Foreign Studies.
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cipal structure vector field in Mn(c), c 6= 0, n ≥ 3, can not have harmonic
curvature. The holomorphic distribution T0 of a real hypersurface M in
Mn(c) is defined by

T0(p) = {X ∈ Tp(M) | < X, ξ >p= 0},

where Tp(M) is the tangent space of M at p. A real hypersurface M in
Mn(c) is said to have η-harmonic curvature if the Ricci operator S of M
satisfies

(∇XS)Y = (∇Y S)X for any X and Y in T0.

I.-B. Kim and B. Lee have proved in [3] that there is no real hypersurface
with η-harmonic curvature satisfying the condition

< (Aφ− φA)X,Y >= 0 for any X and Y in T0

in a complex space form Mn(c), c 6= 0, n ≥ 3.

A (1,1) type tensor field K of M is said to be η-parallel if

< (∇XK)Y,Z >= 0

for any vector fields X, Y and Z in T0. Many authors have occupied
themselves with the study of geometrical properties of real hypersurfaces
with η-parallel shape operator A under some additional conditions , and
have studied real hypersurfaces with η-parallel Ricci operator S (see [2],
[4], [7] and [8]).

The purpose of this paper is to confirm the existence of a Hopf hyper-
surface with η-harmonic curvature in Mn(c). Namely, we shall prove

Theorem 1. Let M be a Hopf hypersurface with η-harmonic curvature
in a complex space form Mn(c), c 6= 0. If the shape operator A of M is
η-parallel, then so is the Ricci operator S.

Theorem 2. Let M be a Hopf hypersurface with η-harmonic curvature
in a complex space form Mn(c), c 6= 0. If the shape operator A of M is
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η-parallel, then M is locally congruent to one of the model space of type
B.

1. Preliminaries.

Let M be a real hypersurface immersed in a complex space form (Mn(c),
<,>, J) of constant holomorphic sectional curvature c, and let N be a unit
normal vector field on an open neighborhood in M . For a local tangent
vector field X on the neighborhood, the images of X and N under the
almost complex structure J of Mn(c) can be expressed by

JX = φX + η(X)N, JN = −ξ,

where φ defines a linear transformation on the tangent space Tp(M) of M
at any point p ∈ M , and η and ξ denote a 1-form and a unit tangent vector
field on the neighborhood respectively. Then, denoting the Riemannian
metric on M induced from the metric on Mn(c) by the same symbol <,>,
it is easy to see that

< φX, Y > + < φY,X >= 0, < ξ,X >= η(X)

for any tangent vector field X and Y on M . The collection (φ, <, >, ξ, η)
is called an almost contact metric structure on M , and satisfies

(1.1)
φ2X = −X + η(X)ξ, φξ = 0, η(φX) = 0, η(ξ) = 1,

< φX, φY >=< X, Y > −η(X)η(Y ).

Let ∇ be the Riemannian connection with respect to the metric <,>
on M , and A be the shape operator in the direction of N on M . Then we
have

(1.2) ∇Xξ = φAX, (∇Xφ)Y = η(Y )AX− < AX, Y > ξ.

Since the ambient space is of constant holomorphic sectional curvature c,
the equations of Gauss and Codazzi are given by

(1.3)

R(X,Y )Z =
c

4
{< Y, Z > X− < X,Z > Y + < φY, Z > φX

− < φX,Z > φY − 2 < φX, Y > φZ}
+ < AY, Z > AX− < AX, Z > AY,
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(1.4) (∇XA)Y − (∇Y A)X =
c

4
{η(X)φY − η(Y )φX − 2 < φX, Y > ξ}

for any tangent vector fields X, Y and Z on M , where R is the Riemannian
curvature tensor of M . We shall denote the Ricci operator of M by S.
Then it follows from (1.3) that

(1.5) SX =
c

4
{(2n + 1)X − 3η(X)ξ}+ mAX −A2X,

where m = traceA is the mean curvature of M . The covariant derivative
of S is given by

(1.6)
(∇XS)Y =− 3c

4
{< φAX, Y > ξ + η(Y )φAX}+ (Xm)AY

+ m(∇XA)Y − (∇XA)AY −A(∇XA)Y.

2. η-harmonic curvatures.

In this section, we shall recall some known theorems, which are used in
the next section. I.-B. Kim and B. Lee investigated in [3] that the non-
existence of the model spaces of type A with η-harmonic curvatures, but
the proof was not completed. So we shall prove here the non-existence of
the above model spaces of type A.

Theorem A([3]). The model spaces of type A in a complex projective
space Pn(C) and a complex hyperbolic space Hn(C) have no η- harmonic
curvatures.

Proof. At first, it is known in [7] that the model spaces of type A0

and A1 in Pn(C) and Hn(C) satisfy

(2.1) (∇XS)Y = −n

2
cλ(< φX, Y > ξ + η(Y )φX)



On Hopf hypersurfaces 49

for any tangent vector field X and Y on the model spaces, where λ(6=
0) is the principal curvature for the eigenspace of the shape operator A
orthogonal to ξ. If the model spaces have η-harmonic curvatures, that is,

(2.2) (∇XS)Y = (∇Y S)X for any X and Y in T0,

then we see from (2.1) and (2.2) that < φX, Y >= 0 for any X and Y in
T0. It is impossible and hence the model spaces of type A0 and A1 can
not have η-harmonic curvatures.

Next, for the model space of type A2 in Pn(C) and Hn(C), we may
put the constant holomorphic sectional curvature c = ±4 without loss
of generality. Then the principal curvatures are given by α = 2cot 2θ,
λ = −tan θ and µ = cot θ for 0 < θ < π

2 , if c = 4, and α = 2coth 2θ,
λ = tanh θ and µ = coth θ for θ ∈ R, if c = −4. The multiplicities of
α, λ and µ are given by 1, 2p and 2q respectively, where p, q ≥ 1 and
p + q = n− 1 (see [7]). Thus we see from the principal curvatures that

(2.3) λ + µ = α, λµ = − c

4
.

Moreover we can choose a local orthonormal frame field

{ξ, X1, . . . , X2p, Y1, . . . , Y2q}

of the model space of type A2 such that

(2.4) AXi = λXi, AYs = µYs

for 1 ≤ i ≤ 2p and 1 ≤ s ≤ 2q. By the Codazzi equation (1.4) and the
relation (2.4), we have

(2.5)
− c

2
< φYs, Xi > ξ = (∇YsA)Xi − (∇XiA)Ys

= (λI −A)∇YsXi − (µI −A)∇XiYs.

Using (1.2), (2.3) and (2.4), we can verify from (2.5) that

(2.6) < φXi, Ys >= 0,
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which implies that

(2.7) AφXi = λφXi, AφYs = µφYs

for any indices i and s. From (2.5) and (2.6), we obtain

(2.8) < ∇XiXj , Ys >= 0, < ∇YsYt, Xi >= 0.

Using (1.5), (2.3), (2.4), (2.5), (2.6), (2.7) and (2.8), we can verify the
followings:

(2.9) (∇Xj S)Xi − (∇XiS)Xj = − c

2
(2λ− α + m) < φXj , Xi > ξ,

(2.10) (∇YtS)Ys − (∇YsS)Yt = − c

2
(2µ− α + m) < φYt, Ys > ξ.

Since we see from (2.6) that there are vectors such that < φXj , Xi >6= 0
and < φYt, Ys > 6= 0, the right sides of both (2.9) and (2.10) does not
vanish simultaneously. This means that the model space of type A does
not satisfy the η-harmonic condition (2.2). This completes the proof. ¤

For Hopf hypersurfaces in a complex space form Mn(c) with η-parallel
Ricci operators, the following is well-known

Theorem B([6], [8]). Let M be a Hopf hypersurface in a complex
space form Mn(c), c 6= 0. Then the Ricci operator of M is η-parallel if
and only if M is locally congruent to one of the model spaces of type A
or type B.

3. Proof of Theorems.

In this section we shall prove the Theorems given in Introduction.
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Proof of Theorem 1. Since M is a Hopf hypersurface in Mn(c), we
have

(3.1) Aξ = αξ.

The shape operator A of M is η-parallel if and only if there is a 2-form ω
on M such that

(3.2) (∇XA)Y = ω(X, Y )ξ

for any vector fields X and Y in T0. It follows from (3.1) that AX ∈ T0 if
X ∈ T0. Substituting (3.1) and (3.2) into (1.6), we obtain

(3.3)
(∇XS)Y ={(m− α)ω(X, Y )− ω(X, AY )− 3

4
c < φAX, Y >}ξ

+ (Xm)AY

for any X and Y in T0.

The rank of the shape operator A of a real hypersurface M in Mn(c),
c 6= 0, is said to be the type number of M and denoted by t(M). It is known
that there is no real hypersurface M with the type number t(M) ≤ 1 in
Mn(c), c 6= 0([7]). Therefore we see that there exists a vector field X in
T0 such that AX 6= 0. In fact, if AX = 0 for any X in T0, then the type
number t(M) is not greater than 1. Thus it follows from (3.3) that the
Ricci operator S is η-parallel if and only if Xm = 0 for any vector field X
in T0.

Since M has η-harmonic curvature, that is, (∇XS)Y = (∇Y S)X , we
see from (3.3) that

(3.4) (Xm)AY = (Y m)AX

for any X and Y in T0. Moreover we can choose the vector field X0 in T0

such that AX0 = λX0 and the principal curvature λ 6= 0, because there
exists X in T0 such that AX 6= 0 and A is symmetric. For this vector X0

in T0, we see from (3.4) that

(3.5) (X0m)AY = λ(Y m)X0
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for any vector field Y in T0.

On Hopf hypersurface M , it is well known ([7]) that M satisfies

AφA− α

2
(Aφ + φA)− c

4
φ = 0.

For the vector X0 such that AX0 = λX0, λ 6= 0, it follows from the above
equation that

(3.6) (2λ− α)AφX0 = (αλ +
c

2
)φX0.

If X0m 6= 0 in (3.5), then we see from (3.5) that AY = λ Y m
X0mX0. By

taking the inner product of this relation with X0, we have Y m = 0 for any
Y in T0 orthogonal to X0, and hence AY = 0 for any Y in T0 orthogonal
to X0. This means that the principal curvatures of M are equal to zero
except α and λ. Since φX0 is orthogonal to X0, we have AφX0 = 0.
Therefore it is easy to see from (3.6) that αλ + c

2 = 0 and hence λ is a
constant. Thus we have Xm = 0 for any vector field X in T0.

If X0m = 0 in (3.5), the we have Y m = 0 for any vector field Y in T0

by (3.5).

Summing up the above arguments, we see that the Ricci operator S is
η-parallel. ¤

Proof of Theorem 2. By Theorems 1 and B, M is locally congruent
to one of the model spaces of type A or type B. Thus Theorem 2 follows
from Theorem A. ¤
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Continuous Modules which are Isomorphic
to Submodules of Each Other

Euichan Lee and Miran Bae 1

Abstract. It is shown that if M and N are continuous modules such
that there exist monomorphisms φ : M → N and ψ : N → M , then M is
isomorphic to N .

1. Introduction

Let M be a module. A submodule N of M is said to be essential in M
if N ∩K 6= 0 for every nonzero submodule K of M . A submodule N of M
is called a closed submodule of M if it has no proper essential extension in
M . In any module M , both 0 and M are closed submodules of M . Also
every direct summand of M is a closed submodule of M .

In [9], Utumi defined a ring R to be left continuous if R satisfies the
following two conditions:

(1) For any left ideal I, there is an idempotent e ∈ R such that Re is
an essential extension of I.

(2) If Rf , f2 = f , is isomorphic to a left ideal J , then J is also generated
by an idempotent of R.

Dually, a right continuous ring is defined. A ring which is both left and
right continuous is said to be continuous.

Any left self-injective ring satisfies the conditions (1) and (2), so that
it is left continuous. Hence the concept of a continuous ring is a general-
ization of a self-injective ring.

In analogy to the definition of continuous rings, Mohamed and Bouhy
[5] defined a module M to be continuous if M satisfies the following two
conditions:

(1) Every submodule of M is essential in some direct summand of M .
(2) If a submodule N of M is isomorphic to a direct summand of M ,

then N is also a direct summand of M .

1Department of Mathematics, Hankuk University of Foreign Studies.
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A ring R is right (left) continuous if and only if RR (RR) is a continuous
module. Every quasi-injective module is continuous. Thus the concept of
a continuous module generalizes that of a (quasi-)injective module.

Throughout this paper, all rings are associative with identity, and all
modules are unitary right modules. For a module M , End(M) denotes
the endomorphism ring of M . For a subset X of an R-module M and
m ∈ M , let (X : m) = {r ∈ R |mr ∈ X}.

2. Continuous modules

If N is a submodule of M , then an essential extension of N which is a
closed submodule of M is called a closure of N . If N is a submodule of
M , then N has a maximal essential extension in M by Zorn’s lemma, and
this maximal essential extension of N is a closed submodule of M , and
hence it is a closure of N .

Hence we have

Proposition 2.1. A module M is continuous if and only if M satisfies
the following two conditions:

C1. Every closed submodule of M is a directed summand of M .

C2. If a submodule N of M is isomorphic to a closed submodule of M ,
then N is also a closed submodule of M .

Proposition 2.2. ([3], Proposition 1.5) If K is a closed submodule of
N and N is a closed submodule of M , then K is closed in M .

Proposition 2.3. Every closed submodule of a continuous module is
continuous.

Proof. Let M be a continuous module and let N be a closed submodule
of M . Then N satisfies C2 by Proposition 2.2. Let K be a closed submo-
dule of N . Then K is closed in M by Proposition 2.2. Put M = K ⊕ B
where B is a submodule of M . Then N = M ∩ N = (K ⊕ B) ∩ N =
K ⊕ (B ∩N), and hence N satisfies C1. Thus N is continuous.

Since every direct summand of a module M is closed in M , we have
the following:
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Corollary 2.4. Every direct summand of a continuous module is con-
tinuous.

Theorem 2.5. Every quasi-injective module M is continuous.

Proof. Every closed submodule of M is a direct summand of M ([2],
Corollary 3.3), so M satisfies C1. Let K be a submodule of M which
is isomorphic to a closed submodule N of M . Let f :K → N be the
isomorphism and let M = N ⊕C. Let i1: N → M be the natural injection
and π1: M → N the natural projection. Since M is quasi-injective, there
exists an endomorphism g: M → M such that i1f = gi where i: K → M
is the inclusion map. Hence f = π1gi, and so 1K = f−1π1gi. It follows
that M = Im i⊕Ker(f−1π1g) = K ⊕Ker(f−1π1g). Therefore M satisfies
C2. Thus M is continuous by Proposition 2.1.

Hence the concept of a continuous module is a generalization of that of
a quasi-injective module.

The following example, due to Utumi, shows that there exists a conti-
nuous module which is not quasi-injective.

Example 2.6. Let F be a field and K a nonzero proper subfield of
F . Put Q =

∏∞
n=1 Fn where Fn = F for all n. Then Q is a commutative

regular self-injective ring. Put R = {(xn) ∈ Q| xn ∈ K for all but finitely
many n}. Then R is a regular subring of Q and R 6= Q. Since RR is
essential in QR, Q = E(RR) ([10], Lemma 2.1). Hence R is not quasi-
injective. Since R contains all idempotents of Q, R is continuous ([8],
Theorem 2.1).

Proposition 2.7. Let M be a continuous module. If K and L are
closed submodules of M such that K ∩L = 0, then K ⊕L is closed in M .

Proof. Let M = K ⊕ C and π: M → C the natural projection. Since
Kerπ ∩ L = K ∩ L = 0, π|L:L → C is a monomorphism, and hence
L ∼= πL. So πL is closed in M , and πL is closed in C. Since C is a
continuous module, C = πL ⊕ D where D is a submodule of C. Hence
M = K ⊕ C = K ⊕ πL⊕D. Since K ⊕ L ∼= K ⊕ πL, K ⊕ L is closed in
M .
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Lemma 2.8. Let MR and AR be modules. Then M is A-injective if
and only if φ(A) ⊆ M for every φ ∈ HomR(E(A), E(M)).

Proof. Since E(M) is injective, φ(A) ⊆ M for every φ ∈ HomR(E(A),
E(M)) if and only if ψ(A) ⊆ M for every ψ ∈ HomR(A,E(M)). Hence
it suffices to consider φ ∈ HomR(A,E(M)). Suppose that φ(A) ⊆ M for
every φ ∈ HomR(A,E(M)). Let B be a submodule of A and let f ∈
HomR(B, M). Since E(M) is injective, there exists φ ∈ HomR(A,E(M))
which is an extension of f ∈ HomR(B, E(M)). Since φ(A) ⊆ M , φ is an
extension of f , and thus M is A-injective. Conversely, suppose that M is
A-injective. Let φ ∈ HomR(A,E(M)), and let X = {a ∈ A |φ(a) ∈ M}.
Then X is a submodule of A. Since M is A-injective, φ|X has an extension
ψ ∈ HomR(A, M). Let m = (ψ − φ)(a) ∈ M ∩ (ψ − φ)(A) with m ∈ M ,
a ∈ A. Then φ(a) = ψ(a) −m ∈ M , so a ∈ X. Hence ψ(a) = φ|X(a) =
φ(a), so that m = (ψ − φ)(a) = 0. Therefore M ∩ (ψ − φ)(A) = 0. Since
E(M) is an essential extension of M , (ψ − φ)(A) = 0, i.e., ψ = φ. Thus
φ(A) = ψ(A) ⊆ M .

Proposition 2.9. Let MR and NR be modules such that M is N -
injective and N is M -injective. If E(M) ∼= E(N), then M ∼= N , and both
M and N are quasi-injective.

Proof. Let φ: E(M) → E(N) be an isomorphism. Since N is M -
injective, φ(M) ⊆ N by Lemma 2.8. Since M is N -injective, φ−1(N) ⊆ M
by Lemma 2.8. Hence N = φ(φ−1(N)) ⊆ φ(M) ⊆ N , so that φ(M) = N .
Thus φ|M :M → N is an isomorphism. Since M is N -injective and N ∼= M ,
M is M -injective, i.e., M is quasi-injective. Similarly, N is quasi-injective.

Proposition 2.10. If M1⊕M2 is continuous, then M1 is M2-injective
and M2 is M1-injective.

Proof. Put M = M1 ⊕ M2. Let X ≤ M1 and φ : X → M2 be a
homomorphism. Let N = {x − φ(x)|x ∈ X}, then N ∩ M2 = 0. Let
K be a complement of M2 which contains N . Then M2 is a complement
of K since M2 is closed. Since M is continuous, M = K ⊕ M2. Let
π : K ⊕ M2 → M2 be the natural projection. For any x ∈ X, 0 =
π(x−φ(x)) = π(x)−π(φ(x)) = π(x)−φ(x), and hence π|M1 is an extension
of φ. Thus M2 is M1-injective. Similarly, we have M1 is M2-injective.
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A module M is said to have the cancellation property if M⊕X ∼= M⊕Y
implies X ∼= Y where X and Y are modules. A module M is said to have
the internal cancellation property if M = A1⊕B1 = A2⊕B2 with A1

∼= A2

implies B1
∼= B2 where Ai and Bi are modules.

A module M is said to be directly finite if M is not isomorphic to any
proper direct summand of M . It can be shown that M is directly finite
if and only if M ⊕ A ∼= M implies A = 0 where A is a module. Clearly,
every direct summand of a directly finite module is also directly finite.

Theorem 2.11. ([6], Theorem 1.29.) Let M be an injective module.
Then M has the cancellation property if and only if M is directly finite.

3. Continuous modules isomorphic to submodules of each other

Two modules M and N are said to be orthogonal if M and N have
no non-zero isomorphic submodules. A module M is said to be purely
infinite if M ∼= M ⊕M .

Theorem 3.1. ([6], Theorem 1.35.) Every injective module E has a
decomposition E = D ⊕ P where D is directly finite, P is purely infinite,
and D and P are orthogonal.

Lemma 3.2. Let M be a continuous module. Then

(1) M is purely infinite if and only if so is E(M),
(2) M is directly finite if and only if so is E(M).

Proof. (1) If M is purely infinite, then M ∼= M⊕M , and hence E(M) ∼=
E(M) ⊕ E(M). Thus E(M) is purely infinite. Conversely, assume that
E(M) is purely infinite. Then E(M) = E1⊕E2 where E1

∼= E(M) ∼= E2.
Since M is continuous, M = M1 ⊕ M2 where M1 = M ∩ E1 and M2 =
M ∩ E2 ([6], Theorem 2.8). Since E1 is injective and E1 is an essential
extension of M1 = M ∩ E1, E1 = E(M1). Similarly, E2 = E(M2). Hence
E(M1) ∼= E(M2). Since M is continuous, M1 is M2-injective and M2

is M1-injective by Proposition 2.10. Hence M1
∼= M2 by Proposition 2.9.

Since M = M1⊕M2 and M1 is quasi-injective, M1 is M -injective. Since M
is M -injective, M is M1-injective. Since E(M1) = E1

∼= E(M), M1
∼= M

by Proposition 2.9. Then M = M1⊕M2
∼= M ⊕M , and thus M is purely

infinite.
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(2) Suppose that M is not directly finite, then M ∼= M⊕X where X is a
non-zero submodule of M . Hence E(M) ∼= E(M)⊕E(X) with E(X) 6= 0.
Thus E(M) is not directly finite. Conversely, assume that E(M) is not
directly finite. By Theorem 3.1, E(M) = D⊕P where D is directly finite
and P is purely infinite. Since M is continuous, M = N1 ⊕ N2 where
N1 = M ∩D and N2 = M ∩P 6= 0 ([6], Theorem 2.8). Since D is injective
and D is an essential extension of M ∩ D = N1, D = E(N1). Similarly,
P = E(N2). Then N2 is purely infinite by (1). Hence M = N1 ⊕ N2

∼=
N1 ⊕N2 ⊕N2 = M ⊕N2 with N2 6= 0. Thus M is not directly finite.

We now have the following corollary which is an immediate consequence
of Theorem 3.1 and Lemma 3.2.

Corollary 3.3. Every continuous module M has a decomposition M =
D ⊕ P where D is directly finite, P is purely infinite, and D and P are
orthogonal.

Let M be a module and let A and B be direct summands of M . Then A
is said to be superspective to B if for any submodule X of M , M = A⊕X
if and only if M = B⊕X. It is clear that if A is superspective to B, then
A ∼= B.

Lemma 3.4. If M is a continuous module and A is a submodule of
M , then any two closures of A are superspective.

Proof. Let M1 and M2 be two closures of A. Since M is continuous,
M1 and M2 are direct summands of M . Put M = M1 ⊕X where X is a
submodule of M . Since M2 is an essential extension of A and A∩X = 0,
M2 ∩ X = 0. Hence M2 ⊕ X is closed in M by Proposition 2.7. Since
A⊕X is essential in M1 ⊕X = M and A⊕X ⊆ M2 ⊕X ⊆ M , M2 ⊕X
is essential in M . Hence M = M2 ⊕X. Similarly, M = M2 ⊕X implies
M = M1 ⊕X. Thus M1 and M2 are superspective.

Theorem 3.5. Let M be a continuous module. If M1 and M2 are
direct summands of M such that E(M1) ∼= E(M2), then M1

∼= M2.

Proof. Let U = M1 ∩M2. Let X1 be a complement of U in M1 and X2

a complement of U in M2. Then X1 ⊕ U is essential in M1 and X2 ⊕ U
is essential in M2. Since M is continuous, both X1 and X2 are direct
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summands of M by Proposition 2.2. Moreover, X1 ⊕ X2 is also a direct
summand of M by Proposition 2.7. It is clear that X1 +U +X2 is a direct
sum. Let B be a closure of U in M . Then X1 + B + X2 is also a direct
sum, and hence X1 ⊕ B ⊕X2 is a direct summand of M by Proposition
2.7. Put M = X1 ⊕ B ⊕X2 ⊕K where K is a submodule of M . Let B1

and B2 be closures of U in M1 and M2, respectively. Then B1 and B2 are
closures of U in M by Proposition 2.2. Hence we have B1

∼= B ∼= B2 by
Lemma 3.4. Since B1⊕X1 is essential in M1 and B1⊕X1 is closed in M1,
M1 = B1 ⊕X1. Similarly, we get M2 = B2 ⊕X2. Let V1 = B ⊕X1 and
V2 = B ⊕X2. Then V1 = B ⊕X1

∼= B1 ⊕X1 = M1 and V2 = B ⊕X2
∼=

B2⊕X2 = M2. Since B is continuous, B has a decomposition B = D⊕P
where D is directly finite and P is purely infinite by Corollary 3.3. Since
M = X1 ⊕ B ⊕ X2 ⊕ K = X1 ⊕ D ⊕ P ⊕ X2 ⊕ K, X1 ⊕ P is X2 ⊕ P -
injective and X2⊕P is X1⊕P -injective by Proposition 2.10. Now, we have
E(D)⊕E(P ⊕X1) = E(D⊕ P ⊕X1) = E(B ⊕X1) = E(V1) ∼= E(M1) ∼=
E(M2) ∼= E(V2) = E(B ⊕X2) = E(D ⊕ P ⊕X2) = E(D) ⊕ E(P ⊕X2).
Since E(D) is directly finite by Lemma 3.2, E(P ⊕X1) ∼= E(P ⊕X2) by
Theorem 2.11. Hence P ⊕ X1

∼= P ⊕ X2 by Proposition 2.9. Therefore
V1 = B ⊕ X1 = D ⊕ P ⊕ X1

∼= D ⊕ P ⊕ X2 = B ⊕ X2 = V2, and thus
M1

∼= M2.

Corollary 3.6. Let A1 and A2 be submodules of a continuous module
M , and let C1 and C2 be closures of A1 and A2 in M , respectively. If
A1

∼= A2, then C1
∼= C2.

Proof. Since E(C1) = E(A1) ∼= E(A2) = E(C2) and both C1 and C2

are direct summands of M , C1
∼= C2 by Theorem 3.5.

Now, we are ready to prove the following main result:

Theorem 3.7. Let M and N be continuous modules. If there exist
monomorphisms φ : M → N and ψ :N → M , then M is isomorphic to
N .

Proof. Without loss of generality, we may assume that N ≤ M . Since
M is continuous, φ(M) is a direct summand of M . Put M = φ(M) ⊕ A
where A is a submodule of M . Then N = M ∩N = (φ(M) ⊕ A) ∩ N =
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φ(M)⊕ (A ∩N) since φ(M) ⊆ N . Let B = A ∩N , and let

C = B ⊕ φ(B)⊕ φ2(B)⊕ · · · .

Then C = B ⊕ φ(C). Let K be a closure of φ(C) in φ(M). Since φ(M) is
continuous, K is a direct summand of φ(M). Put φ(M) = K ⊕ L where
L is a submodule of φ(M). Since N = φ(M) ⊕ B = K ⊕ L ⊕ B, K is a
closure of φ(C) in N . Since B ⊕ φ(C) is essential in B ⊕K, B ⊕K is a
closure of C = B⊕φ(C) in N . Since C ∼= φ(C), B⊕K ∼= K by Corollary
3.6. Thus N = B ⊕ φ(M) = B ⊕K ⊕ L ∼= K ⊕ L = φ(M) ∼= M .
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Standing wave solutions to
the time dependent non-relativistic

Abelian Maxwell-Chern-Simons equations
without gauge fields

JONGMIN HAN1

ABSTRACT. In this paper, we establish the existence of standing
wave solutions for the time dependent non-relativistic Abelian Maxwell-
Chern-Simons equations without gauge fields.

1. Introduction

The Abelian Chern-Simons theories [5, 6, 9, 10, 11, 13] have recently
attracted much attention. In this paper, we are concerned with the time-
dependent non-relativistic Abelian Maxwell-Chern-Simons equations. One
can refer to [1, 2, 3, 7, 8] for other time-dependent equations in both rela-
tivistic and nonrelativistic Chern-Simons theories.

Let us consider (2+1)-dimensional Minkowski space R1,2 with the metric
diag(1,-1,-1). The metric is used to raise or lower indices. The Lagrangian of
the (2+1) dimensional non-relativistic Maxwell-Chern-Simons-Higgs model
with external potential [5] is given by

L = − 1

4q2
FαβFαβ − κ

4
εαβγFαβAγ +

1

2q2
∂αN∂αN − 1

2q2
m2

Ac2N2

+ iψ̄D0ψ − 1

2m
|Dψ|2 − q2

8m2c2
|ψ|4 − V |ψ|2 −

(
1 +

mA

2m

)
|ψ|2N.(1.1)
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The first and the second quantities in the Lagrangian are called the Maxwell
term and the Chern-Simons term, respectively. Here, all the Greek indices
run over 0,1,2, and

ψ : R1,2 → C : matter field,

Aα : R1,2 → R : gauge potential,

N : R1,2 → R : neutral scalar potential,

V : R2 → R : external potential,

D = ∇− (i/c)A, D0 = ∂t − iA0 :

covariant derivatives with A = (A1, A2),

ψ̄ : complex conjugate of ψ,

κ > 0 : constant representing the strength of the Chern-Simons term,

q > 0 : constant representing the strength of the Maxwell term,

m : mass of the matter,

mA : vector mass generated by the Chern-Simons term,

c : speed of light,

εαβγ : totally skewsymmetric tensor with ε012 = 1.

The two masses m and mA are represented by other terms:

m = σ2/κc3, mA = κq2/c,

where σ > 0 is the symmetry breaking parameter.
The Euler-Lagrange equations are

iD0ψ +
1

2m
D2ψ − q2

4m2c2
|ψ|2ψ − V ψ −

(
1 +

κq2

2mc

)
Nψ = 0,(1.2)

(∂tt −∆ + κ2q4)N + q2
(
1 +

κq2

2mc

)
|ψ|2 = 0,(1.3)

1

q2
∂βFαβ +

κ

2
εαβγFβγ =

1

c
jα,(1.4)

where J = (jα) = (j0, j) = (c|ψ|2,−Im(ψ̄Dψ)/m) is the matter current.
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In this paper we study the system (1.2)-(1.4) when there are no gauge
fields, namely, Aµ ≡ 0. In this case, we can rewrite our equations as

(
∂t − i

2m
∆

)
ψ + iV ψ + i

q2

4m2c2
|ψ|2ψ + i

(
1 +

κq2

2mc

)
Nψ = 0,(1.5)

(∂tt −∆ + κ2q4)N + q2
(
1 +

κq2

2mc

)
|ψ|2 = 0.(1.6)

In particular, we are interested of standing wave solutions of the form

(1.7) ψ(t, x) = eiωtu(x), N(t, x) = N(x), ω ∈ R.

Then, we can rewrite (1.5)–(1.6) as

− 1

2m
∆u +

q2

4m2c2
|u|2u +

(
1 +

κq2

2mc

)
Nu + (V + ω)u = 0,(1.8)

(−∆ + κ2q4)N + q2
(
1 +

κq2

2mc

)
|u|2 = 0,(1.9)

The main result of this article is the following.

Theorem 1. Let C0 be the best constant satisfying the following Gagliardo-
Nirenberg inequality:

|ψ|4L4 ≤ C0|∇ψ|2L2|ψ|2L2 .(1.10)

Suppose that V is smooth, V (x) > 0 for all x ∈ R2 and

(1.11) lim
|x|→∞

V (x) = ∞.

Then, for any positive real number γ satisfying

(1.12) γ <
cκq2

C0(mc + κq2)
,

there exists a constant ω ∈ R such that (1.8)–(1.9) admit a weak solution
in Xγ.

The function space Xγ is to be defined in the next section.
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2. Proof of Theorem

In this section, we provide a proof of main Theorem. Let us denote H be
the completion of C∞

0 (R2;C) with respect to the norm

‖u‖H =

∫

R2

|∇u|2 + (V + 1)|u|2.

Then, H becomes a Hilbert space with the inner product

(u, v)H =

∫

R2

∇u · ∇v̄ + (V + 1)uv̄.

Obviously, H ↪→ H1(R2;C) continuously. Moreover, by the result of [14]
and the condition (1.11), we obtain compact embeddings H ↪→ Lp(R2;C)
for all p ≥ 2. One of important properties of solutions of (1.5)–(1.6) is the
conservation of total charge. In fact, multiplying (1.5) by ψ and integrating
it, we obtain

d

dt

∫

R2

|ψ(t, x)|2 dx = 0.

In view of this property, it is reasonable to fix the L2-norm of u for the
equations (1.8)–(1.9). Indeed, we introduce the following set

Xγ = {(u, N) : u ∈ H, N ∈ H1(R2;R), ‖u‖L2 = γ}

for a positive real number. We also introduce an energy functional:

E(u,N) =

∫

R2

1

2m
|∇u|2 +

1

2q2
|∇N |2

+
q2

8m2c2
|u|4 +

1

2
κ2q2N2 +

(
1 +

κq2

2mc

)
|u|2N + V |u|2,

and consider the minimization problem

min{E(u,N) : (u,N) ∈ Xγ}.(2.1)

Lemma 2. If γ satisfies (1.12), then the minimization problem (2.1) has a
solution.
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Proof. Let (uk, Nk) be a minimizing sequence of E in Xγ. Then,

E(uk, Nk) =

∫

R2

1

2m
|∇uk|2 +

1

2q2
|∇Nk|2 + V |uk|2

+
1

2

[
κqNk +

1

κq

(
1 +

κq2

2mc

)
|uk|2

]2

+
1

2

[ q2

4m2c2
− 1

κ2q2

(
1 +

κq2

2mc

)2]
|uk|4.

We note that

q2

4m2c2
− 1

κ2q2

(
1 +

κq2

2mc

)2

= − 1

κ2q2

(
1 +

κq2

mc

)
< 0.

Using (1.10) and ‖uk‖L2 = γ, we arrive at

E(uk, Nk) =

∫

R2

µ

2
|∇uk|2 +

1

2q2
|∇Nk|2 + V |uk|2

+
1

2

[
κqNk +

1

κq

(
1 +

κq2

2mc

)
|uk|2

]2

where

µ =
1

m
−

( 1

κ2q2
+

1

mcκ

)
γC0 > 0

by the choice of γ. Hence, (uk, Nk) is a bounded sequence in Xγ.
Now there exists (u,N) ∈ Xγ such that up to subsequence, (uk, Nk) →

(u,N) weakly in Xγ and strongly in Lp
loc(R2;C) × Lp

loc(R2;R). Moreover,
uk → u strongly in Lp(R2;R) for all p ≥ 2 by the compact embedding
property of H into Lp for p ≥ 2. By the weak lower semicontinuity of norms
and strong convergence, it is seen that

lim inf
k→∞

∫

R2

1

2m
|∇uk|2 +

1

2q2
|∇Nk|2 +

1

2
κ2q2N2

k

≥
∫

R2

1

2m
|∇u|2 +

1

2q2
|∇N |2 +

1

2
κ2q2N2,

and

lim
k→∞

∫

R2

q2

8m2c2
|uk|4 + V |uk|2 =

∫

R2

q2

8m2c2
|u|4 + V |u|2.
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On the other hand, since uk → u in L4, Nk is bounded in H1 and Nk → N
weakly in L2, we are led to

∣∣∣
∫

R2

|uk|2Nk −
∫

R2

|u|2N
∣∣∣

≤
∫

R2

|uk − u|2|Nk|+
∣∣∣
∫

R2

|u|2(Nk −N)
∣∣∣

≤ ‖u− uk‖2
L4‖Nk‖L2 + o(1) = o(1)

as k →∞. Consequently, we obtain

lim inf
k→∞

E(uk, Nk) ≥ E(u,N),

which implies that (u,N) is a minimizer of E over Xγ. ¤
Lemma 3. If (u,N) is a minimizer of E over Xγ, then (u,N) is a weak
solution of (1.8)–(1.9) for some ω ∈ R. Moreover, (u, N) is smooth.

Proof. It is straightforward to verify that N satisfies (1.9) in the weak sense.
To show that u satisfies (1.8) for some ω ∈ R in the weak sense, let v ∈
C∞

0 (R2;C) be given. Then,

d

dt

∣∣∣
t=0
E(u + tv, N)

=
d

dt

∣∣∣
t=0

∫

R2

1

2m
|∇(u + tv)|2 +

q2

8m2c2
|u + tv|4

+
(
1 +

κq2

2mc

)
|u + tv|2N + V |u + tv|2

= 2Re

∫

R2

1

2m
∇u · ∇v̄ +

q2

4m2c2
|u|2uv̄ +

(
1 +

κq2

2mc

)
uv̄N + V uv̄.

Thus there exists a Lagrange multiplier ω ∈ R such that

Re

∫

R2

1

2m
∇u · ∇v̄ +

q2

4m2c2
|u|2uv̄ +

(
1 +

κq2

2mc

)
uv̄N + V uv̄ = ωRe

∫

R2

uv̄,

which implies that u is a weak solution of (1.8). ¤
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SYNTHESES OF

3-HYDROXYMETHYL-HEPTANOIC ACID

DERIVATIES

LEE SOOKJA1

1. Introduction.

Nowdays, Polyvinyl chloride (PVC) and plastics are closely connected with our life.1) (2–

ethylhexyl)phthalate (DEHP) is the largely used in making polyvinyl chloride (PVC) resins2) and

the quantity of it consumed is on the increase.3) It makes products as flexible and stable.4) DEHP

containing plastics are widely used such as toys, seats, food packagings, medical devices and shoes.5)

DEHP is a known reproductive and developmental toxicant in living creatures.6) Exposure to

high concentrations of DEHP produces extend over of mischievous influence in experimental ani-

mals, including cancer, liver damage, birth defects.7) It express ovarian toxicity short-term adminis-

tration in rats.8) Endocrine disrupting or modulating potency of DEHP in humans is controversially

discussed.9) Human exposure to DEHP may begin in utero, and such exposure has reportedly been

significantly associated with miscarriage.10) Further, DEHP appears to pose a relatively low risk

of hepatic cancer in humans ( Tickner et al., 2001).

The DEHP is rapidly metabolized to mono(2-ethylhexyl)phthalate (MEHP).11) MEHP is ad-

ditionally metabolized to oxidized products. w– and w–1–oxidation produce mono–(2–ethyl–5–

carboxypenty)phthal

ate (5carboxy–MEPP),mono–(2–ethyl–5–hydroxyhexyl)phthalate (5OH–MEHP) and mono–(2–ethyl–

5–oxohexyl)phthalate (5oxo–MEPP). w–Oxidation of the ethyl side chain leads to mono–[2–(carboxy–

methyl)hexyl]phthalate (2carboxy–MMHP). These products are generally excreted via urine12) We

now report in our work in the synthesis of mono–[2–(carboxy–methyl)hexyl]phthalate (2carboxy–

MMHP).

1 Department of Chemistry, Hankuk University of Foreign Studies.
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2. Result and Discussion

The retrosynthetic severance of the target molecule 5 produce phthalic anhydride and 4, which

is 3–Hydroxymethyl–heptanoic acid. In order to synthesis of 4, previously synthesize lactone ring

3 then lactone ring cleavage using potassium hydroxide. First method13) is beyond attainment. In

order to investigate if direct ring close of 6 is possible some screening experiments with commercial

glyoxyic acid monohydrate were done. Glyoxylic acid monohydrate and piperidine HCl were added

to a solution of aldehyde in 7 then mixture was refluxed for 16 hours. The reaction is finished,

separated on column and reduction with NaBH4. However, attempted conjugate reduction in

hexanal with piperidin HCl was not successful.

Another method is also not done. This method is synthesis of lactone ring with Grubbs catalyst.

Prepared by esterification of allylic alcohols which were either purchased from commercial source or

prepared by copper–catalyzed addition of Grignard reagents to propargyl alcohol. This ester was

converted to lactone by ring closing metathesis (RCM) using Grubbs catalyst 2 in dichloromethane.

When this reaction was treated with 10 mol % of catalyst for 10 hours in refluxing dichloromethane,

but product was not observed.
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3. Experimental

IR spectra were recorded on a Perkin-Elmer 16F PC spectrophotometer. NMR spectra were

recorded on a BRUKER Unity plus 300 spectrometer operating at 300 MHz for 1H and 75 MHz for
13C. Purifications by column chromatography were performed on silica gel (Merck 230–400 mesh).

3.1. 1–(2–Bromo–1–butoxy–ethoxy)–hex–2–ene

N–Bromosuccinimide (3.56 g, 20 mmol) was added to a stirred solution of butyl vinyl ether (2.00

g, 20 mmol) in (E)–2–hexexne–1–ol (16.6 ml, 140 mmol) at –20 oC ∼ –50 oC; the mixture was then

stirred for 2–3 hours, the temperature being kept below –20 oC. The precipitate so formed was

filtered off and washed with hexane and the combined filtrate and washing treated successively with

5% aqueous KOH, water, and brine. After being dried (MgSO4), the solution was concentrated

via a rotary evaporator and the residual oil was distilled (Kugelrohr) to give the 1–(2–Bromo–1–

butoxy–ethoxy)–hex–2–ene.1) Yield 4.7 g (84.5%); 1H NMR (300 MHz, CDCl3): δ =0.89–0.96 (d,

J=7.4 Hz, 6H), 1.38–1.46 (m, 4H), 1.57–1.62 (m, 2H), 2.03–2.06 (d, J=7.2 Hz, 2H), 3.38–3.40 (d,

J=5.5 Hz, 2H), 3.50–3.65 (m, 2H), 4.04–4.06 (dd, J=6.5 Hz and 0.7 Hz, 2H), 4.71 (t, J=5.5 Hz,

1H), 5.31–5.76 (m, 2H) ppm; 13C NMR (75 MHz, CDCl3): δ =13.7, 13.9, 19.3, 22.2, 31.8, 34.4,

66.5, 67.6, 100.8, 125.7, 135.3 ppm.

3.2. 2–Butoxy–4–butyl–tetrahydro–furan

Tributyltin hydride (3.91 ml, 14.54 mmol) was added dropwise over 30 min to a solution of the

1–(2–Bromo–1–butoxy–ethoxy)–hex–2–ene (4.04 g, 14.54 mmol) and AIBN (64.7 mg, 0.14 mmol)

in benzene at 50 oC under nitrogen. After being stirred for 2 hours at the same temperature, the

solution was concentrated via a rotary evaporator. The residue was then distilled with a Kugelrohr

apparatus to give 2–Butoxy–4–butyl–tetrahydro–furan.2) Yield 3.8 g (76.5%); 1H NMR (300 MHz,

CDCl3): δ=0.86–0.95 (m, 6H), 1.28–1.52 (m, 13H), 3.35–3.47 (m, 2H), 3.65–3.69 (m, 1H), 3.91–

4.06 (m, 2H), 5.07–5.11 (m, 1H) ppm; 13C NMR (75 MHz, CDCl3): δ =13.7, 13.9, 19.3, 22.2, 31.8,

31.8, 34.4, 66.5, 67.6, 100.8, 125.7, 135.3 ppm.

3.3. 4–Butyl–dihydro–furan–2–one

A solution of 4.44g of protected 2–Butoxy–4–butyl–tetrahydro–furan (22.2 mmol) in 3.6 ml of

dry methylene chloride containing a catalytic amount of boron trifluoride etherate was treated at

room temperature with 5.26g of m–chloroperbenzoic acid (24.4 mmol). After 3 hours the reaction

mixture was diluted with 30 ml of ether and washed successively with 10% aq sodium thiosulfate,

saturated sodium bicarbonate, and brine. The crude product obtained after drying (MgSO4) was

chromatographed on silica gel using hexane–ether = 1:1 as eluent.3) Yield 1.7 g (54%); colorless

oil; 1H NMR (300 MHz, CDCl3): δ =0.88 (t, J=6.9 Hz, 3H), 1.24–1.46 (m, 6H), 2.11–2.19 (d,
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1H), 2.52–2.63 (m, 2H), 3,87–3.93(m, 1H), 4.36–4.42(m, 1H) ppm; 13C NMR (75 MHz, CDCl3): δ

=13.9, 22.5, 29.5, 32.8, 34.8, 35.7, 73.4, 177.3 ppm.

3.4. 3–Hydroxymethyl–heptanoic acid

A solution of 4–Butyl–dihydro–furan–2–one (1.0 g, 7 mmol) was dissolved in a minimum of

methanol and treated with 21 ml of 1N KOH solution. The solution was refluxing for 30 min. The

medium was evaporated under reduced pressure. The crude residue was taken up in 2–propanol

and evaporated to dryness. The resulting gummy solid was triturated with dry ethyl ether, rapidly

filtered by suction, and dried under reduced pressure in a dessicator containing silica gel. When

the salts were highly hygroscopic, they stored as 1 M solutions.4) 1H NMR (300 MHz, CDCl3): δ

=0.89–0.93 (m, 3H), 1.27–1.33 (m, 6H), 2.05–2.12 (m, 3H), 2.43–2.47 (m, 2H), 3.54–3.58 (m, 1H),

3.70–3.75 (m, 1H) ppm.
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Synthesis of Tetracyclic Benzoazepine derivatives

s� ņq ��1

ABSTRACT. ë�H"î
s�µ1Ï²ú�
��¦���r��4�¤ú̧�K�f��\�����ÄºÖ�¦7£x_�µ1ÏÒqt����̧��&h�

&h� 7£x��
���H ÆÒ[j\� e����. ö&_� %ò
%i�_� l�0px\� �<H�©�s� �̧��� y��&ñ
 x9� '��1lx�̀¦ �̧]X�


���H ����â
���²ú�Óüt|9���� norepinephrine, serotonin, dopamine 1px_� Ô�¦ç�H+þA\� _�
�#�

ÄºÖ�¦7£xs� µ1ÏÒqt½+É Ãº e����. l��>r\� �½ÓÄºÖ�¦]j�Ð r�óøÍ÷&�¦ e����H mirtazapine�Ér ben-

zoazepine ½̈�̧\�¦��t��¦e��Ü¼ 9, presynaptic α2–adrenoceptor\� antagonist�Ð���

6 x
�#� norepinephrine_� ~½ÓØ�¦�̀¦ 7£x�� r�v���H �Ü¼�Ð	כ ·ú��94R e����. �:r ���½̈\�"f

��H N–acyliminium ion cyclization ìøÍ6£x�̀¦ s�6 x
�#� mianserin x9� mitazapineõ�

Ä»��ô�Ç ½̈�̧\�¦ ����� ���ª�ô�Ç benzoazepine Ä»�̧�̂[þt�̀¦ ½+Ë$í

��¦�� ô�Ç��. Furyll�

�� thienyll��� fused azepine Ä»�̧�̂\�¦ ½+Ë$í

�l� 0A
�#� 2–nitrobenzoylchloride\�¦

furan ¢̧��H thiopheneõ� Friedel–Crafts acylationÜ¼�Ð benzophenone type_� �o½+Ë

Óüt�̀¦ ½+Ë$í

�%i���. Nitrol���H íß� �̧|	�
�\� iron\�¦ ��6 x
��¦, ketonel���H NaBH4s�

�� hydrazine\�¦ ��6 x
�#� y��y�� 8̈�"é¶r�&� o–arylmethylaniline �o½+ËÓüt�̀¦ ½+Ë$í

�%i�

��. Aniline Ä»�̧�̂[þt�̀¦ cyclic anhydride ¢̧��H dicarboxylic acidü< »¡¤½+Ë ìøÍ6£x
�#�

cyclic imide �o½+ËÓüt�̀¦ 53–87%_� ÃºÖ�¦�Ð %3�%3���. Cyclic imide �o½+ËÓüt�̀¦ DIBAL–

H�Ð 8̈�"é¶r�&� 20–58%_� ÃºÖ�¦�Ð hydrooxylactam �o½+ËÓüt�̀¦ %3��̀¦ Ãº e��%3���. 
�t�

ëß�, morpholineõ� thiomorpholines� �̧{9��)a cyclic imide �o½+ËÓüt[þt�Ér DIBAL–H\�

_�ô�Ç 8̈�"é¶�̧|	�\�"f "é¶
���H hydroxylactam �o½+ËÓüt�̀¦ %3��̀¦ Ãº \O�%3���. Hydroxy-

lactam_� N–acyliminium ion cyclization ìøÍ6£x�Ér CH3SO3H ü< °ú �Ér acid �̧|	�\�

"f ���'��
�%i�Ü¼ 9, hydroxylactam �o½+ËÓüt�ÐÂÒ'� �¦o��o�)a �o½+ËÓüt�̀¦ 80–99%_� B�

Äº a%~�Ér ÃºÖ�¦�Ð %3��̀¦ Ãº e��%3���. Õª�Q�� furyll��� �̧{9��)a �o½+ËÓüt�Ér °ú �Ér �̧|	�\�"f

furyll�_� Ô�¦îß�&ñ
$í
Ü¼�Ð ���
�#� �¦o��o �o½+ËÓüt�̀¦ %3��̀¦ Ãº \O�%3���. LactamÕªÒ�̈�Ér

BF3·OEt2 �>rF�
�\� BH3·SMe2\�¦ ��6 x
�#� 42–81%_� ÃºÖ�¦�Ð þj7áx �o½+ËÓüt�̀¦ %3�

%3���.

1 Department of Chemistry, Hankuk University of Foreign Studies.
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1. "�Òeµ

�&³@/\� ü<"f��H ÄºÖ�¦7£x 1px_� ����â
|9�8̈�Ü¼�Ð ���
�#� ���r&h� ë�H]j&h�s� �8¹¡¤ &�4R ����H ÆÒ[js���. Äº

Ö�¦7£x�Ér &ñ
"f&h���� _þt;£§õ���H ²ú�o� @/ö&_� ×�æÆÒ����â
>�ü< �'aº���)a |9�#î
Ü¼�Ð {9��©�Òqt�Ö̧\�"f �̧��H |���©�s�

�� Û¼àÔYUÛ¼\� @/
�#� ìøÍ6£x
���H y��&ñ
�©�E�s���. ÄºÖ�¦7£x 8̈�����H ��l�_� Òqt�Ö̧s� ÄºÖ�¦ô�Ç l�ì�r\� W=�#�e��

���¦ Òqty��
�#� ��¶ú�Ø�æ1lx�̀¦ {9�Ü¼v�l��̧ 
� 9, ��Õþ�y��s��� ]X�}©� 1px\� ���Ðú̧�y�l��̧ ô�Ç��. ��¶ú�ô�Ç ��

|ÃÐ_� 50∼85%�� ÄºÖ�¦7£x\� �'aº��÷&#Q e������H �Ð�¦�� e���̀¦ &ñ
�̧�Ð ÄºÖ�¦7£x�Ér ���r&h�Ü¼�Ð d��y��ô�Ç |9�#î


s���.1)ÄºÖ�¦7£x�©��Ér >h���\� ���� B�Äº ���ª�
� 9, Z�}�Ér F�µ1ÏÖ�¦õ� ëß�$í
&h���� �â
õ�\�¦ °ú��¦ e��Ü¼ 9, ���Ér

&ñ
����©�E�ü< #î
�>r
��¦ e����. ÄºÖ�¦7£x_� u�«Ñ\� e��#Q"f y��7áx u�«Ñ]j_� ÂÒ���6 x, ���Óütz��6 x 1px_� ë�H]j�Ð

���
�#� Dh�Ðî�r �½ÓÄºÖ�¦7£x]j_� >hµ1Ï�Ér ]X�z�́y� ¦�&÷̈½¹כ e����.

ÄºÖ�¦7£x_� ��H�:r&h���� "é¶����Ér ��f�� µ1ß)�t�t� ·ú§�¦ e��Ü¼�� ö&_� %ò
%i�_� l�0px\� �<H�©�s� �̧��� y��&ñ
 x9�

'��1lx�̀¦ �̧]X�
���H ����â
���²ú�Óüt|9���� norepinephrine�� serotonin(5–HT), dopamine 1px_� Ô�¦ç�H+þA\� _�


�#� ÄºÖ�¦7£xs��� l��� ���Ér y��&ñ
_� �D¥êøÍs� ��l��)a���¦ ·ú��94R e����.2)

1.1. ËÁ	�·¤� �+ L±ÓÄZ�xjSê�>ø� nכ�ØV��+ 5�L±Ó�]���

ÄºÖ�¦7£x_� "é¶����Ér 'Í	P: °ú���l� ¢̧��H t�5Åq&h���� Û¼àÔYUÛ¼\�¦ ~ÃÎ�� ö&_� ÒqtÓüt�<Æ&h� ����o, 7£¤ nore-

pinephrine�� serotonin(5–HT), dopamine õ� °ú �Ér ����â
���²ú�Óüt|9�_� Ô�¦ç�H+þA, ÑütP:��H Ä»���&h���� ,���¹כ

!Ó	P:�Ð 40–50[j &ñ
�̧\� ¹1Ô���̧��H Ìqt�̧�l� ÄºÖ�¦7£x�̀¦ [þt Ãº e����. u�«Ñ~½ÓZO�\���H ���Óütu�«Ñ, &ñ
���u�«Ñ,

���t�'��1lxu�«Ñ 1pxs� e����HX<, :£¤y� ö&_� ÒqtÓüt�<Æ&h� ����o\� _�ô�Ç ÄºÖ�¦7£x\���H ���Óütu�«Ñ�� �9�Ãº&h�s���.2)

�&³F���t� ÄºÖ�¦7£x_� ���Óüt u�«Ñ~½ÓZO��Ér #��Q ��t��� e��t�ëß�, @/|ÄÌ&h�Ü¼�Ð ß¼>� ¿º ��t�\�¦ [þt Ãº e��

��. 'Í	P:��H 1951�̧�\� aminobenzyl Ä»�̧�̂_� ½+Ë$í
Ü¼�Ð r����÷&#Q 1980�̧�@/��t� �Ö̧µ1Ï
�>� ���½̈÷&#Q4R

M®o~�� ���8̈�>� �½ÓÄºÖ�¦7£x]j�� e����. ���8̈�>� �½ÓÄºÖ�¦7£x]j(tricyclic antidepressants)��H norepinephrine��

serotonin(5–HT), dopamine1pxõ�°ú �Ér����â
���²ú�Óüt|9�s�¾»���Ü¼�ÐF�f�̈Ãº÷&��H�
��éß	¦̀�	כ�#�s�[þt���

�â
���²ú�Óüt|9�[þt_� ÂÒ7á¤�̀¦ ×�¦s���H ���6 xÜ¼�Ð Õª ���ò́\�¦ �����·p��.2,3)
���:�x&h���� ���8̈�>� �½ÓÄºÖ�¦]j[þt�Ér s�

[þt ����â
���²ú�Óüt|9�_� F�f�̈Ãº\�¦ q��§&h� q����×þ�&h�Ü¼�Ð 	�éß�
� 9, phenothiazineõ� Ä»��ô�Ç ½̈�̧\�¦ ��t�

�¦ e��Ü¼ 9, �½Óc+t�2; ���6 xõ� °ú �Ér ú́§�Ér ÂÒ���6 x�̀¦ �����·p��.4) 1970�̧�@/\� [þt#Qü<"f��H ���8̈�>� �½ÓÄºÖ�¦7£x

]j[þt_� ÂÒ���6 x�̀¦ ×�¦s��¦, ����â
���²ú�Óüt|9�_� F�f�̈Ãº\�¦ q��§&h� ���×þ�&h�Ü¼�Ð 	�éß�
���H ]j 2[j@/ �½ÓÄºÖ�¦7£x

]j[þts� r�óøÍ÷&l� r����Ùþ¡��. Amoxapine, demexiptiline, leferpramineõ� bridged tricyclic �o½+ËÓüt���

maprotilines� s�M: r�óøÍ�)a ÄºÖ�¦7£x u�«Ñ]j[þts��� (Figure 1).

ÑütP:��H ����â
���²ú�Óüt|9� ì�rK�]j��� MAO(monoamine oxidase)\�¦ %3�]jr�v���H MAO $�K�]js���. s�

¢̧ô�Ç 1950�̧�@/ÂÒ'� ���½̈÷&#Q&���¦, MAO $�K�]j��H norepinephrine\�¦ ì�rK�
���H MAO\�¦ $�K�
�#� ¾»

���_� r�è­sÛ¼(synapse)\� norepinephrine_� 0lx�̧\�¦ 7£x��r�v���H ���6 xÜ¼�Ð ���ò́\�¦ �����·p��. MAO $�

K�ò́õ�\�¦ ����?/��H Óüt|9��Ér ÁºÃºy� ú́§t�ëß� Õª ×�æ, hydrazine �o½+ËÓütõ� arylalkylamine �o½+ËÓütëß�s� u�

«Ñ]j\� Ä»6 x
�>� æ¼s��¦ e����(Figure 2).
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figure 1. Structures of tricyclic antidepressant

figure 2. Structures of MAO inhibitor
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1.2. α2-Adrenoceptor antagonist N�á~
�+ ËÁ	�·¤� nכ�ØV�

1980�̧�@/ ��t�_� �½ÓÄºÖ�¦7£x]j_� ���½̈��H norepinephrine, serotonin_� F�f�̈Ãº $�K�]j�� MAO $�

K�]j_� >hµ1Ï\� ²DGô�Ç÷&#Q M®o%3�Ü¼�� þj��H\���H 5–HT reuptake inhibitor >�\P�, serotonergic agent >�

\P�, MAO–A inhibitor>�\P�, phosphodiesterase inhibitor>�\P�, norepinephrine reuptake inhibitor>�

\P�, α2–adrenoceptor antagonist >�\P�, α1–adrenoceptor agonist >�\P�, inverse GABA agonist >�\P�,

CRF antagonist >�\P�, inositol monophosphatase inhibitor >�\P�, dopamine reuptake inhibitor >�\P�,

glycine–site NMDA antagonist >�\P� 1px ú́§�Ér Dh�Ðî�r +þAI�_� ÄºÖ�¦7£x u�«Ñ]j ���½̈�� ���'��÷&�¦ e����.

s� ×�æ α2–adrenoceptor antagonist>�\P�_� ÄºÖ�¦7£x u�«Ñ]j��H presynapse_� α2–receptor\� antago-

nist�Ð ���6 x
���H �o½+ËÓüt�Ð"f, epinephrineõ� norepinephrine_� reuptake\�¦ 	�éß�
�#� presynapse�ÐÂÒ

'� ~½ÓØ�¦÷&��H norepinephrine�ª��̀¦ 7£x��r�~�́ Ãº e����(Figure 3).ÄºÖ�¦7£x u�«Ñ]j×�æ\� 
������ mirtazap-

ine�Ér Organon\� _�K� >hµ1Ï�)a α2–adrenoceptor antagonist>�\P�_� ÄºÖ�¦7£x u�«Ñ]j�Ð 1994�̧�ÂÒ'� r�

óøÍ÷&#Q t��¦ e����. Õª µ1Ú_� þj��H >hµ1Ï×�æ��� α2–adrenoceptor antagonist>�\P�_� ÄºÖ�¦7£x u�«Ñ]j_� ½̈

�̧[þt�Ér Figure.4\� ������ e����.

figure 3. α2–Adrenoceptor antagonist_� ���6 x l����
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figure 4. þj��H >hµ1Ï×�æ��� α2–adrenoceptor antagonists_� ½̈�̧

1.3. Azepine Ä©�¿��· G±ØÐM� /�×ËÁ	�·¤� V��+ TÒ¼Å]�ø�  ấØ̧�ªTÒ¼�ä·�+ à�
N�

�&³F� ��6 x÷&�¦ e����H ÄºÖ�¦7£x u�«Ñ]j×�æ_� 
������ mianserin_� ½+Ë$í
�Ér mianserin_� A–ringõ� C–

ring\�¦ ����� 2–benzylaniline�̀¦ Ø�¦µ1ÏÓüt|9��Ð �����¤�¦, Bischler–Napieralski cyclization�̀¦ :�xK� B–ring

7£¤, azepine ring�̀¦ +þA$í
ô�Ç Êê, ��t�}�� D–ring�̀¦ +þA$í

���H ½+Ë$í
~½ÓZO�s���(Scheme 1). ìøÍ���, Ä»��ô�Ç

½̈�̧\�¦ °ú���H mirtazapine_� �â
Äº��H A–rings� ÷&��H 2–chloro–3–pyridinecarbonitrile\�¦ Ø�¦µ1ÏÓüt|9��Ð 
�

#�, Cü< D–rings� ÷&��H methylpiperazine�̀¦ u�8̈�r���� Êê, azepine ring\� K�{©�
���H B–ring�̀¦ ��t�}��

\� +þA$í

���H ~½ÓZO�Ü¼�Ð ½+Ë$í

�%i���(Scheme 2).

�:r ���½̈\�"f��H mianserins��� mirtazapine_� Y�J���\� K�{©�
���H A–ringõ� B–ring�̀¦ �¦&ñ
r���� G� C–

ringõ� D–ring�̀¦���ÉrK�_��Ð�¦o�\�¦ �̧{9�
�����, size\�¦����or�&����ò́_�7£x@/ü<ÂÒ���6 x_�y���è\�¦l�

@/
� 9 ��6£§õ� °ú �Ér Ä»�̧�̂[þt�̀¦ ½+Ë$í

��¦�� 
�%i���.

�:r ���½̈\�"f��H Dh�Ðî�r ½̈�̧_� benzo[b]azepine Ä»�̧�̂\�¦ ½+Ë$í

�l� 0A
�#� ��6£§õ� °ú �Ér ½+Ë$í
�â
�Ð

\�¦ >�S\�
�%i���. benzo[b]azepine_� C–ring\� phenyll� ü@\��̧ thienyll��� furyll�\�¦ �̧{9�
�l� 0A

K�, 2–nitrobenzoyl chloride\�¦ Ø�¦µ1ÏÓüt|9��Ð 
�#� Friedel–Crafts acylation\�¦ s�6 x
��¦�� ô�Ç��. σ-

Arylmethylaniline_� aminel�\�¦ succinic anhydride�� glutaric anhydride_� »¡¤½+ËìøÍ6£xÜ¼�Ð D–ring\�

K�{©�÷&��H cyclic imide\�¦ �̧{9�ô�Ç Êê, reduction\� _�
�#� hydroxylactam ½̈�̧\�¦ %3��̀¦ Ãº e���̀¦ �¼Ü	כ

�Ð �Ð�����. Hydroxylactam�̀¦ íß� �̧|	�\�"f �¦o��o ìøÍ6£x�̀¦ 
�#� azepine ½̈�̧\�¦ +þA$í
ô�Ç Êê, lactam_�
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carbonyll�\�¦ 8̈�"é¶
���� ���ª�ô�Ç tetracyclic benzo[b]azepine Ä»�̧�̂�� ½+Ë$í
|̈c �Ü¼�Ð	כ �Ð�����(Scheme

3).
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2. Úr
ø� ��� �§P±Ó

2.1. Tetracyclic benzo[b]azepine �ªTÒ¼�ä·�+ �]�TÒ¼Å]�

3lq³ð�o½+ËÓüt��� tetracyclic benzo[b]azepine 1�Ér tetracyclic lactam 2 _� 8̈�"é¶ìøÍ6£x�̀¦ :�x
�#� ½+Ë$í


½+É Ãº e����. �o½+ËÓüt 2��H hydroxylactam 4\�¦ íß�$í
�̧|	�\�"f ìøÍ6£xr�v���� ×�æçß��̂��� N–acyliminium ion

3�̀¦ :�xô�Ç cyclization ìøÍ6£x�̀¦ �â
Ä»
�#� ½+Ë$í
½+É Ãº e����.5) Hydroxylactam 4��H aniline Ä»�̧�̂ 6õ� #�

�Q��t� cyclic anhydride ¢̧��H dicarboxylic acidü<_� »¡¤½+ËìøÍ6£x�̀¦ :�x
�#� %3��Ér imide 5\�¦ 8̈�"é¶
�#� %3�

�̀¦ Ãº e��Ü¼Ù¼�Ð �o½+ËÓüt 6�̀¦ �:r ½+Ë$í
\�"f_� Ø�¦µ1ÏÓüt|9��Ð &ñ

�%i���.6)
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2.2. ��·L±Ó�ä·��
ê�> aniline ËÂ�¿W� 6�+ TÒ¼Å]�

Ø�¦µ1ÏÓüt|9���� 2–benzylaniline�Ér �©�\O�&h�Ü¼�Ð ½̈{9�s� ��0px
��� �:r ½+Ë$í
\�"f��H @/|¾Ós� 
¹כ��9�Ù¼�Ð

anthranilic acid (7)�ÐÂÒ'� Scheme 10õ� °ú �Ér /BN&ñ
�̀¦ :�x
�#� ½+Ë$í

�%i���.

Anthranilic acid_� aminel�\�¦ tosyl�Ð protection
�#� 86%_� ÃºÖ�¦�Ð �o½+ËÓüt 8�̀¦ %3�%3���. �o½+Ë

Óüt 8�̀¦ benzene\� 0lq��� Êê, PCl5\�¦ ��
��¦ 5r�çß� 1lxîß� 8̈�ÀÓ
�#� %3�#Qt���H acid chloride ×�æçß��̂\�

AlCl3\�¦ ��
�#� benzophenone �o½+ËÓüt 9a\�¦ 92%_� ÃºÖ�¦�Ð ½+Ë$í

�%i���.7) �o½+ËÓüt 9a_� ketonel�\�¦

LiAlH4�Ð 8̈�"é¶
�#� 2–benzylaniline (6a)\�¦ 42%_� ÃºÖ�¦�Ð ½+Ë$í

�%i��� (Scheme 4).8)

Furyl ¢̧��H thienyll��� u�8̈��)a aniline Ä»�̧�̂ 9b x9� 9c_� �â
Äº��H Scheme 4_� /BN&ñ
Ü¼�Ð ½+Ë$í
½+É

Ãº \O�%3�Ü¼Ù¼�Ð 2–nitrobenzoyl chloride\�¦ Ø�¦µ1ÏÓüt|9��Ð ô�Ç Scheme 5_� /BN&ñ
�̀¦ :�x
�#� ½+Ë$í

�%i���.
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3. Úr
Òeµ

Anthranilic acid ¢̧��H 2–nitrobenzoyl chloride\�¦ Ø�¦µ1ÏÓüt|9��Ð 
��¦ Friedel–Crafts acylation\�¦ :�x

K� phenyl, furyl ¢̧��H thienyll��� u�8̈��)a aniline Ä»�̧�̂[þt�̀¦ ½+Ë$í

�%i���. Aniline Ä»�̧�̂[þt�̀¦ cyclic

anhydride ¢̧��H dicarboxylic acidü< #��Q ��t� ìøÍ6£x�̧|	�\�"f cyclic imide �o½+ËÓüt[þt 53–99%_� ÃºÖ�¦

�Ð ½+Ë$í

�%i���.

Cyclic imide�ÐÂÒ'� hydroxylactam�̀¦ %3�l� 0A
�#� NaBH4 1px #��Q ��t� 8̈�"é¶ìøÍ6£x�̧|	��̀¦ �̧��ô�Ç

���õ� over–reduction ¢̧��H imide �¦o��� \P�o���H ìøÍ6£xs� ���'��÷&%3�t�ëß� DIBAH–L�̀¦ s�6 x
�%i��̀¦ �â
Äº

hydroxylactams� 20–58%_� ÃºÖ�¦�Ð %3�#Q&����. 
�t�ëß�, morpholine ¢̧��H thiomorpholine ½̈�̧\�¦ ��

t��¦ e����H cyclic imide��H DIBAH–L\�¦ ��6 x
�#��̧ hydroxylactam�̀¦ %3��̀¦ Ãº \O�%3���.

Hydroxylactam �o½+ËÓüt[þt_� N–acyliminium ion �¦o��o ìøÍ6£x�̀¦ �̧��ô�Ç ���õ�, formic acid\�¦ ��6 x

ô�Ç �â
Äº\���H �¦o��o�� ���'���)a �o½+ËÓüt÷�rëß� ��m��� ìøÍ6£x ×�æçß��̂��� enamide �o½+ËÓüts� Òqt$í
÷&%3���. ��

��"f, �¦o��o ìøÍ6£x�Ér methanesulfonic acid\�¦ ��6 x
�%i�Ü¼ 9, furans� u�8̈��)a hydroxylactam�̀¦ ]jü@


��¦��H �̧¿º ìøÍ6£xs� í�H�̧\�v>� ���'��÷&#Q #��Q ��t� benzo[b]azepine Ä»�̧�̂\�¦ 80-99%_� ÃºÖ�¦�Ð ½+Ë$í


½+É Ãº e��%3���.

Benzo[b]azepine Ä»�̧�̂_� lactam carbonyll���H Lawesson’s reagentü< ìøÍ6£x
�#� thiolactam�̀¦ %3�

�ÉrÊê, Raney–Nickel�Ð 8̈�"é¶
�#�þj7áx�o½+ËÓüt�̀¦%3��̀¦Ãºe��%3���. Thiophenes�u�8̈��)a benzo[b]azepine

Ä»�̧�̂_� �â
Äº\���H BF3·Et2O_� �>rF�
�\� BH3·Me2�Ð 8̈�"é¶ô�Ç �â
Äº 8̈�"é¶ìøÍ6£xs� í�H�̧\�v>� ���'��÷&#Q

mianserin ¢̧��H mirtazapineõ� Ä»��ô�Ç ½̈�̧\�¦ t���� 8úx 4>h_� benzo[b]azepine Ä»�̧�̂\�¦ ½+Ë$í

�%i���.
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Anodic Dissolution of Electrodeposited Iron in

Phthalate and Phosphate Buffer Solutions1

��; &ñ
 ç�H 2, �̂� ��� ½©2

ABSTRACT. �FK(Au) ����FG 0A\� ���K� $3�Ø�¦ô�Ç Fe�̀¦ ����FGÜ¼�Ð Fe_� ÂÒd��

õ�&ñ
�̀¦ �̧��
�%i���. Phthalate ü< phosphate buffer\�"f Fe����FG_� 6 xK�ìøÍ

6£x_� Tafel slope�Ér ∼35 mV, Ãº�è�� µ1ÏÒqt
���H 8̈�"é¶ìøÍ6£x_� Tafel slope�Ér

∼40 mV�Ð q�5pw
�%i�Ü¼ 9 Tafel slope\�¦ �í�<Êô�Ç &ñ
|¾Ó&h���� ���l��o�<Æ&h� �����

\�¦ 8£¤&ñ

�#� y��y��_� ¢-aØ�æ6 xÓ�o\�"f Fe_� íß��o 8̈�"é¶ õ�&ñ
�Ér 1–�����s�1lxs�

ìøÍ6£x5Åq�̧�̀¦���&ñ

���HBj&�m�7£§\�¦]jîß�
�%i���. Phthalate¢-aØ�æ6 xÓ�oõ���H²ú�

o� phosphate¢-aØ�æ6 xÓ�o\�"f_� dEcorr/dpHü< dlogIcorr/dpH_�°úכ�ÉrÌº§Â	ô�Ç

pH _��>r�̧\�¦ �Ð#� ÅÒ%3���.

1. "� Òeµ

�FK5Åq ô=(Iron)_� ÂÒd��(corrosion) ìøÍ6£x\� �'aô�Ç ���½̈��H ���Ér �FK5Åq�Ð�� �8 ú́§s� ���½̈÷&#Q

éß�'���:rÜ¼�Ð�̧ �Ð�¦÷&%3���[1∼3]. s� ���½̈[þt�Ér ÅÒ�Ð íß�$í
 Ãº6 xÓ�oõ� %i�l�$í
 Ãº6 xÓ�o\�"f Ãº'��

÷&%3�Ü¼ 9, #��Q ��t� �â
�Ð_� ìøÍ6£x ½̈�̧\�¦ ]jîß�
�%i�Ü¼ 9, %i��o s��:rõ� °ú s� �FK5Åq ³ð���\� f�̈

�ÃÌs� ú̧�÷&��H 6£§s��:r�Ér ÂÒd���̀¦ 8ú¤���r�&� ���¦×¼��H(pitting) ÂÒd���̀¦ {9�Ü¼������¦ ·ú��9&����.

þj��H\� Seo 1px�Ér EQCM(electrochemical quartz crystal microbalance) z�́+«> l�ZO��̀¦ s�6 x


�#�, ���íß�-¢-aØ�æ6 xÓ�o\�"f ô=s� ÂÒd��÷&��H ìøÍ6£x½̈�̧�� pH 5.0 ÂÒ��H\�"f ²ú���f���̀¦ �Ð�¦
�%i�

��[4].

�:r ���½̈\�"f��H �FK(Au)\� ô=�̀¦ �̧�FKô�Ç ����FG�̀¦ s�6 x
�#� phthalate ü< phosphate ¢-aØ�æ 6 x

Ó�o\�"f {9�#Q����H ÂÒd��\� @/
�#� pH x9� 6£§s��:r_� %ò
�¾Ó�̀¦ �̧��
�%i���.

1
�:r ���½̈��H ô�Ç²DGü@²DG#Q@/�<Æ�§ �<ÆÕüt�̧$í
���½̈q��Ð s�ÀÒ#Q&��_þvm���

2 ô�Ç²DGü@²DG#Q@/�<Æ�§ �����õ��<Æ@/�<Æ Òqt"î
�o�<Æõ� �§Ãº
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2. ��
 ��@

����FG�Ér �̧¿º BAS(bioanalytical system)�� ]j¾¡§Ü¼�Ð ½̈$í
�)a ���l��o�<Æ )¹q(cell)�̀¦ ��6 x


�%i�Ü¼ 9, ���\O� ����FG�Ér f���â
s� 2.0 mm��� "é¶óøÍ +þA �FK(Au-DISK)����FG\� S!�íß�%i� ���K� !sq

(Fe(NH4)2(SO4)26H2O; 350g/1L,H2SO4pH = 3.0)\�"f 60mA/cm2
_� ���ÀÓx9��̧�Ð 8̈�"é¶ ���

l� ì�rK�\� _�
�#� $3�Ø�¦
�%i���[5]. ô= �̧�FK_� l�|9��Ð �FK�̀¦ ��6 xô�Ç s�Ä»��H ÂÒd��z�́+«> ×�æ\� ô=

s� #Á	��t��8���̧ ¹¢¤îß�Ü¼�Ð ~1�>� ½̈Z>�½+É Ãº e��l� M:ë�Hs���. l�ï�r����FG�Ér �í�oAg/AgCl,�Ð�̧

����FG�Ér Pt-wire�Ð ½̈$í
÷&%3���. ����"f �:r �7Hë�H\� ³ðr�ô�Ç ���0A��H �í�o Ag/AgCl l�ï�r ����FG

\� @/ô�Ç °úכs���. �̧��H ���l��o�<Æ z�́+«>�Ér Ar @/l� ��A�\�"f Ãº'��
�%i�Ü¼ 9, >h���6 x (��ÉÓ'��Ð

�̧&ñ

���H EG&G PAR model 273 Potentiostat/Galvanostat�̀¦ s�6 x
�#� (software��H 1lx{9�

�r��_� M352) Ãº'��
�%i���. �:r z�́+«>\� ��6 xô�Ç r�����Ér r�×�æ\�"f ½̈{9�ô�Ç ì�r$3� /åL(AR grade)

r����[þts��¦ s��:r[jl���H 0.10 M�̀¦ "é¶gË:Ü¼�Ð 
�%i���. ô=_� �̧�FK ���õ� Êê\� No. 1000_� ��

�í(emery paper)\� s�#Q"f 0.1 um alumina �4Hº¡¤Ü¼�Ð W=���� emery cloth�Ð �����ô�Ç Êê 7£xÀÓÃº

�Ð m±	�Ér ��6£§\� z�́+«>
�%i���.

3. Úr
ø� ��� �§P±Ó

3.1. Tafel relation and Corrosion potential in Phthalate Buffer Solutions.

pH 2.11∼7.06_� phthalate¢-aØ�æ6 xÓ�o\�"f,����FG���0A\�¦��� -1.1 V\�"f -0.4 V��t�ÅÒ��
�

���"f (ÅÒ��5Åq�̧: 5 mV/sec.) 8£¤&ñ
ô�Ç ���ÀÓx9��̧�ÐÂÒ'� Tafel plot�̀¦ Õª§4���. @/³ð&h���� Tafel

plot�̀¦ Fig. 1\� ����?/%3���. 8̈�"é¶ìøÍ6£xs� {9�#Q����H %ò
%i�õ� íß��o6 xK� ìøÍ6£xs� {9�#Q����H %ò


%i�\�"f y��y�� linear fitting�̀¦ &h�6 x
�%i�Ü¼ 9, ¿º %ò
%i�_� Tafel ���s� ëß�����H &h�_� ���0A�ÐÂÒ'�

ÂÒd�����0A(Ecorr), ���ÀÓ�ÐÂÒ'� ÂÒd�����ÀÓ(Icorr) 1px_� ���l��o�<Æ&h� �����\�¦ ½̈
�#� table 1\� ¹כ

���
�%i���. Table 1\� ¹���ô�Çכ °úכ[þt�Ér "é¶gË:&h�Ü¼�Ð PAR EG&G_� M352 corrosion software\�¦

��6 x
�#� ½̈
�%i���.Phthalate ¢-aØ�æ6 xÓ�o\�"f ÂÒd�����0A�� ÂÒd�����ÀÓ_� &ñ
|¾Ó&h���� pH _��>r�̧

��H Fig. 2ü< 3\� ����?/%3���.

Fig.2\�"fz�́+«>°úכ(dE/dpH = –54.5 mV)�Érz�́�:r\�"fs��:r°úכ, 2.303RT/nF=(59.2/n)

mVü< q��§½+É M: �̧	�#3�0A îß�\�"f {9�u�
��¦ e����. ÂÒd�����ÀÓ_� pH _��>r�̧��H pH 4.0_� �â


Äº\�¦ ]jü@
���� d(logI)/dpH = –0.41 s�%3���. ����̂&h���� pH _��>r�̧ü< pH 4.0{9� M: 8£¤

&ñ
°úכ_� ����'a$í
�̀¦ SX����
�l� 0A
�#� phthalate 6 xÓ�o\� �>rF�
���H �o�<Æ 7áx_� ì�rÖ�¦ (fraction of

H2PT,HPT−, and PT2−)�̀¦ Fig. 4\� ����?/%3���.
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Figure 1. Typical Tafel plots for the Fe-disc electrode in phthalate

buffer solutions with the scan rate of 5 mV/sec.

Table 1. Electrochemical parameters obtained from the Tafel

plots in phthalate buffer solutions. (*): anodic Tafel slope, (**);

cathodic Tafel slope.

pH Ecorr,V βa,V(∗) βc,V(∗∗) Icorr, uA/cm2 Rct, kΩcm2

2.11 –0.608 0.035 0.043 232 0.095

2.89 –0.669 0.032 0.042 125 0.174

4.02 –0.737 0.035 0.042 96.7 0.232

5.03 –0.772 0.037 0.041 15.8 1.37

6.02 –0.829 0.035 0.043 6.25 3.52

7.06 –0.875 0.034 0.040 4.35 5.0
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Figure 2. The pH dependence of the corrosion potential in ph-

thalate buffer solutions

Figure 3. The pH dependence of the corrosion current in phtha-

late buffer solution
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Figure 4. The pH dependence of the various phthalate chemical species

Fig.4 _� pH\� ���Ér y�� phthalate �o�<Æ 7áx_� ]�t ì�rÖ�¦(mole fraction)�Ér î̈
+þA�©�Ãº�ÐÂÒ'�

\P�%i��<Æ&h�Ü¼�Ð >�íß�ô�Ç �.s���[6]	כ pH<4.0 {9� M:��H H2PT ü< HPT−�� ÅÒ �o�<Æ 7áxÜ¼�Ð �>r

F�
���H ¢-aØ�æ 6 xÓ�o>�s���, pH>4.0 {9� M:��H HPT− ü< PT2− _� q�Ö�¦s� pH\�¦ ���&ñ

���H ¢-a

Ø�æ 6 xÓ�os���. Fig.3 \�"f HPT−_� ì�rÖ�¦s� þj@/°ú̀�כ¦ �Ðs���H pH 4.0_� �â
Äº\�¦ ]jü@
����

d(logI)/dpH=-0.41Ü¼�Ð ìøÍq�YV �'a>�\�¦ �Ð�����. Õª�Q�� ÂÒd�����0A_� pH _��>r$í
�Ér pH 4.0_�

�â
Äº\��̧ ß¼>� #Á	#Q��t� ·ú§��H �Ü¼�Ð	כ �Ð��, HPT−_� f�̈�ÃÌs� íß��o�� 8̈�"é¶ìøÍ6£x 5Åq�̧\� %ò
�¾Ó

�̀¦ p�u���H �Ü¼�Ð	כ �̂¦ Ãº e����. ÂÒd�� ���0AÂÒ��H\�"f (��� ±10 mV) ���ÀÓ��H ���0A\� q�YV
�Ù¼�Ð,

linear polarization z�́+«>ZO�Ü¼�Ð ì�r�FG$��½Ó�̀¦(polarization resistance, Rp <�Ê�Ér charge transfer

resistance, Rct)8£¤&ñ

�#� table 1\�l�2�¤
�%i�Ü¼ 9 pH _��>r�̧��H Fig.5ü<°ú ��¤��. ���ÀÓü<$�

�½Ó�Ér ìøÍq�YV �'a>�\� e��Ü¼Ù¼�Ð, Fig.5 \�"f 8£¤&ñ
�)a l�Ö�¦l�, 0.41�Ér ÂÒd�����ÀÓ_� pH _��>r�̧ü<

{9�u�
���H �Ü¼�Ð	כ �Ð�����.
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Figure 5. The pH dependence of the polarization resistance in

phthalate buffer solutions.

3.2. Tafel relation and Corrosion potential in Phosphate Buffer Solutions.

pH 1.77∼10.0_� phosphate ¢-aØ�æ6 xÓ�o\�"f, ����FG���0A\�¦ ��� –0.8 V \�"f –0.2 V ��t� ÅÒ

��
����"f (ÅÒ��5Åq�̧: 5 mV/sec.) 8£¤&ñ
ô�Ç ���ÀÓx9��̧�ÐÂÒ'� Tafel plot�̀¦ Õª§4���. @/³ð&h����

Tafel plot�̀¦ Fig. 6\� ����?/%3���. 8̈�"é¶ ìøÍ6£xs� {9�#Q����H %ò
%i�õ� íß��o 6 xK� ìøÍ6£xs� {9�#Q��

��H %ò
%i�\�"f y��y�� linear fitting�̀¦ &h�6 x
�%i�Ü¼ 9, ¿º %ò
%i�_� Tafel ���s� ëß�����H &h�_� ���0A�Ð

ÂÒ'�ÂÒd�����0A(Ecorr),���ÀÓ�ÐÂÒ'�ÂÒd�����ÀÓ(Icorr)1px_����l��o�<Æ&h�°úכ[þt\�¦ PAR EG&G_�

M352 corrosion software\�¦ ��6 x
�#� ½̈K� table 2\� 
���¹כ�%i���.

Fig.9 ��H pH\� ���Ér y�� phosphate �o�<Æ 7áx_� ]�t ì�rÖ�¦(mole fraction)�̀¦ î̈
+þA�©�Ãº�ÐÂÒ'� \P�

%i��<Æ&h�Ü¼�Ð >�íß�ô�Ç �.s���[6]	כ pH�� 4.0 s�
�\�"f��H H3PO4 ü< H2PO−
4�� ÅÒ �o�<Æ 7áxÜ¼�Ð

�>rF�
���H¢-aØ�æ6 xÓ�os� 9 4.0 < pH < 7.0\�"f��H H2PO−
4 �� 7 < pH < 11.0\�"f��H HPO2−

4 ��

ÅÒ�Ð �>rF�
���H ¢-aØ�æ6 xÓ�os���. Õªo��¦ pH > 11.0 ��� %ò
%i�\�"f��H PO3−
4 _� %ò
�¾Ós� &h�&h� 7£x��

ô�Ç��. ÂÒd�����0Aü< ÂÒd�����ÀÓ�� pH\� ���� ���
���H �â
�¾Ós� pH 4.0õ� pH 7.0�̀¦ l�&h�Ü¼�Ð ��

7
��H �Ü¼�Ð	כ �Ð��H2PO−
4ü< HPO2−

4 �� Fe ����FG\� Óüt ì�r��ü< �â
Ôqt&h�Ü¼�Ð f�̈�ÃÌ
�l� M:ë�H{9�

�.���s	כ

Phosphate buffer_��â
Äº\��̧ linear polarizationz�́+«>ZO�Ü¼�Ðì�r�FG$��½Ó�̀¦8£¤&ñ

�#� table

2\�l�2�¤
�%i�Ü¼ 9 pH _��>r�̧��H Fig.10\�����ÍÇx��. ���ÀÓü<$��½Ós�ìøÍq�YV�<Ê�̀¦�¦�9
����,ÂÒ

d�����ÀÓ_� pH _��>r�̧ (Fig.8) ü< ì�r�FG $��½Ó_� pH _��>r�̧_� (Fig.10) �â
�¾Ós� "f�Ð ìøÍ@/��� �	כ
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Ü¼�Ð �Ð�� H2PO−
4�� ����FGìøÍ6£x\� �'a#��<Ê�̀¦ ·ú� Ãº e����.

Figure 6. Typical Tafel plots for the Fe-disk electrode in phos-

phate buffer solutions ((a)acidic, (b)basic) with the scan rate of 5

mV/sec.
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Table 2. Electrochemical parameters obtained from the Tafel

plots in phosphate buffer solutions.

pH Ecorr,V βa,V βc,V Icorr,uA/cm2 Rct, kΩcm2

1.77 –0.689 0.041 0.044 1056 0.021

2.18 –0.7 0.034 0.041 576 0.038

2.99 –0.765 0.032 0.044 264 0.082

4.02 –0.803 0.029 0.042 121 0.179

4.48 –0.783 0.032 0.044 117 0.188

5.31 –0.806 0.035 0.041 111 0.195

6.20 –0.786 0.032 0.042 100 0.22

6.87 –0.753 0.032 0.041 27.5 0.806

7.73 –0.822 0.032 0.042 40.5 0.535

8.00 –0.821 0.031 0.041 21.4 1.02

9.01 –0.88 0.034 0.041 10.2 2.15

10.02 –0.937 0.038 0.042 5.8 3.74

Figure 7. Corrosion potential, Ecorr, as a function of pH in phos-

phate solutions
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Figure 8. The pH dependence of the corrosion current in phos-

phate buffer solutions

Figure 9. The pH dependence of the various phosphate chemical species
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Figure 10. The pH dependence of the polarization resistance in

phosphate buffer solutions

3.3. Reaction mechanism-Anodic dissolution in phthalate solutions.

Table 1�̀¦ >hF�c&h�Ü¼�Ð �̂¦ M: βa βc��H pHü< Áº�'a
�>� y��y�� ∼ 35 mV, ∼ 42 mV�Ð {9�&ñ

�

 9 Fig. 2ü< 3\�"f �Ð��H ��ü< °ú s� dEcorr/dpH = –54.5 mV s� 9 dlogIcorr/dpH = –0.41s�

��. s��Qô�Çz�́+«> ���õ�\�¦���½ÓÜ¼�Ð phthalate¢-aØ�æ6 xÓ�o\�"f FeÂÒd���Ér 1–�����s�1lx_�íß��oìøÍ

6£x�̀¦ 5Åq�̧���&ñ
éß�>��Ð ��6£§õ� °ú �Ér ìøÍ6£x Bj&�m�7£§Ü¼�Ð [O�"î
½+É Ãº e����.

ñ5Ñ�ªð5�£� 

Fe + H2OFe(OH)ads + H+ + e− −−−−−−−−−−−−−−− (1)

Fe(OH)adsFeOH+ + e− −−−−−−−−− (rds)−−−−−−− (2)

FeOH+ + H+Fe2+ + H2O−−−−−−−−(corr)−−−−−−− (3)

s� �â
Äº íß��o���ÀÓ Idiss ��H 5Åq�̧ ���&ñ
 éß�>� (rds: rate determining step)��� ìøÍ6£xd�� (2)\� _�

K�"f ���&ñ
÷& 9 ��6£§õ� °ú s� ����è­q Ãº e����. î̈
+þA�©�I� (1)\� @/
�#�

k1 + (1− θ)exp{αa1FE/RT} = k1−θ[H+]exp{−αc1FE/RT}

θ/(1− θ) = (k1 + /k1−)(1/[H+])exp{(αa1 + αc1)FE/RT}

= K1(1/[H+])exp{(αa1 + αc1)FE/RT}
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#�l�\�"f θ��H coverage\�¦ ����?/ 9 ÂÒd�����ÀÓ Idiss��H ��6£§ d��Ü¼�Ð ÅÒ#Q�����.

Idiss = 2Fk2θexp{αa2FE/RT} − −−−−−−−−−−−−−−−− (4)

±ú��Ér coverage 7£¤ θ�� zero\� ]X���H
���� ÂÒd�����ÀÓ Idiss��H d�� (5)�� �)a��.

Idiss = 2FK1k2(1/[H+])exp{(αa1 + αc1 + αa2)FE/RT}

= 2FK1k2(1/[H+])exp{3FE/2RT} − −−−−−−−−−− (5)

d�� (5)�ÐÂÒ'� %3�#Qt���H anodic Tafel l�Ö�¦l�, dE/dlogI = ∼40 mV�Ð, s���H z�́+«>\�"f %3��Ér

∼ 35 mVü< ��H]X�
��¦ e����. (s� �7Hë�H\� ��������H αaõ� αc��H ìøÍ6£x_� ���s�>�Ãº ¢̧��H @/g�A���

���Ð {9�ìøÍ&h�Ü¼�Ð 1/2s� 9 K��H î̈
+þA�©�Ãº, k��H 5Åq�̧�©�Ãº, R�Ér l��̂�©�Ãº, F��H Faraday �©�Ãº,

T��H ]X�@/�:r�̧, E��H ����FG���0As���.)

».ÉxjSð5�£� 

H+ + e−Hads −−−−−−−−−−−−−−−−−−−−−−(6)

Hads + e− + H+H2 −−−−−−−−− (rds)−−−−−−−−(7)

ìøÍ6£xd�� (6)Ü¼�ÐÂÒ'�

k6+[H+]exp−αc6FE/RT = k6−[Hads]exp{αa6FE/RT} − −−−(8)

8̈�"é¶���ÀÓ Icath ��H ìøÍ6£xd�� (7)\� _�K�"f ���&ñ
÷& 9

Icath = 2Fk7[Hads][H+]exp{−αc7FE/RT

= 2FK6k7[H+]2exp{−(αa6 + αc6 + αc7)FE/RT}

= 2FK6k7[H+]2exp{−3FE/2RT} − −−−−−−−−−− (9)

d�� (9)�ÐÂÒ'� %3�#Qt���H cathodic Tafel l�Ö�¦l�, dE/dlogIcath =∼ 40 mV�Ð s� %i�r� z�́+«>°úכ

õ� {9�u�
��¦ e����.

ÂÒd�����0A(E=Ecorr)\�"f (5)d�� Idissõ� (9)d�� Icath�Ér°ú ��. ����"f exp{3FE/RT} = constant∗
[H+]3�� $í
wn�
�Ù¼�Ð s��:r&h�Ü¼�Ð %3�#Qt���H ÂÒd�����·ú�_� pH _��>r�̧ dEcorr/dpH = -59.2

mV�Ð s���H z�́+«>\�"f %3��Ér -54.5 mV\� ��H]X�
��¦ e����. ÂÒd�����·ú�\�"f âìØÔ��H ���ÀÓ��H ÂÒ

d�����ÀÓs���. ÂÒd�����ÀÓ_� pH _��>r�̧\�¦ ½̈
�l� 0A
�#� Icorr = Idiss = Icath \�¦ s�6 x
����

I2
corr = Idiss ∗ Icath = constant ∗ [H+]�� �)a��. s� d��Ü¼�ÐÂÒ'� %3��Ér s��:r&h���� ÂÒd�����ÀÓ_�

pH _��>r�̧ dlogIcorr/dpH = -0.5s���. s���H z�́+«>°úכ -0.41õ� ���çß�_� 	�s�\�¦ �Ðs��¦ e��Ü¼��

s��Qô�Ç 	�s���H Fe ����FG\� H2Os� f�̈�ÃÌ÷&��H õ�&ñ
 (ìøÍ6£x1)\� H2PTü< HPT−�� %ò
�¾Ó�̀¦ p�u�
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l� M:ë�H{9� �.s���[4]	כ

3.4. Reaction mechanism-Anodic dissolution in phosphate solutions.

Table 2\�¦>hF�c&h�Ü¼�Ð �̂¦M: βaü< βc��H pHü<Áº�'a
�>�y��y�� ∼ 35 mV, ∼ 42 mV�Ð phtha-

late ¢-aØ�æ6 xÓ�o\�"f_� Tafel slopeü< ��_� °ú Ü¼�� dEcorr/dpHü< dlogIcorr/dpH��H phthalate

¢-aØ�æ6 xÓ�o\�"fü<��H ²ú�o� Ìº§Â	ô�Ç pH _��>r$í
�̀¦ �Ðs��¦ e����. dEcorr/dpH_� �â
Äº pH < 4.0,

pH > 7.0{9� �â
Äº ∼55 mV s�%3�Ü¼�� 4.0 < pH < 7.0 t�%i�\���� ��_� ���
�t� ·ú§��¤�� (Fig.

7 �ÃÐ�̧). dlogIcorr/dpH %i�r� pH <4.0\�"f –0.48, 4.0 < pH < 7.0\�"f –0.04, pH > 7.0\�

"f –0.28�Ð Ìº§Â	ô�Ç pH _��>r$í
�̀¦ �Ð#� ÅÒ%3��� (Fig. 8�ÃÐ�̧).

pHü< Áº�'a
�>� phosphate ¢-aØ�æ6 xÓ�o\�"f_� Tafel slopes βaü< βc�� phthalate ¢-aØ�æ6 xÓ�o

\�"f_� Tafel slopesõ� ��_� °ú �Ér �Ü¼�Ð	כ �Ð�� phosphate ¢-aØ�æ6 xÓ�o\�"f Fe ÂÒd�� %i�r� ph-

thalate ¢-aØ�æ6 xÓ�o\�"f_� Fe ÂÒd��õ� °ú �Ér 1–�����s�1lx_� íß��oìøÍ6£x 5Åq�̧���&ñ
éß�>� ìøÍ6£x Bj&�

m�7£§Ü¼�Ð [O�"î
½+É Ãº e���̀¦ �.���s	כ pH < 4.0��� �â
Äº ¿º ¢-aØ�æ6 xÓ�o\�"f_� dEcorr/dpHü<

dlogIcorr/dpH °úכs� "f�Ð {9�u�ô�Ç��. Õª�QÙ¼�Ð s� �â
Äº phosphate ¢-aØ�æ6 xÓ�o\�"f {9�#Q����H

Fe ����FG_� íß��o8̈�"é¶ ìøÍ6£x Bj&�m�7£§�Ér phthalate ¢-aØ�æ6 xÓ�o\�"fü< °ú �Ér ~½Ód��Ü¼�Ð {9�#Q����H

�.�����Ü¼�Ð�Ð	כ ìøÍ���\� pH > 4.0t�%i�\����·ú¡\�"f���/åLô�Ç��3!�%	כ phosphate¢-aØ�æ6 xÓ�o\�"f

_� dEcorr/dpHü< dlogIcorr/dpH��H phthalate ¢-aØ�æ6 xÓ�o\�"fü<��H Ìº§Â	s� ���Ér pH _��>r$í
�̀¦

�Ðs��¦ e����. s���H phosphate ¢-aØ�æ6 xÓ�o\� �>rF�
���H #��Q ��t� phosphate ion[þt_� %ò
�¾Ó���

�.�����Ü¼�Ð�Ð	כ Phosphate ion[þt_�ì�rÒ�¦�ÉrÌº§Â	ô�Ç pH _��>r$í
�̀¦�Ðs��¦e����. Fig.9\�"f�Ð

��H ��ü< °ú s� 4.0 < pH < 7.0 t�%i�\���� H2PO−
4 , pH > 7.0\���� HPO2−

4 �� 6 xÓ�o_� ÅÒ $í
ì�r

s���. s��Qô�Ç phosphate ion[þt�Ér �©�@/&h�Ü¼�Ð ~1�>� ����FG\� f�̈�ÃÌ |̈c Ãº e��Ü¼ 9 s�XO�>� f�̈�ÃÌ

�)a phosphate ion[þt�Ð���K� dEcorr/dpHü< dlogIcorr/dpH°úכs� pH _��>r
���H�.�����Ü¼�Ð�Ð	כ
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Chloride effects on anodic dissolution of Cu in neutral

aqueous NaCl solutions1

��; &ñ
 ç�H 2, �̂� ��� ½©2

ABSTRACT. ������0AZO�, í�H8̈����·ú����ÀÓZO�, @/r�çß����ÀÓZO� x9� @/r�çß����l�

|¾ÓZO��̀¦ s�6 x
�#� #��Q ��t� 0lx�̧_� ×�æ$í
 NaCl Ãº6 xÓ�o\�"f {9�#Q����H ½̈o�

_� íß��o 6 xK�ìøÍ6£xõ� ½̈o�_� íß��o 6 xK�ìøÍ6£x\� p�u���H Cl−_� %ò
�¾Ó�̀¦ �̧��


�%i���. ×�æ$í
 NaCl Ãº6 xÓ�o\�"f Cu_� íß��o 6 xK�ìøÍ6£x�Ér �̧¿º ìøÍ6£xd�� [Cu +

2Cl− 
 CuCl−2 + e−] \� ���� {9�#Q�� 9, Cu ³ð���\� Cl−�� f�̈�ÃÌ
���H õ�&ñ


\� ú̧� ú́���H 1px�:rd���Ér Temkin f�̈�ÃÌ1px�:rd�� e���̀¦ ·ú� Ãº e��%3���.

1. "� Òeµ

½̈o�(Cu)��H \P�����̧�̧ü< ���l�����̧�̧�� a%~�̀¦ ÷�rëß� ��m��� ��/BNs� ¼#�o�
�Ù¼�Ð ���§4�, :�x���,

�����, K��ª� 1px_� íß�\O� �&³�©�\�"f ú́§s� ��6 x÷&��H �FK5Åq F�«Ñs���. ½̈o���H Cu/Cu(I)_� ³ðï�r���

0A(E0=0.520 V)�� Ãº�èµ1ÏÒqt_� ³ðï�r���0A(E0=0.000 V) �Ð�� Z�}�� Pourbaix �̧³ð_� ÂÒd�����

%i�%ò
%i�(Immunity region)\�e��Ü¼ 9×�æ$í
6 xÓ�o\�"fÂÒ�ÃÌ§4�(adhesive force)s�a%~�Éríß��ox�}��

s�Òqt$í
÷&l�M:ë�H\����Ér�FK5Åq�Ð��ÂÒd��s�Ö¼�2;���¼94RM®oÜ��Ü¼�Ð·ú	כ 1∼3) ��{f�Óütõ�°ú s�

íß��è�� 6 xK�÷&#Q e����H %i��o s��:r(Cl−) B�|9�(chloride media)\�"f��H ½̈o�_� ÂÒd��5Åq�̧�� 7£x

��
���H �Ü¼�Ð	כ �Ð�¦÷&%3���. 4∼7) Cl− B�|9�\�"f ½̈o� ³ð���\���H {9�	�&h�Ü¼�Ð CuCl x�}��s� Òqt

$í
÷&��, ½̈o� ³ð���_� ÂÒd���̀¦ }����ÅÒ��H ò́õ��� Ø�æì�r
�t� 3lw
� 9 Cl−_� 0lx�̧\� ���� CuCl−2 ,

CuCl2−3 , CuCl3−4 1px_� �ÃÌ s��:rÜ¼�Ð ½̈o��� 0lq�� ���̧��H �Ü¼�Ð	כ ·ú��94R e����. 4∼13)

�:r ���½̈\�"f��H 0.1 M ∼ 0.5 M ×�æ$í
 NaCl Ãº6 xÓ�o\�"f {9�#Q����H ½̈o�_� ÂÒd��5Åq�̧\�¦ ������

0AZO� (potentiodynamic method, PD)Ü¼�Ð 8£¤&ñ

�#� q��§
�%i�Ü¼ 9, í�H8̈����·ú����ÀÓZO�(cyclic

voltammetry, CV),@/r�çß����ÀÓZO�(chronoamperometry, CA)x9�@/r�çß����l�|¾ÓZO�(chronocoul

ometry, CC)�̀¦ s�6 x
�#� ½̈o� ÂÒd��_� ìøÍ6£x Bj
�m�7£§\� p�u���H Cl−_� %ò
�¾Ó�̀¦ �̧��
�%i���.

1
�:r ���½̈��H ô�Ç²DGü@²DG#Q@/�<Æ�§ �<ÆÕüt�̧$í
���½̈q��Ð s�ÀÒ#Q&��_þvm���

2 ô�Ç²DGü@²DG#Q@/�<Æ�§ �����õ��<Æ@/�<Æ Òqt"î
�o�<Æõ� �§Ãº
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2. ��
 ��@

�̧��H ���l��o�<Æ z�́+«>�Ér >h���6 x (��ÉÓ'��Ð �̧&ñ

���H EG&G PAR model 273 Potentio-

stat/Galvanostatü< PAR model 377A Coulometry Cell System�̀¦ s�6 x
�#� Ãº'��
�%i�Ü¼ 9

1lx{9� �r��_� M352 Corrosion softwareü< M270 Electrochemistry software\�¦ ��6 x
�%i���.

����FG�Ér �̧¿º BAS(bioanalytical system)�� ]j¾¡§Ü¼�Ð ���\O�����FG(WE)�Ér f���â
s� 3.0 mm��� "é¶

óøÍ+þA ½̈o�(Cu-DISK), l�ï�r����FG�Ér �í�oAg/AgCl, �Ð�̧����FG�Ér Pt-wire�Ð ½̈$í
÷&%3���. ����

"f �:r �7Hë�H\� ³ðr�ô�Ç ���0A��H �í�o Ag/AgCl l�ï�r ����FG\� @/ô�Ç °úכs���. /BNl��� ]j���)a 6 x

Ó�o(deaerated solution)\�"f_� 8£¤&ñ
�Ér 10ì�r 1lxîß� Ar-purgingÊê Ar ì�r0Al�\�"f Ãº'��
�%i�Ü¼

 9, íß��è�� �í�o�)a 6 xÓ�o�Ér íß��è\�¦ 10ì�rçß� purgingô�Ç Êê íß��è ì�r0Al�\�"f Ãº'��
�%i���. r�×�æ

\�"f ½̈{9�ô�Ç ì�r$3� /åL(AR grade) r�����̀¦ z�́+«>\� ��6 x
�%i�Ü¼ 9 Cu-DISK ����FG�Ér 8£¤&ñ
 ���\�

No. 1200_� emery paper\� s�#Q"f 0.1 um alumina �4Hº¡¤Ü¼�Ð W=���� emery cloth�Ð �����ô�Ç

Êê 7£xÀÓÃº�Ð m±	�Ér ��6£§\� ��6 x
�%i���.

3. Úr
ø� ��� �§P±Ó

3.1. Potentiodynamic Polarization (PD) Measurements

Fig.1�Ér Ar, /BNl�, íß��è ì�r0Al�_� 0.5 M NaCl Ãº6 xÓ�o\�"f 8£¤&ñ
ô�Ç Cu ����FG_� PD /BG���[þt

s���.

Figure 1. Potentiodynamic polarization curves of copper elec-

trode measured in 0.5 M NaCl solution under various atmosphere.
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Fig.1\�"f �Ð��H ��ü< °ú s� íß��è_� 0lx�̧�� 7£x��½+ÉÃº2�¤ ÂÒd�����0A(Ecorr)��H –0.277 V R

–0.187 V R –0.087 V�Ð positive shift\�¦ �Ðs��¦ e��Ü¼ 9, ÂÒd�����ÀÓ(Icorr) %i�r� 0.97 ¼A/cm2

R 1.7 ¼A/cm2 R 2.1 ¼A/cm2 �Ð 7£x��
���H �â
�¾Ó�̀¦ �Ð�����. s���H NaCl Ãº6 xÓ�o\� 6 xK�÷&#Q

e����H íß��è_� 0lx�̧�� ½̈o�_� ÂÒd��\� f��]X�&h���� %i�½+É�̀¦ 
��¦ e��6£§�̀¦ �Ð#�ÅÒ�¦ e����.

Fig.2õ� 3��H Ar, ¢̧��H íß��è ì�r0Al�_� "f�Ð ���Ér 0lx�̧_� NaCl Ãº6 xÓ�o\�"f emery cloth�Ð

�����ô�Ç Cu����FG�̀¦ –0.6 V�Ð 60�í1lxîß������ 8̈�"é¶(prereduction)r����Êê 10�í1lxîß� î̈
+þAr�çß�

�̀¦ Ä»t�ô�Ç ��6£§\� 8£¤&ñ
ô�Ç Cu ����FG_� PD /BG���[þts���. Fig.2ü< 3�ÐÂÒ'� ÂÒd�����0A(Ecorr), ÂÒ

d�����ÀÓ(Icorr), íß��oìøÍ6£xõ� 8̈�"é¶ìøÍ6£x\� @/ô�Ç y��y��_� Tafel l�Ö�¦l� (βaü< βc)\�¦ ½̈
�#� table

1\� 
���¹כ�%i���. %i��o s��:rs� [þt#Q e����H ×�æ$í
 Ãº6 xÓ�o_� �â
Äº Cu ����FG ³ð���\�"f ��6£§õ� °ú 

�Ér íß��o 8̈�"é¶ ìøÍ6£xs� {9�#Q����H �Ü¼�Ð	כ �Ð�¦�)a �� e����.3∼12)

Cu + 2Cl− 
 CuCl−2 + e− −−−−−−−−− (1)

2H2O + 2e− 
 H2 + 2OH− −−−−−−−−− (2)

O2 + 2H2O + 4e− 
 4OH− −−−−−−−−− (3)

ìøÍ���\� íß��è�� �í�o�)a �©�I�\�"f��H íß��è�� OH−_� %ò
�¾Ós� �8 &�"f ìøÍ6£x(1)÷�rëß� ��m���

ìøÍ6£x(4)\� _�ô�Ç íß��o ìøÍ6£x�̧ °ú s� #î
'��
�#� {9�#Q����H �Ü¼�Ð	כ �Ð�¦�)a �� e����.12

2Cu + 2OH− → Cu2O + H2O + 2e− −−−−− (4)

Figure 2. Potentiodynamic polarization curves of copper elec-

trode measured in the various concentration of NaCl solution under

Ar atmosphere
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Figure 3. Potentiodynamic polarization curves of copper elec-

trode measured in the various concentration of NaCl solution under

O2 atmosphere.

Table 1. Corrosion parameters obtained from potentiodynamic

curves shown in Fig. 2 and Fig. 3.

Atmosphere Concentration of NaCl 0.1 0.3 0.5

Ar-atm. Ecorr, V –0.301 –0.293 –0.279

Ar-atm. Icorr, µ A/cm2 0.73 1.4 1.0

Ar-atm. βa, mV/dec. 35 40 71

Ar-atm. βc, mV/dec. 73 76 113

O2-atm Ecorr, V –0.065 –0.078 –0.088

O2-atm Icorr, µA/cm2 4.0 2.6 2.1

O2-atm βa, mV/dec. 24 25 20

O2-atm βc, mV/dec. 387 390 106

Table 1�̀¦ �Ð��� Ar ì�r0Al�\�"f NaCl_� 0lx�̧�� 7£x��½+ÉÃº2�¤ ÂÒd�����0A��H 7£x��
��� íß��è

ì�r0Al�\���� NaCl_� 0lx�̧�� 7£x��
���� �̧y��9 ÂÒd�����0A�� y���è�<Ê�̀¦ ·ú� Ãº e����. s���H Ar ì�r

0Al�_� NaCl_� 6 xÓ�o\�"f NaCl_� 0lx�̧_� 7£x����H ìøÍ6£x(1)\� _�ô�Ç ÂÒd�� ìøÍ6£xõ� ìøÍ6£x(2)\� _�
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ô�Ç 8̈�"é¶ìøÍ6£xÜ¼�Ð ÂÒd�����0A�� 7£x��
��� íß��è ì�r0Al�_� �â
Äº ìøÍ6£x(4)\� _�ô�Ç íß��oìøÍ6£x, ìøÍ

6£x(2), (3)\� _�K� 8̈�"é¶ìøÍ6£xs� {9�#Q��l� M:ë�H{9� �.���s	כ

3.2. Cyclic Voltammetry(CV)

Fig.4��H Ars� �í�o�)a NaCl 6 xÓ�o_� 0lx�̧_� ����o\� ���� 8£¤&ñ
ô�Ç CV\�¦ �����·p �.���s	כ �̧

��H CV��H emery cloth�Ð �����ô�Ç Cu ����FG�̀¦ 8£¤&ñ
½+É ���K�|9� 6 xÓ�o\�"f –0.6 V�Ð 60�í 1lxîß�

����� 8̈�"é¶(prereduction) r���� Êê 10�í 1lxîß� î̈
+þAr�çß��̀¦ Ä»t�ô�Ç ��6£§ 20 mV/sec._� ÅÒ��5Åq

�̧(scan rate)�Ð 8£¤&ñ

�%i���. Fig.4\�"f ��������H 0.095 V íß��o4�xÄºo�(Epa1)ü< –0.278 V ÂÒ

��H_� 8̈�"é¶4�xÄºo�(Epc)��H ìøÍ6£x(1)\� _�ô�Ç ï�r ��%i�&h�(quasi reversible) íß��o8̈�"é¶ ìøÍ6£xÜ¼�Ð s�

p� �Ð�¦ô�Ç �� e����. 12

Figure 4. Cyclic voltammograms of copper electrode in the vari-

ous concentration of NaCl solution.

Fig.4(CV)_� Tafel-type plots�ÐÂÒ'� %3��Ér {9�&ñ
���ÀÓ\�"f ����FG���0A_� NaCl0lx�̧ _��>r$í


õ�, {9�&ñ
���0A\�"f ���ÀÓ_� NaCl0lx�̧ _��>r$í
�̀¦ y��y�� Fig.5ü< Fig. 6\� ����?/%3���. Fig.5ü<

6\�"f 8£¤&ñ
ô�Ç dE/dlog[NaCl]I=–95 mVü< dlogI/dlog[NaCl]E=1.40�Ér Tafel l�Ö�¦l�, ìøÍ6£x	�

Ãº Õªo��¦ f�̈�ÃÌ 1px�:r d��(isotherm)õ� x9�]X�ô�Ç �'a>�\�¦ ��t��¦ e����. ìøÍ6£x Bj
�m�7£§\�"f ��r�

�7H_�
���xt�ëß� ½̈o� ����FG\�"f {9�#Q����H %i��os��:r_� f�̈�ÃÌ�Ér {9�ìøÍ&h���� Langmuir f�̈�ÃÌ 1px�:r
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d���Ð����H Temkin f�̈�ÃÌ 1px�:rd��\� �8 ú̧� ��ØÔ��H �Ü¼�Ð	כ �Ð�����.

Figure 5. The graphs of the electrode potential versus the con-

centration of NaCl solution at constant current density.

Figure 6. The graph of the current density versus the concentra-

tion of NaCl solution at constant potential.



Chloride effects on anodic dissolution of Cu in neutral aqueous NaCl solutions 119

3.3. Chronoamperometry and Chronocoulometry

0.5 M NaCl 6 xÓ�o_� Ar ì�r0Al�\�"f 8£¤&ñ
ô�Ç PD /BG���(Fig.1 �ÃÐ�̧)\�"f �̂¦ Ãº e����H ½̈o�

_� íß��o Tafel %ò
%i�_� ����FG���0A\�"f (–0.2 V\�"f 0.0 V ��s�) @/r�çß����ÀÓ/BG����̀¦ 8£¤&ñ

�#�

Fig.7\� ����?/%3���. Fig.7_� ���ÀÓ–r�çß� /BG����̀¦ &h�ì�r
�#� r�çß�_� ]jY�L��H\� @/ô�Ç ���l�|¾Ó�̀¦

Fig.8\� ����?/%3���. ��Ö�¦�Q"f Fig.7\�"f 10�í�� t������ 8£¤&ñ
÷&��H ���ÀÓ�� ��_� &ñ
ÀÓ�©�I�

\� s�ØÔ!3�Ü¼Ù¼�Ð 10�í Êê_� ���ÀÓ\�¦ &ñ
ÀÓ�©�I� ���ÀÓ(Ist.st)�Ð, t=0�Ð ü@¶ú�ô�Ç ���ÀÓ\�¦ í�Hçß� J�

�QX<e�� ���ÀÓ(transient faradaic current)�Ð ô�Ç Tafel plot�̀¦ Fig.9\� Õª§4���. ï�r ��%i�ìøÍ6£x\�

"f Âúª�Ér r�çß� 1lxîß�\� 8£¤&ñ
ô�Ç I-t1/2 plotÜ¼�ÐÂÒ'� t→0�Ð ü@¶ú�
���� It=0 s���.14.15) Fig.9\�

"f í�Hçß�(transient) Tafel l�Ö�¦l�_� 8£¤&ñ
u� 125 mV��H >�íß� °úכ 60/αn mVü< q��§
���� n=1,

α=0.5 {9� M: �̧	�#3�0A îß�\�"f {9�u�
� 9, &ñ
ÀÓ�©�I� Tafel l�Ö�¦l� 63 mV %i�r� ï�r ��%i� 1�����

���s�\� @/ô�Ç >�íß�°úכ õ� �̧	�#3�0A îß�\�"f {9�u�ô�Ç��.

Fig.8õ� °ú s� r�çß�_� ]jY�L��H(t1/2)\� @/ô�Ç ���l�|¾Ó(Q)_� ÕªaË>s� Q »¡¤_� 6£§_� ]X�¼#�, t1/2
»¡¤_�

�ª�_� ]X�¼#��̀¦ �Ð{9� M:, �'a>�d���Ér Q=(4nFkf/Π)CM(t1/2
L t1/2 − tL)�Ð ÅÒ#Q�����.14,15) #�l�"f

CM�Ér ½̈o� ����FG_� �Ö̧1lx�̧\� K�{©�
�Ù¼�Ð 1s��¦ kf��H ½̈o�_� ÂÒd��ìøÍ6£x\� @/ô�Ç Ô�¦ç�H{9� 5Åq�̧

�©�Ãºs���. ����"f kf = (slope) ∗ Π/(4nFt1/2
L )s� $í
wn�ô�Ç��. l�Ö�¦l�ü<t1/2

»¡¤_� ]X�¼#�(t1/2
L )Ü¼

�ÐÂÒ'� %3��̀¦ Ãº e����H kf��H ����FG���0A_� �<ÊÃº�Ð kf = k0exp{αnF(E−Ecorr)/RT}s�Ù¼�Ð Fig.

10õ� °ú �Ér Tafel +þA plots� %3�#Qt� 9 ÂÒd�����0A\�"f_� 5Åq�̧�©�Ãº, kf (Ecorr)��H ³ðï�r5Åq�̧�©�Ãº

k0s��¦ Õª °úכ�Ér 9.3*10−6 cm/s��.

Figure 7. Chronoamperometric curves of copper electrode mea-

sured in the various potential step in 0.5 M NaCl solutions.
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Figure 8. Chronocoulometric curves obtained from the integra-

tion of Fig. 7

3.4. Anodic dissolution mechanism and adsorption isotherm

Fig.9, 10\�"f transient Tafell�Ö�¦l������ 120 mVs��¦&ñ
ÀÓ�©�I� Tafell�Ö�¦l��� 60 mV\�

]X���H
���H �Ü¼�Ð	כ �Ð��, ½̈o�_� íß��o6 xK�\� @/
�#� ìøÍ6£x(1)�Ð ³ð�&³ô�Ç ���ìøÍ6£x�Ér Cl−_� f�̈�ÃÌ

õ� 1lxr�\� 1–������� s�1lx
���H ìøÍ6£x(5)ü< s�#Q"f {9�#Q����H 5Åq�̧���&ñ
éß�>���� ìøÍ6£x(6)Ü¼�Ð s�

ÀÒ#Q ��� �Ü¼�Ð	כ �Ð�����.

Cu + Cl− 
 CuClads + e− −−−−−−−−− (fast)(5)

CuClads + Cl− → CuCl−2 −−−−−−−−(diss.rds)(6)

%i��os��:r_� f�̈�ÃÌ�̀¦ Langmuir adsorptionÜ¼�Ð ��&ñ

���� ìøÍ6£x(5)\� @/ô�Ç 5Åq�̧d��Ü¼�ÐÂÒ'�

θ/(1− θ) = K5[Cl−]exp{FE/RT}�� %3�#Qt� 9 #�l�\�"f θ��H coverage, K5��H ìøÍ6£x (5)\� @/

ô�Ç î̈
+þA�©�Ãº, F��H Fadaday �©�Ãº, R�Ér l��̂�©�Ãº, T��H ]X�@/�:r�̧\�¦ �����·p��. 5Åq�̧���&ñ
éß�

>���� ìøÍ6£x(6)�ÐÂÒ'� ÂÒd�����ÀÓ Idiss = Fk5θ[Cl−]\�¦ %3��̀¦ Ãº e��Ü¼ 9 ±ú��Ér coverage 7£¤ θ��

zero\� ]X���H½+É �â
Äº Idiss��H d��(7)s� �)a��.

Idiss = Fk6K5[Cl−]2exp{FE/RT} − −−−−−− (fast)(7)
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d��(7)\� log\�¦ 2[K� &ñ
o�
���� d�� (8)s� �)a��.

logIdiss = const. + 2log[Cl−] + E/0.0592 −−−−−−− (8)

d��(8)Ü¼�ÐÂÒ'� ½̈ô�Çíß��oìøÍ6£x_� Tafell�Ö�¦l� (βa =dE/dlogdiss)��H ∼ 60 mV�Ðs���H Fig.

9_�z�́+«>���õ�ü< ú̧�{9�u�ô�Ç��. ¢̧ô�Ç Fig.9ü< 10_� transient Tafell�Ö�¦l�(125∼132 mV)��HìøÍ

6£x(5)�̀¦�íl�éß�>�\�"fq���%i�ìøÍ6£xÜ¼�Ðçß�ÅÒ
����ÂÒd�����ÀÓ Idiss = Fk5[Cl−]exp{FE/2RT}��
÷& 9 #�l�\�"f %3�#Qt���H Tafel l�Ö�¦l�(βa)��H 120 mV s�Ù¼�Ð s� %i�r� z�́+«>���õ�ü< ú̧� {9�

u�
��¦ e����. Õª�Q�� Cl−_� 0lx�̧_� %ò
�¾Ó�Ér (7)d��Ü¼�ÐÂÒ'� dE/dlog[NaCl]I=–120 mV,

dlogI/dlog[NaCl]E=2.0s� ÷&#Q�� 
���, Fig.5ü< 6\�"f y��y�� –95 mVü< 1.40Ü¼�Ð 8£¤&ñ
÷&%3�

��. s���H Langmuir f�̈�ÃÌ1px�:rd���̀¦ &h�6 x
���HX< Áºo��� e��#Q �Ð�����.

Cl−��H�FK5Åq³ð���\�f�̈�ÃÌs� ú̧�÷&��Hs��:rs�Ù¼�Ð θ →0����â
Äº����m����f�̈�ÃÌ�)a Cl−��H"f�Ð

�©� ñ���6 xs�e���̀¦�.���s	כ 7£¤³ðï�rf�̈�ÃÌ��Ä»\��-t���H ∆Go
θ = ∆Go+rθ{9��s�Ù¼�Ð	כ Frumkin

1px�:rd���̀¦ �̧{9�
����,ìøÍ6£x(5)_�5Åq�̧d��\�_�ô�Çf�̈�ÃÌ1px�:rd���Ér θ/(1− θ)exp{rθ/RT}= K5[Cl−]

exp{FE/RT}�� �)a��. s� 1px�:rd���Ér Temkin _� ×�æçß� f�̈�ÃÌ�̧|	�(θ/(1 − θ)ò1)\�"f (9) d��s�

%3�#Q�����.

exp{rθ/RT} = K5[Cl−]exp{FE/RT} − −−−−−−−−−(9)

5Åq�̧���&ñ
éß�>���� ìøÍ6£xd��(6)\� _�ô�Ç ÂÒd�����ÀÓ��H Idiss = Fk6θ[Cl−]exp{α rθ/RT} s�Ù¼�Ð, s�

d��\� (9)d���̀¦ @/{9�
��¦ Temkin �̧|	�Ü¼�Ð θ \�¦ �©�Ãº�Ð çß�ÅÒ
���� (10)d��s� %3�#Q�����.

Idiss = Fk6Kα
5 [Cl−](1+α)exp{αFE/RT} − −−−−−−−(10)

d��(10)\� log\�¦ 2[K� &ñ
o�
���� d��(11)s� �)a��.

logIdiss = const. + (1 + α)log[Cl−] + αE/0.0592 −−−−− (11)

α\�¦ 0.5�Ð çß�ÅÒ
���� ìøÍ6£x	�Ãº��H dlogI/dlog[NaCl]E=1.5 ����FG���0A_� NaCl 0lx�̧ _��>r�̧

��H dE/dlog[NaCl]I=–79 mV�� ÷& 9 8£¤&ñ
°úכ\� ú́§s� ��H��
�t�ëß� �̧	�#3�0A\�¦ #Á	#Qz�¤���¦ �̂¦

Ãº�̧ e����. (�J$�[>� \��-t� ÕªaË>_� @/g�A$í
�̀¦ ���çß� Ãº&ñ

�#� α\�¦ 0.45�Ð �Ð��� ìøÍ6£x	�Ãº_� >�

íß�u���H 1.45s��¦���0A_�0lx�̧_��>r�̧��H –91 mV�Ð>�íß��)a��. s���Hy��y��_�8£¤&ñ
°úכ 1.4ü< –95

mV\� q��§½+É M: �̧	�#3�0A îß�\�"f {9�u�
���H �Ü¼�Ð	כ �Ð�����.
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Figure 9. . I–E plots of the transient and the steady state re-

sponses of current density for each potential step in Fig.7.

Figure 10. Tafel plot of heterogeneous corrosion rate constant of

copper electrode in 0.5 M NaCl.

4. Úr
 Òeµ

×�æ$í
 Cl− Ãº6 xÓ�o\�"f Cu_� íß��o 6 xK�ìøÍ6£x�Ér �̧¿º ìøÍ6£xd�� [Cu + 2Cl− CuCl−2 + e−] \�

���� {9�#Q�� 9, Cu ³ð���\� Cl−�� f�̈�ÃÌ
���H õ�&ñ
\� ú̧� ú́���H 1px�:rd���Ér Temkin f�̈�ÃÌ1px�:rd��
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s���. Cu�� íß��o÷&��H %ò
%i�_� éß�>����0A\�"f 10�í &ñ
�̧_� ���ÀÓ–r�çß� ÕªaË>�̀¦ 8£¤&ñ

�#� í�Hçß�

x9� &ñ
ÀÓ�©�I�_� Tafel plot�̀¦ 
�#��̧ ���ø@$í
 e����H ��«Ñ\�¦ %3�%3�Ü¼ 9 1lxr�\� Ô�¦ç�H{9� 5Åq�̧�©�Ãº

�̧ ½̈½+É Ãº e��%3���.
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Young Rock Kim1

. Òqt"î
&ñ
�Ð�<Æ�̀¦ �í�<Êô�Ç ÒqtÓüt�<Æ\�"f ��Ò�¦ Ãº e����H Ãº�<Æ&h� ���½̈ @/�©�[þt

s� #Q�"� ��þts]	כ e����H t� ¶ú�(R �Ð��¤��. s�[þt ÒqtÓüt&ñ
�Ð @/�©��̀¦ ���½̈
�

��HX< e��#Q t� �FK��t� @/Ãºl�
��<Æ\�"f >hµ1Ï÷&#Q�:r #��Q s��:r[þt�̀¦ &h�6 x


�#� �Ð��¤��. :£¤y�, >�:�xÃº[þts� �¦Ä»
�>� ��t���H >�:�xì�rÀÓÔ�¦���|¾Ó�̀¦ &h�

�Ér >hÃº_� {9��̀¦ ��t���H >�:�xÃº\� @/K� #��Q >�íß� ·ú��¦o�7£§(Macaulay 2,

Singular, Maple)[þt�̀¦ s�6 x
�#� >�íß�K� �Ð��¤��.

1. Introduction

þj��H\� Òqt"î
õ��<Æì�r��\�¦ ���½̈
���HX< e��#Q Ãº�<Æ&h� t�d��[þts� ×�æ¹כ
�����H

��z�́\� @/ô�Ç /åJ[þts� ú́§s� æ¼#�4R M®o��. [j>�_� y�� @/�<Æ[þt�Ér ÒqtÓüt�<Æõ� Ãº

�<Æ¿ºì�r��_��©� ñ�§ÀÓ\�¦7£x���r�v�l�0A
�#� ú́§�Ér �̧§4��̀¦l�Ö�¦s��¦e����.

Õª�Q��, s��Qô�Ç �̧§4�\��̧ Ô�¦½̈
��¦ ú́§�Ér Ãº�<Æ��[þt�Ér ��f���̧ ÒqtÓüt�<Æ ì�r��

\� @/ô�Ç Ãº�<Æ_� ����'a$í
\� @/K� SX�����̀¦ °ú��¦ e��t� ·ú§Ü¼ 9, d��t�#Q��H ÒqtÓüt

�<Æs� Ãº�<Æ&h���� �'a&h�\�"f �Ð��� ���r� �'ad���̀¦ =åJ���� ú́� ì�r�����¦ Òqty��
�l�

��t� ô�Ç��. �=��
���� ÒqtÓüt�<Æ ì�r��\�"f Ãº�<Æ ì�r��_� Dh�Ðî�r &ñ
o�\�¦ s�=åJ

#Q è­q Ãº e����xÖ¼�� 
���H _�ë�Hs� ]jl�÷&�¦ e��l� M:ë�Hs���. s��Qô�Ç _�ë�H�Ér

2000 Mathematics Subject Classification. 68R10, 05C05, 68Q25, 92D15.
Key words and phrases. DNA, Ä»����̂, >�:�xì�rÀÓ@/Ãºl�
��<Æ, >�:�xÃº, >�:�xì�rÀÓÔ�¦���

|¾Ó, ·ú��¦o�7£§
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versity of foreign Studies1.
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2 Young Rock Kim

20#��̧� ���\� Gian-Carlo Rota�� ��6£§õ� °ú �Ér ë�H�©�Ü¼�Ð ³ð�&³
�%i���. “The

lack of real contact between mathematics and biology is either a tragedy, a

scandal, or a challenge, it is hard to decide which” [7].

Õª�Q��, s� ë�H�©�\� ����èß� ¿º �<Æë�H��s�_� ���&ñ
ô�Ç �§ÀÓ��H Ãº�<Æ��ü< ÒqtÓüt

�<Æ���� 1lx1pxô�Ç ��àÔ�-�Ð+� "f�Ð\�>� t�&h���� %ò
�¾Ó§4��̀¦ ×�¦ Ãº e���̀¦ M: {9�#Q

±ú� Ãº e�����¦ �̂¦ Ãº e����. \V\�¦ [þt#Q Óüto��<Æ�Ér Ãº�<Æ��[þt\�>� a%~�Ér ³ðï�rs�

÷&#QM®o�¦,¿ºì�r��_��<Æ��[þt�Ér"f�Ð\�¦�>r×�æ
� 9 �̧�½�l�çß�1lxîß�t�?/M®o��.

:£¤y�, Ãº�<Æ_� l�
��<Æs��� 0A�©�Ãº�<Æ\� Óüto��<Æ_� 
�Hs��:r, ��Ö�¦@/g�A�:r, �ª���

%i��<Æ�Ér F�g�©�ô�Ç _�p�\�¦ ��t��¦ e���¦ "f�Ð çß�\� ���&ñ
ô�Ç �§ÀÓ�� e��#Q M®o��

�¦½+ÉÃºe����. þj��H\���H Cohens���6£§õ�°ú s�ÒqtÓüt�<Æõ�Ãº�<Æõ�_��'a>�\�

@/K� ���/åL
�%i���. “Mathematics is biology’s next microscope, only better;

biology is mathematics’ next physics, only better” [3].

&ñ
�Ð:�x���s� 20[jl� ú́��̀¦�©�d��
�%i������ 21[jl�\�¦ÅÒ�̧½+Éõ��<Æõ�íß�\O�_�

�o¿º��H Ä»����̂{9� ����s	כ ú́�K��̧ s�_�\�¦ ]jl�½+É ��|ÃÐ�Ér \O��̀¦ �.���s	כ Ä»

����̂(Genome)\� @/ô�Ç ���½̈�� ��ØÔ>� ���'��÷&#Qf��\� ���� Ä»����̂ >�:�x ì�r

ÀÓ�<Æ(Phylogenomics)s� ��ØÔ>� ×�æ¹כ ì�r���Ð @/¿º÷&�¦ e����. s� ì�r����H Òqt

"î
/BN�<Æ\�"f ¿º>h ì�r��, Ä»����̂�<Æ(Genomics)ü< ì�r��>�:�xì�rÀÓ�<Æ(Molecular

Phylogenetics)_� ���½+ËÜ¼�Ð s�ÀÒ#Q4R e����. Ô�¦õ� 10#��̧� ���ëß� K��̧ Ô�¦��0px


�o��� #���&��~�� Ä»����̂ íß�\O�s� s�XO�>� À1Ïo� $í
/BN
�>� �)a ���©� 	�H s�Ä»

×�æ_� 
�����H Ãº�<Æ�̀¦ l�ìøÍÜ¼�Ð 
��¦ (��ÉÓ'� s��:r[þt�̀¦ ��6 x
���H Òqt"î
&ñ
�Ð

�<Æ(Bioinformatics)_� µ1Ï���s��� ½+É Ãº e����.

Òqt"î
&ñ
�Ð�<Æ�Ér Ä»����̂\� @/ô�Ç 8úx�̂&h���� ���½̈\�¦ 
���H �<Æë�HÜ¼�Ð, Ä»����̂

\�¦ë�H���Ð�����·p"f\P�(Sequence)\�@/ô�Ç���½̈÷�rëß���m���,éß�Ñþ�|9��̀¦���½̈


���HáÔ�Ð_��̧b��Û¼(Proteomics),éß�Ñþ�|9�_� 2D, 3D ½̈�̧���½̈,���©�Ùþ�d��&h�

��� l�0px Ä»����̂�<Æ(Functional genomics), >�:�x ì�rÀÓ ���½̈, &ñ
�©� [j�íü< #î


��H [j�í_� q��§ ���½̈ 1px ú́§�Ér ���ª�ô�Ç ì�r��[þt�̀¦ �í�<Ê
���H �<Æë�Hs���. Òqt"î


&ñ
�Ð�<Æ�Ér 90�̧�@/ ÊêìøÍÂÒ\� [þt#Q�̧���"f ���çß�Ä»����̂��\O�(Human Genome

Project)_� �Ö̧$í
�oü< DNA }9�(chip)1px ]jìøÍ l�Õüt[þt_� µ1Ï²ú��Ð ���
�#� �8¹¡¤

�8 Û�æÂÒô�Ç Ãº�<Æ :�x>��<Æ&h���� X<s�'�[þt�̀¦ �Ö̧6 x½+É Ãº e��>� ÷&%3���.



ÒqtÓüt&ñ
�Ð @/�©�[þt_� @/Ãºl�
��<Æ&h� ½̈�̧ü< >�:�xì�rÀÓÔ�¦���|¾Ó >�íß�
�l� 3

Ä»����̂\�¦ ë�H���Ð �����·p "f\P�(Sequence)\� @/ô�Ç ���½̈\�"f ��Òqt÷&#Qt�

��H#��Q��t�ë�H]j[þts�e����HX<,Õª×�æ\���HÄ»����̂ ?/\�"f:£¤Z>�ô�ÇÄ»�����¹1Ô

l� ë�H]j, ¿º >h_� Ä»����̂��s�_� ÒqtÓüt�<Æ&h���� �'a>�\�¦ ¹1ÔÜ¼�9��H 3lq&h�_� "f\P�

&ñ
§>=ë�H]j1pxs�e����. s�ë�H]j[þt\�@/ô�ÇÃº�<Æ&h����·ú��¦o�7£§[þt�Ér statistical

learning &ñ
o��Ð ÂÒ'� l����÷&��H ~½ÓZO�[þt�̀¦ l�ìøÍÜ¼�Ð ëß�[þt#Q &���¦, ¢̧ô�Ç, s�

[þt�Ér ņu�������ØÔ�ïáÔ(Hidden Markov) �̧4Sq, �8�������Ð��{9�ìøÍ&h����Õª

A�áÔ �̧4Sq(graphical models)õ� �'aº��$í
s� e����.

ÕªA�áÔ �̧4Sq[þt�Ér @/Ãº&h� :�x>��<Æ&h���� �'a&h�\�"f �Ð��� ú̧� ½̈�̧�o�)a $�	�

"é¶_� ���Ãº/BNçß�Ü¼�ÐÂÒ'� J$�"fY�L/BNçß�(P2n−1−1, n :=>�:�xÃº T_� {9�_� >hÃº)

Ü¼�Ð ����H ���½Ód�� ���©�s���. s��Qô�Ç ���½Ód�� ���©��Ér @/Ãºl�
��<Æ\�"f ú́§s�

��ÀÒ#Q4R M®o�¦ ÒqtÓüt�<Æ&h���� _�p�\�¦ ��t��¦ e����H @/�©�s�Ù¼�Ð, s� �¦̀�	כ ���½̈


�Ù¼�Ð+� ÒqtÓüt�<Æ&h���� @/�©�[þt\� @/ô�Ç Dh�Ðî�r Ãº�<Æ&ñ
o�\�¦ %3��̀¦ Ãº e���¦, %i�

Ü¼�Ð s��Qô�Ç @/�©�[þt\� @/K� Ãº�<Æ&h�Ü¼�Ð ·ú��9��� &ñ
o�[þt�̀¦ ���½ÓÜ¼�Ð ÒqtÓüt

�<Æ&h���� K�$3��̀¦ �Ð�� &ñ
SX�y� ½+É Ãº e���� [10].

@/Ãºl�
��<Æ&h���� �̧½̈\�¦��6 x
����ÒqtÓüt�<Æ\�"f��ÀÒ�¦e����H#��Q@/�©�[þt

s� @/Ãº���ª��̂(Ä»ô�Ç>h_� ���½Ód��[þt_� K�_� |9�½+Ë)�Ð ³ð�&³÷&#Q �������H �¦̀�	כ

·ú� Ãº e����HX<, s�\� @/ô�Ç ���½̈[þts� Ä»Ãº_� @/Ãºl�
��<Æ��[þt�̀¦ ×�æd��Ü¼�Ð 
�

#�Ãº'��÷&#Qt��¦e����. z�́]j&h�Ü¼�Ð,>�:�xì�rÀÓ@/Ãºl�
��<Æ(Phylogenetic al-

gebraic geometry)\�@/ô�Ç���½̈���&³F�p�²DG_�!Q9þto�@/�<Æ_�Û¼)3�:\�(Bernard

Sturmfels) �§Ãº\�¦ ×�æd��Ü¼�Ð ú́§s� ���'��÷&�¦ e���� [8].

>�:�xì�rÀÓ@/Ãºl�
��<Æì�r��\�@/ô�Ç���½̈ ��s�n�#Q��Hy��ÒqtÓüt�̂_�Ä»����̂

[þtçß�_� �'a>�\�¦�Ð s�ÀÒ#Q��� :�x>�&h� �̧4Sq[þts� J$�"f/BNçß�\�"f @/Ãº���ª��̂\�¦

s�ê�r����H ��z�́\�"f %3��̀¦ Ãº e����. 7£¤, y��y��_� >h�̂[þtçß�_� ��o��� >�:�xì�r

ÀÓÔ�¦���|¾Ó[þt�̀¦ >�íß�
���H ���\O��̀¦ @/Ãºl�
�&h���� �̧½̈\�¦ ��6 x
�#� ½+É Ãº e��

�� [1]. ¢̧ô�Ç, >�:�xÃº(Phylogenetic tree) T�� ÅÒ#Qt���� s��ÐÂÒ'� Òqt$í
÷&��H

XT��H toric���ª��̂�� ÷&��HX<, homogeneous prime ideal of XT��H 2	�d��[þt�Ð

s�ÀÒ#Q��� Groebnerl�$�\�¦°ú���H����H�¦̀�	כ Seth Sullivant���7Hë�H\�"f7£x"î


�̀¦ 
�%i���. #�l�\�"f XT\�¦ ÒqtÓüt�<Æ��[þt�Ér Jukes-Cantor �̧4Sqs����¦ Ô�¦!3�

�¦, �̧A���� ÂÒ'� ú́§�Ér ���½̈\�¦ 
�#� M®o�� [11].
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>�:�xì�rÀÓ@/Ãºl�
��<Æ�ÉrÄ»ô�Ç>hÃº_�{9��̀¦��t���H>�:�xÃº�ÐÂÒ'�%3��̀¦Ãº

e����H 4�¤�è��%ò
@/Ãº ���ª��̂[þtõ� �'aº��s� ÷&#Qe����. s��Qô�Ç ���ª��̂[þt 0A_�

�ª�_� z�́Ãº &h�[þt�Ér ����o_� SX�Ò�¦�:r&h� �̧4Sq�̀¦ �����·p���¦ ½+É Ãº e����. {9�_�

>hÃº��&h��Ér>�:�xÃº[þt\�"f��H toric determinantal��%ò
�̂,Õª_� secant���ª�

�̂ü<°ú �Ér��%ò
l�
�&h����@/�©�[þt�̀¦4�¤"é¶K�è­qÃºe����HìøÍ���\�,{9�_�>hÃº��

ú́§�Ér >�:�xÃº[þt\� @/K�"f��H ��_� �̧ØÔ��H t��â
s���. �&³F�\���H s��Qô�Ç ë�H]j

\�¦ K����
�l� 0AK� (��ÉÓ'� áÔ�ÐÕªÏþ�[þt Macaulay2, Singular, Maple�̀¦ s�6 x


�#� >�:�xÃº[þts� ��t���H >�:�xì�rÀÓÔ�¦���|¾Ó[þt(Phylogenetic invariants)�̀¦ >�

íß�
�%i���. 	�Ãº,	�"é¶1px_�>�:�xì�rÀÓÔ�¦���|¾Ó[þt�̀¦>�íß�
���HX<\���H{9�_�>h

Ãº�� ×�æ¹כô�Ç ���Ãºs��� [6].

2. Òqt"î
&ñ
�Ð @/�©�[þt ×�æ Ãº�<Æ&h� @/�©�[þt

2.1. DNA. Ä»���ZO�gË:(Genetics)�Ér 1866�̧�\� e�¦êøÍ×¼ ÚÔê�r_� Ãº�̧"é¶ ��]j

ÕªYU�¦ØÔ F'p4Sq(Gregor Mendel)\� _�K� µ1Ï|
�÷&%3���. Õª��H 8�̧� 1lxîß� 3ëß�#�

ÕªÀÒ_� ���ª�ô�Ç d��Óüt�̀¦ F�C�
����"f %3��Ér ���õ�\�¦ ÚÔê�r_� �����õ��<Æ�rt�\�

l��¦
�%i���. Õª��H Òqt"î
�̂�� �èÄ»
��¦ ¢̧ Êê�<H\�>� ���²ú�
���H Ä»���&h� l�

�:réß�0A\�¦ Ä»�����(Gene)���¦ &ñ
_�
�%i���. 1944�̧� ��t���H %i�Ò�o�̂�� Ä»���

&ñ
�Ð\�¦ ���²ú�
���H �¦����s	כ {9�ìøÍ&h�Ü¼�Ð ·ú��94R e��%3���. s��Qô�Ç ��Ér	כ \�

s�ÚÔo�(Avery)ü< Ðlo
�ØÔw�(McCarty)�� DNA�� ÒqtÓüt�̂_� Ä»���Óüt|9��̀¦ î�r

ìøÍ
���H ×�æ¹כÓüt|9�s����¦ µ1ßjËµÜ¼�Ð+� L:t�>� ÷&%3���. 1953�̧�\� ]je��Û¼ Móf

��H(James Watson)õ� áÔ�½�r�Û¼ ß¼aË:(Francis Crick)�Ér 3	�"é¶_� DNA ½̈�̧

\�¦ µ1ß)�?/�¦ /BI s�#Q 4�¤]j ~½ÓZO��̀¦ ÆÒ�:r
�%i��� [12]. s� ]X�_� ú́§�Ér ?/6 x�Ér

Û¼)3�:\�õ� ��âì'��§Ãº�� ��H Õþ�õ� Ron Shamir_� <�Ì�̀s�t�\� e����H Lecture

Note “Algorithms for Molecular Biology”\�e����H?/6 x[þt�̀¦�ÃÐ�̧
�%i��� [8],

[9].

DNA_� l��:r "é¶�è[þt�Ér í�HÃºô�Ç DNA�Ð ÂÒ'� ÂÒì�r&h�Ü¼�Ð L:#Qf��Ü¼�Ð ���

K����&ñ
÷&#Qt��¦�¦wn�÷&#Q4RM®o%3���. s��Qô�Ç���½̈\�_�
�#� DNA��H¾»9þt

YU�̧��s�×¼(Nucleotide)���¦Ô�¦o�Äº��Hl��:réß�0A�Ðs�ÀÒ#Q���&���êøÍì�r��



ÒqtÓüt&ñ
�Ð @/�©�[þt_� @/Ãºl�
��<Æ&h� ½̈�̧ü< >�:�xì�rÀÓÔ�¦���|¾Ó >�íß�
�l� 5

����H ��s	כ ·ú��9&����. ¾»9þtYU�̧��s�×¼��H ���íß�(Phosphate), {©�(Sugar), 4��

t�×�æ
���_�%i�l�(nitrogen base)�Ð ½̈$í
÷&#Qe����. 4��t�%i�l���H��X<���,

½̈�����, r��Ð���, w����s��� Ô�¦o��¦ y��y�� A, G, C, T���¦ ³ðl�ô�Ç��.

DNA��H s�×�æ �����(Double helix) ½̈�̧\�¦ ��t��¦ e����. y�� ������Ér ���íß�

���½+ËÜ¼�Ð éß�éß�y� Óü���� ¾»9þtYU�̧��s�×¼_� �¦ì�r���̂s��¦, ¿º ������Ér Ãº�è

���½+ËÜ¼�Ð������÷&#Qe����. s�Ãº�è���½+Ë�Ér%i�l�_��©�Ü¼�Ðs�ÀÒ#Qt���HX<,%i�

l�\���H ÉÓ�2;>�(Purine) %i�l�ü< x�o�p����>�(Pyrimidine) %i�l��� e����. ÉÓ

�2;>� %i�l�\���H Aü< G, x�o�p����>� %i�l�\���H Tü< C�� e����. A��H Tü< ¿º

�©�_� Ãº�è ���½+ËÜ¼�Ð ������÷&#Qt��¦ (l� ñ�Ð��H A = T ) G��H Cü< [j �©�_� Ãº

�è ���½+ËÜ¼�Ð ������÷&#Q����� (l� ñ�Ð��H G ≡ C). y��y��_� {©��Ér s�×�æ ����� ×�æ

0AAá¤ ��{��\���H ��$Á	���P: òøÍ�è\� ������÷&#Q e���¦, ��A�Aá¤ ��{��\���H [j���P:

òøÍ�è\� ������÷&#Q e����. ÒqtÓüt�<Æ&h���� ���ë�H#Q�Ð��H DNA ��{��s� 5′Ü¼�ÐÂÒ'�

3′Ü¼�Ð çß������¦ ô�Ç��. s� ¿º>h_� �Ð¢-a&h���� DNA ��{���Ér "f�Ð %i��'a>�\�

e����.

DNA s�×�æ ������Ér ô�ÇAá¤=åQ\�"f r����K�"f \P�o���H t�(��Ð"f Òqty��½+É Ãº e��

��. Äºo��� DNAs�×�æ������̀¦t�(��Ð"fÒqty��ô�Ç�����,s�¿º��{���̀¦Û�¦���y��

y��_� ��{��\� éß�%i�l�[þts� �̧Ø�¦÷&>� �)a��. DNA ½̈�̧\� _�K� ÂÒ#��)a ���½+Ë

ZO�gË:s� B�Äº %3����
�l� M:ë�H\� y��y��_� �̧Ø�¦�)a %i�l���H Õª %i�l�_� �Ð¢-a %i�l�


��¦ëß� =�G �©��̀¦ s�ÀÒ#Q�� ô�Ç��. s��Qô�Ç %i�l� �Ð¢-a$í
 M:ë�H\� y��y��_� ��{��

[þt�Ér ÅÒ+þA(Template)%�!3� '��1lx
��¦ DNA s�×�æ �����s� Û�¦o��¦ èß� ��6£§ ��

r� ���½+Ë½+É M:ü< 1lx{9�ô�Ç s�×�æ �����Ü¼�Ð ��r� >h&ñ
s� ÷&l� r����ô�Ç��. Dh�Ð

s�ÆÒ��÷&��H¾»9þtYU�̧��s�×¼��H[j�íîß�_�p�ÒqtÓüt 8̈��â
\�ìøÍ×¼r���������H

��Ä» ¾»9þtYU�̧��s�×¼_� Û�¦(pool)�ÐÂÒ'� �:r �¦����s	כ ���©�
�#���ëß� ô�Ç��.

DNA 4�¤]j��H DNA e�¦o�Bj��]j(Polymerase)����H ò́�è(Enzyme)\� _�K�"f

8ú¤����)a��. s� ò́�è��H �̂����̀¦ SX��©�½+É Ãº e��t� Dh�Ðî�r �̂����̀¦ r����½+É Ãº��H

\O���. Õª�QÙ¼�Ð, DNA ì�r$3��Ér �̀¦o��¦¾»9þtYU�̧��s�×¼(Oligonucleotide)-���

�Ér ¾»9þtYU�̧��s�×¼ �̂���-�Ð ÂÒ'� r����÷&#Q��ëß� ô�Ç��. �̀¦o��¦¾»9þtYU�̧��

s�×¼��H DNA_� ×�æ4�¤ÂÒ0A_� ô�Ç ÂÒì�r�̀¦ Òqt$í

��¦, 4�¤]j õ�&ñ
\� _�K� Dh�Ð

î�r ��{��Ü¼�Ð ���
�>� �)a��.
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2.2. ËÂ¦�>��ÿ? �]�aËcW� �̧��H ÒqtÓüt�Ér ¿º��t� ÕªÒ�̈Ü¼�Ð ��¾º#Q�����. 
�����H

áÔ�ÐH�o��̧àÔ(Prokaryote)s�����H Ùþ�s� \O���H éß�[j�í ÒqtÓüts��¦ ���Ér 
���

��HÄ»H�o��̧àÔ(Eukaryote)����H�©�0A_�Ä»l��̂���X<s���j�í\���HÙþ�s]�_	כ

e����. Ä»l��̂_� [j�í_� Ùþ� îß�\� e����H y��y��_� DNA ì�r����H 
���_� ì�ro��)a

%i�Ò�o�̂ (chromosome)\��í�©�÷&#Q4Re���¦,Ä»l��̂_�%i�Ò�o�̂\� $��©�÷&#Q���

Ä»��� &ñ
�Ð[þt�̀¦ {9�(��#Q Ä»����̂(genome)�̀¦ +þA$í
ô�Ç���¦ ô�Ç��. Y>�Y>�_� \Vü@

\�¦ ���&ñ

���� Ä»H�o��̧àÔ ��[j�í Ä»l��̂_� Ùþ�\���H ¢-a���ô�Ç �©��̂_� Ä»����̂

\�¦ �í�<Ê
��¦ e���¦, ìøÍ���\� ���Ér �̧f��_� [j�í[þt_� l�0px_� �©�s�$í
�Ér K�{©�
�

��H Ä»�����_� ���ª�ô�Ç ³ð�&³\� l����ô�Ç���¦ �:r��.

���çß�_� Ä»����̂��H ��� 3× 109>h_� %i�l��©�(bp)�̀¦ �í�<Ê
��¦ e����HX< - 46>h

_� %i�Ò�o�̂[þt�Ð ½̈$í
�)a - 22>h_� "f�Ð ���Ér {9�ìøÍ %i�Ò�o�̂ü< ¿º>h_� $í
 %i�Ò�o

�̂: XX ¢̧��H XY�Ðs�#Q4Re����. 24>h_�"f�Ð���Ér%i�Ò�o�̂[þt�Ér 50×106\�

"fÂÒ'� 250× 106>h_� #3�0A_� %i�l��©�[þt�Ð s�ÀÒ#Q4R e����. DNA_� Ãº��H 7áx

���� ��ØÔ��. \V\�¦ [þt#Q éß�[j�í ÒqtÓüt��� ��Bj��(Amoeba dubia)��H ��|ÃÐ�Ð

�� 200C��� �8 ú́§s� ��t��¦ e����.

Ä»���\� @/K� Òqt�o�<Æ&h�Ü¼�Ð �&³F� ·ú��¦ e����H ��z�́[þt�̀¦ ��t��¦"f F'p4Sq_�

Ä»�����\� @/ô�Ç ÆÒ�©�&h���� >h¥Æ��̀¦ Óüto�&h���� ?/6 xÜ¼�Ð ��r� &ñ
_�½+É Ãº e����.

Ä»�������H s�íß�&h���� Ä»���_� :£¤$í
�̀¦ ]j#Q
���H DNA_� {9�ÂÒì�rÜ¼�Ð"f �Ð:�x

�Ér éß�Ñþ�|9��̀¦ ½̈$í

���H &ñ
�Ð\�¦ ���²ú�
���H 
���_� mRNA\� @/6£x�)a��.

1977�̧�\� ì�r�� ÒqtÓüt�<Æ��[þt�Ér @/ÂÒì�r_� Ä»H�o��̧àÔ Ä»�����[þt�Ér "lo�<H

(exons)s��� Ô�¦o�Äº��H ÂÒ ñ&h���� "f\P�[þt�̀¦ ��t���HX<, ���àÔ�:r(introns)s���

Ô�¦o�Äº��HÂÒ ñ&h�s�t������"f\P�[þt\�_�
�#�~½ÓK�~ÃÎ��H����H�
|µ1Ï¦̀�	כ�
�%i�

��. ��|ÃÐ_� Ä»�������H @/|ÄÌ 2-3 (�G'pàÔ_� Ä»���&h���� DNAü< 97-98 (�G'pàÔ_�

Ä»���÷&t� ·ú§��H &ñ
ß¼ DNA�Ð s�ÀÒ#Q4R e����. &ñ
ß¼ DNA��H ��f����t���H Õª

%i�½+É�̀¦ ú̧� ·ú�t� 3lw
��¦ e��t�ëß� s��Qô�Ç ÂÒì�r�̀¦ ]j��\�¦ 
���H z�́+«>�̀¦ :�xK�"f

Õª 0A+«>$í
s� 7£x"î
s� ÷&#Q4R e����. Y>�Y>�_� s��:r[þts� ]jr�
���H ��ü< °ú s�,

7£¤, ·ú�»¡¤�)a �©�I�\�"f DNA\�¦ Óüto�&h�Ü¼�Ð �¦&ñ

���H ��Ér	כ s����_� Ä»��� X<

s���\�¦ �Ð�>r
���H ��s	כ �)a��.
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2.3. ê�>ë5ÑËÂ¦�>W�è«�×ý·cçÃ (Human Genome Project). ���çß�Ä»����̂ áÔ

�Ð#�oàÔ_� ÏãÎ�FG&h���� 3lq&h��Ér 24>h_� ���çß� %i�Ò�o�̂ y��y��\� @/ô�Ç 
���_� ���5Åq

&h���� "f\P��̀¦ Òqt$í

���H �¦��s	כ �̧��H Ä»�����[þt_� 0Au�[þt�̀¦ ¬¹��
���H ��s	כ

��. ²DG]j���çß�Ä»����̂ "f\P��	��èr�%3�\�_�K�[O�"î
÷&#Qt���H�&³F����'��÷&#Q

t���H �íîß��Ér 20000>h_� &���êøÍ 9þt�:r[þt�Ð ÂÒ'� Ä»�̧÷&#Qt���H "f\P� ÂÒì�r[þt

�̀¦ 7áx½+Ë
�#� ���$í
÷&#Q&����.

ê�>ë5Ñ ËÂ¦�>W� è«�×ý·cçÃ ë�>�ßj��/�×Ø̧

• 1985�̧� - s� áÔ�Ð#�oàÔ��H p�²DG_� Health and environment research at the

depart of energy(DoE)_� ÂÒ���©���� ¹1ÏÛ¼ 4Sqo�t�(Charles Delisi)\� _�K� r�

���s� ÷&#Q&����.

• 1988�̧� - ²DG�� ÊêÒqt'õA(National Institute of Health(NIH))s� ���çß� Ä»����̂

���½̈ ��Áºz�́�̀¦ [O�wn�
�%i���.

• 1990�̧� -���çß�Ä»����̂ áÔ�Ð#�oàÔ��H 15�̧� 3%3�Ô�¦_�\Víß�Ü¼�Ð¢-a$í
ô�Ç����H_�

�̧
�\�"f �ÃÌÃº÷&%3���.

• 1996�̧� -!QÁ»�� (Bermuda)p�h�A\�"f���çß�Ä»����̂ áÔ�Ð#�oàÔ_�²DG]j&h����

a�?§4���[þts� "f\P� X<s���\�¦ @/×�æ&h���� X<s�'� Z�s�Û¼\� /BN>h
���H �¦̀�	כ �í

�<Êô�ÇX<s�'�s�6 x_� �̧|	�[þt�̀¦+þAd���o
���H�.��¡a�?���Ùþ¦̀�	כ s��þts�t��FK]	כ

\� ü<"f��H !QÁ»�� "é¶gË:s����¦ ·ú��94R e����.

• 1998�̧� - ß¼YUs�Õª �$�àÔ�-(Craig Ventner)��H ���çß� >�0lu�̀¦ 3�̧� s�?/\� "f

\P��o 
���x����H _��̧�Ð �r��\�¦ [O�wn�Ùþ¡��. ��×�æ\� Celera���¦ Ô�¦o�#Q t���H

�r����HDh\�v�¦��d��ðøÍ ‘����̂ Ä»����̂5Æw|	�(whole genome shotgun)’]X���H~½Ó

d���̀¦ �è>hÙþ¡��.

• 1999�̧� - @/×�æ&h� áÔ�Ð#�oàÔ(The public project)��H �$�àÔ�-_� �̧���\� ìøÍ6£x

�̀¦ �Ð%i��¦ Õª [þt_� �íîß��̀¦ ¢-a$í

���HX< ���o���H r�çß��̀¦ ��Ë̈%3���.

• 1999�̧� 12�Z4 -���çß�_� 22���P:%i�Ò�o�̂_�'Í	���P:¢-a���ô�Ç"f\P�\�@/ô�ÇØ�¦óøÍ

s� s�ÀÒ#Q&����.

• 2000�̧� 6�Z4 -@/×�æ&h�áÔ�Ð#�oàÔü<!sqYU��(Celera)_�t��̧��[þts�Ñþ�����'a\�

"f ���çß� Ä»����̂ "f\P�_� ���\O� �íîß��̀¦ ¢-a$í
Ùþ¡����H �¦̀�	כ µ1Ï³ð
�l� 0AK� �̧%i�

��.
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• 2001�̧� 2�Z4 - ���çß� Ä»����̂_� �íîß�s� Ä»"î
 ú̧�t� Nature, Science\� Ø�¦çß�s�

÷&%3���.

Ä»����̂ "f\P�s� ���&ñ
÷&#Qt���H 'Í	��� P: '��ÆÒ1lxÓüt�Ð"f ���çß�_� Ä»����̂��H

Äºo��� ���Ér '��ÆÒ1lxÓüt_� Ä»����̂[þt\�"f µ1Ï|
�½+É ��\þt]	כ @/K� @/³ð$í
�̀¦ 8A

>� ÷&��H �	כ °ú ��.

2.4. ¡�́��(transcription). DNA\�$��©�÷&#Qe����HÄ»���&ñ
�Ð_�³ð�&³�Ér¾»

9þtYU�̧��s�×¼_� ���+þA "f\P��̀¦ éß�Ñþ�|9�\� e����H ��p��̧íß�[þt_� �©� ñ ���+þA "f

\P��Ð K�$3�
���H ��õ	כ ����'as� ÷&#Qe����. Õª âì2£§�Ér ��6£§õ� °ú ��: DNA →
mRNA → éß�Ñþ�|9�.

DNA_� {9�ÂÒì�r�Ér %�6£§Ü¼�Ð �©��Ð$í
_� RNA��{��Ü¼�Ð 4�¤���� ÷&#Q�����.

4�¤�����¦Ô�¦o�Äº��Hs��Qô�Çõ�&ñ
�Ér RNAe�¦o�Bj��]j����H ò́�è\�_�K�"f8ú¤

���÷&#Q�����. ��_�@/ÂÒì�r_�Ä»�����[þt\���HDNA?/\�áÔ�Ð�̧'�(Promotor)��

Ô�¦o�Äº��H :£¤Z>�ô�Ç J����s� e����. s� ��Ér	כ 4�¤���� r����÷&��H /BM��� s�×�æ �����

_� 0A ��{��\� 0Au�
��¦ RNA e�¦o�Bj��]j\�>� 4�¤��\�¦ #Qn�\�"f r����½+É t�

\�¦·ú��9ÅÒ��H%i�½+É�̀¦ô�Ç��. s��¦&ñ
�ÉráÔ�Ð�̧'�"f\P��̀¦���d��
��¦���½+Ë
�>�


���H 4�¤�� Ä»��������_� �̧¹¡§�̀¦ ~ÃÎ�� ¢-a$í
÷&#Q �����. q�2�¤ RNA(ribonucleic

acid)�� DNA�Ð"fÙþ�íß�_�|�� �̂���s���½+Ét����̧ B�Äº���Ér$í
|9�[þt�̀¦��t�

�¦ e����. 'Í	P:, RNA��H �Ð:�x ssRNA���¦ Ô�¦o�Äº��H 
���_� ��{��s���. ¿º

���P:, RNA��H deoxy-ribose @/���\� 
���_� o��ÐÝ¼{©�(ribose sugar)�̀¦ ��t�

�¦ e����. !Ó	P:, RNA��H w���� @/���\� x�o�p����>� %i�l���� Äº��z�́(Urasil -

çß�éß�y� U)�̀¦ ��t��¦ e����. �Å	P:, ÅÒ�Ð Ùþ�\� 0Au�K� e����H DNAü<��H ²ú�o�

RNA��H Ùþ� µ1Ú\� e����H [j�í|9�(cytoplasm) 5Åq\�"f�̧ µ1Ï|
�÷&#Q|9� Ãº�̧ e����.

Ä»H�o��̧àÔÄ»l��̂\�"f��Héß�Ñþ�|9��̀¦Òqt$í

�l�0AK�"f���àÔ�:rõ�"lo�;H �̧

¿º\�¦�í�<Ê
���H����̂U�́s�_�Ä»�������%�6£§Ü¼�ÐB�Äº	�H RNAì�r���Ð4�¤��

÷&#Q4R��ô�Ç�� -s��.��ô�Ç¦�����¹4�¤כÅÒ¦̀�	כ Ä»�����_�=åQÂÒì�r\�"f4�¤��

�� "3�ÆÒ�¦, Ãºz��>h_� ��X<��� ¾»9þtYU�̧��s�×¼[þts� �Ð ñ\�¦ 0AK�"f RNA ì�r

��_� =åQ\� ·¡­>� �)a�� - s� õ�&ñ
�̀¦ poly-A ¡óo� Òqt$í
s����¦ ô�Ç��. 5′ �̧����H

�@�o�ÐÂÒ'�Zþt#Q����H RNA4�¤��\�¦�Ð ñ�<ÊÜ¼�Ðéß�Ñþ�|9�ì�r$3��̀¦r����
���HX<

e��#Q×�æ¹כô�Çõ�&ñ
s���. RNAì�r����Ùþ�\�"fì�ro�÷&l����\� RNA4�¤½+Ë�̂��
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ò́�è�Ð 
�#��FK �̧��H ���àÔ�:r "f\P�[þt�̀¦ ]j��
��̧2�¤ 
��¦, ]X�½+Ë(splicing)s�

����H õ�&ñ
\�"f �s̀��� �8 Âúª�Ér RNA ì�r��\�¦ Òqt$í
ô�Ç��.

���+þA&h����Ä»H��Ðs�àÔ"lo�<H�Ér î̈
ç�HU�́s��� 200 bp&ñ
�̧s��¦���àÔ�:r�Ér���

10,000 bp &ñ
�̧ �)a�� - s��Qô�Ç U�́s�[þt�Ér ���Ér ���àÔ�:rõ� "lo�<H[þt\� ���� B�

Äº���ª�
���. ú́§�Ér�â
Äº\���H]X�½+Ë_�J�����Ér4�¤����s�ÀÒ#Qt���H �̧f��\���

�� ²ú���|9� Ãº e����. \V\�¦ [þt#Q, çß�\�"f 4�¤���)a #Q�"� Ä»�����_� mRNA�ÐÂÒ

'� b��#Q4R ��çß� ���àÔ�:r�Ér ö&\�"f 4�¤��|̈c M: °ú �Ér mRNA�ÐÂÒ'� b��#Q4R ��

��t�·ú§�̀¦Ãº�̧e����. s��Qô�Ç���ª�$í
(variation)�̀¦���×þ�&h�]X�½+Ë(Alternative

aplicing)s����¦ 
���H X<, s� ��Ér	כ �̧f��\�"f_� ����̂&h���� éß�Ñþ�|9� ���ª�$í


_� "é¶���s� �)a��. s��Qô�Ç RNA /BN&ñ
 éß�>��� =åQèß� Êê\� RNA ì�r����H ���

s�(Translation) õ�&ñ
�̀¦ Ãº'��
�l� 0AK� Bj���$� RNA(mRNA)�Ð+� [j�í|9�

�Ð �̀��������.

Ä»�����_� ¾»9þtYU�̧��s�×¼ "f\P�s� @/6£x÷&��H éß�Ñþ�|9�_� ��p��̧íß� "f\P��Ð

���s�÷&��H ZO�gË:��� Ä»��� ��� ñ��H 1960�̧�@/ ���ìøÍl�\� K�1lqs� ÷&#Q&����. ×�æçß�

éß�>�\� &h�6 xs� ÷&��H mRNA ì�r��_� ¾»9þtYU�̧��s�×¼_� "f\P��Ér "é¶�è�� 3>h

��� ÕªÒ�̈[þt_� ���5Åq&h���� í�H"f�Ð {9��̀¦ Ãº e������H �¦̀�	כ µ1Ï|
�
�%i���. ���5Åq�)a

¾»9þtYU�̧��s�×¼ 3>h\�¦ �ï�7H(codon)s��� ÂÒØÔ��HX<, s� ��Ér	כ ���s� õ�&ñ
\�

"f 
���_� ��p��̧íß��̀¦ ���&ñ
ô�Ç��. ¾»9þtYU�̧��s�×¼�� DNA\�"f Õª�Q
�1pw

s� ��p��̧íß��Ér éß�Ñþ�|9�_� l��:rs� ÷&��H éß�0As���.

RNA�� W1>h_� "f�Ð ���Ér ¾»9þtYU�̧��s�×¼ ���+þA ���ª��̂s�l� M:ë�H\� ��

0pxô�Ç �ï�7H_� 7áxÀÓ��H 43 = 64>h e����. Õª�Q��, �̧�Ðt� 20>h_� ���Ér ��p�

�̧íß�[þts���¥y�éß�Ñþ�|9�\�"fµ1Ï|
�÷&#Qt��¦,ÕªA�"f@/ÂÒì�r_���p��̧íß�[þt�Ér

Y>� >h_� �ï�7H[þt\� _�K�"f �©�Õüt÷&#Q|9� Ãº e����.  »	·¡­#�"f, 64��t� 7áxÀÓ ×�æ

3��t� UAA, UAG, UGAü< °ú �Ér [j >h_� �ï�7H�Ér éß�Ñþ�|9� ½+Ë$í
�̀¦ 7áx«Ñ
���H

&ñ
t��ï�7H(stop codon)Ü¼�Ð ���6 xô�Ç��. ��u� ë�H�©�_� ��gË>³ðü< °ú �Ér %i�½+É�̀¦


���H �ï�7Hs���. ¢̧, ô�Ç��t� :£¤s�ô�Ç �ï�7H��� AUG�� e����HX< s���Ér	כ Bjw��̧

���s�����H��p��̧íß�Ü¼�Ð���%i�÷&��H�ï�7H���1lxr�\����s�õ�&ñ
_�=åQ�Ért�&ñ

�

��H r�����ï�7H(start codon)s���. s��Qô�Ç �ï�7H�Ér ����o ×�æ\� Y>�Y>�_� ���èô�Ç

\Vü@\�¦ ��t��¦"f ��ÅÒ ú̧� �Ð�>rs� ÷&#Q&���¦, ~ÃÌ_�o���, d��Óüt, ���çß� 1px ���ª�

ô�Ç Ä»l��̂(organism)[þt\� e��#Q >á¤°ú ��.
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U C A G

U UUU(Phe) UCU(Ser) UAU(Tyr) UGU(Cys) U

U UUC(Phe) UCC(Ser) UAC(Tyr) UGC(Cys) C

U UUA(Leu) UCA(Ser) UAA(7áx«Ñ) UGA(7áx«Ñ) A

U UUG(Leu) UCG(Ser) UAG(7áx«Ñ) UGG(Trp) G

C CUU(Leu) CCU(Pro) CAU(His) CGU(Arg) U

C CUC(Leu) CCC(Pro) CAC(His) CGC(Arg) C

C CUA(Leu) CCA(Pro) CAA(Gln) CGA(Arg) A

C CUG(Leu) CCG(Pro) CAG(Gln) CGG(Arg) G

A AUU(Ile) ACU(Thr) AAU(Asn) AGU(Ser) U

A AUC(Ile) ACC(Thr) AAC(Asn) AGC(Ser) C

A AUA(Ile) ACA(Thr) AAA(Lys) AGA(Arg) A

A AUG(Met:r����) ACG(Thr) AAG(Lys) AGG(Arg) G

G GUU(Val) GCU(Ala) GAU(Asp) GGU(Gly) U

G GUC(Val) GCC(Ala) GAC(Asp) GGC(Gly) C

G GUA(Val) GCA(Ala) GAA(Glu) GGA(Gly) A

G GUG(Val) GCG(Ala) GAG(Glu) GGG(Gly) G

Figure 1. Ä»������ ñ(Genetic code)

2.5. ¦�>l�(translation). "é¶gË:&h�Ü¼�Ð,y�� RNA"f\P��Éry��~½Ó�¾Ó_� 3>h_�o�

ç̀
áÔYUe��(reading frame)_�#QÖ¼
����Ð���s�÷&#Q4R"f, #Qn�\�"fs�õ�&ñ


s� r����÷&��Ht�\� _��>r
���H 8úx 6>h_� \P��9��� o�ç̀
 áÔYUe��(ORF)�̀¦ Òqt$í
ô�Ç

��. ��_� �̧��H �â
Äº\�"f s��Qô�Ç o�ç̀
 áÔYUe��[þt ×�æ �̧f�� ô�Ç 7áxÀÓëß�s� l�0px

&h���� éß�Ñþ�|9��̀¦ Òqt$í
ô�Ç��. Õª�Q��, ��¥
�t� ·ú§�Ér �â
Äº\�, :£¤Z>�y� ��s��QÛ¼

\�"f, DNA_� ×�æ4�¤÷&#Qt���H �Ð¢-a&h���� ÂÒì�r[þt�ÐÂÒ'� Ä»�����[þts� ���s�÷&

#Q#Q�����.

mRNA�ÐÂÒ'� éß�Ñþ�|9��Ð_� ���s���H ��p��̧íß�õ� ¾»9þtYU�̧��s�×¼ ÕªÒ�̈�̀¦

�̧¿º ���d��
���H #Q4Ss'� ì�r��[þt\� _��>rô�Ç��. s��Qô�Ç #Q4Ss'�[þt�Ér ���s� RNA

- tRNA�Ð ·ú��9��� {9�º��_� �̧Õªëß� RNA ì�r��[þt�Ð ½̈$í
÷&#Q�����. Õª U�́s�
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��H ��� 80>h_� ¾»9þtYU�̧��s�×¼ &ñ
�̧s���. tRNA ì�r����H ��6£§õ� °ú �Ér +þAd��

Ü¼�Ð �Ð¼#�&h���� Ä»����� �ï×¼ �7Ho�\�¦ y©¹כ�ô�Ç��: tRNA_� ô�Ç Aá¤\���H 3>h_�

RNA %i�l�"f\P���� îß�w��ï�7H(anticodon)�̀¦ ·¡­[þt�¦ e���¦, ���Ér Aá¤\���H &h�]X�

ô�Ç ��p��̧íß��̀¦ ·¡­[þt�¦ e����.

Ä»H�o��̧àÔ\�"f��H Non-coding%ò
%i�s�\P�\�·¡­#Qe����H Coding%ò
%i�Ü¼�Ð

½̈$í
�)a��. Coding%ò
%i��Éréß�Ñþ�|9�Òqt$í
�̀¦0AK���6 x÷&��H"lo�<H ¢̧��H"lo�<H_�

{9�ÂÒì�r��� ìøÍ���\�, 3′ ���s� Ô�¦0px %ò
%i�õ� 5′ UTR�Ð s�ÀÒ#Q��� Non-coding %ò


%i��Ér ��ÅÒ ½©gË:&h�s�t�ëß� ���s��� ÷&t� ·ú§��H��. DNA\�¦ ����"f Coding %ò


%i��Ér ��H]X�K� e��t� ·ú§�̀¦ Ãº�̧ e���¦, Y>�Y>�_� "lo�<H�̀¦ ������½+É Ãº�̧ e����.

áÔ�ÐH�o��̧àÔ\�"f��H Ä»�������H �̧f�� 3′ UTRõ� 5′ UTRs� \P�\� ·¡­#Q e��

��H Coding %ò
%i� ëß��̀¦ ��t��¦ e����. mRNA\� tRNA ì�r��[þts� l�>�&h�Ü¼�Ð

4�¤ú̧�
�>� &ñ
�7H÷&l� M:ë�H\� ×�æçß����� 
¹כ��9���. o��Ð5Åu(ribosome)�Ér Y>�Y>�

_� ½̈�̧&h���� tRNA ì�r��[þtõ� �'aº���)a 50>h_� "f�Ð ���Ér éß�Ñþ�|9��Ð s�ÀÒ#Q

��� 4�¤½+Ë�̂s���. y����_� o��Ð5Åu�Ér &���êøÍ éß�Ñþ�|9� ½+Ë$í
 l�>��Ð"f tRNA��

mRNA ì�r��\� ��� ñ�o ÷&#Q e����H Ä»��� &ñ
�Ð\�¦ {9��̧2�¤ ��l� �����[þt�̀¦ &h�

{©�
�>� 0Au�
�>� ô�Ç��. o��Ð5Åu[þt�Ér ��ÅÒ ò́Ö�¦&h�Ü¼�Ð ���1lxô�Ç��: 1�í îß�\�


���_� ~ÃÌ_�o��� o��Ð5Åu�Ér ��� 20>h_� ��p��̧íß��̀¦ $í
�©�
���H e�¦o�:\���s�

×¼(Poneighbor-joiningeptide)\� �������̀¦ ô�Ç��. ú́§�Ér o��Ð5Åu[þt�Ér 1lxr�\� 
�

��_� mRNA ì�r��\�¦ ���s�½+É Ãº e����.

2.6. í5�9̀c��
 éß�Ñþ�|9��Ér:\���s�×¼���½+Ë[þtõ��<Êa�������÷&#Q�����p��̧íß�[þt_�

���+þA ×�æ½+Ë�̂s���. î̈
ç�H&h���� éß�Ñþ�|9�_� ß¼l���H ��� 200 ��p��̧íß� U�́s�s��¦,

&���êøÍ éß�Ñþ�|9�[þt�Ér 1000 ��p��̧íß� &ñ
�̧��t��̧ �)a��. @/ÂÒì�r_� [j�í[þt�Ér

éß�Ñþ�|9��Ð ½̈$í
÷&#Q4R"f, �̂×�æ_�]X�ìøÍs��©��̀¦	�t�
�>��)a��. éß�Ñþ�|9��Ér[j

�í_� �̧�ª�õ� ½̈�̧\�¦ ���&ñ

�#� #Q�"� [j�í���t� ¢̧ô�Ç #Q�"� ���6 x�̀¦ 
���Ht�\�¦

·ú�>� K� ÅÒ��H ×�æ¹כ �̧½̈s���.

éß�Ñþ�|9��Ér 4�¤ú̧�ô�Ç ½̈�̧\�¦ ��t���HX<, W1>h_� >�8£x ½̈�̧\�¦ ��������¦ Òqty��

÷&#Q�����. éß�Ñþ�|9� �̂���_� ��p��̧íß� "f\P��̀¦ 'Í	���P: ½̈�̧(primary struc-

ture)���¦ ô�Ç��. s� "f\P�_� ���Ér ÂÒì�r[þt�Ér ²DG�è&h�s��¦ |9�"f&ñ
���ô�Ç ¿º���

P: ½̈�̧(secondary structure)���¦ 
���H X<, α-������Ér ô�Ç ��{��_� ��p��̧íß�
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�����[þts��¦, β-óøÍ�Ér ��_� ���+þAÜ¼�Ð ��\P��)a �̂���_� {9�ÂÒì�rÜ¼�ÐÂÒ'� ëß�[þt

#Q��� î̈
��� �̧y��[þts���. [j���P: ½̈�̧(tertiary structure)��H s��Qô�Ç ½̈�̧Óüt

[þt�̀¦ 
���_� ¢̧��H Y>�Y>�_� 3	�"é¶ %ò
%i�\� Ë̈�9 V,�6£§Ü¼�Ð+� +þA$í
÷&#Q�����.

þj7áx&h�s��¦¢-a���ô�Çéß�Ñþ�|9��ÉrW1���P: ½̈�̧(quaternary structure)\�&ñ
§>=�)a

Y>�Y>�_� éß�Ñþ�|9� %ò
%i�[þt�̀¦ �í�<Ê
��¦ e����.

'Í	���P: ÂÒ'� W1���P: ��t�_� ����̂ 4�¤ú̧�ô�Ç ½̈�̧[þt�Ér ��p��̧íß�[þt_� ÅÒ¹כ

"f\P�õ� ×�æçß� õ�&ñ
\�"f Óüto��o�<Æ&h���� �©� ñ���6 x\� _�K� ���&ñ
÷&#Q�����. Õª

�QÙ¼�Ð, éß�Ñþ�|9�_� ]X���H ½̈�̧��H þj�è ��Ä» \��-t�\�¦ ¹�Ðכ��9 
���H 3	�"é¶ ½̈

�̧�� ÷&�̧2�¤ Ä»��� Óüt|9�\� _�K� &ñ
_�÷&#Q�����. éß�Ñþ�|9�_� ½̈�̧��H Õª ��_	כ

l�0px�̀¦ ���&ñ
ô�Ç��. q�2�¤ ��p��̧íß� "f\P�s� f��]X�&h�Ü¼�Ð éß�Ñþ�|9� ½̈�̧[þt ���&ñ



�t�ëß� 30(�G'pàÔ_� ��p��̧íß� "f\P�s� {9�u�
���� @/ÂÒì�r_� �â
Äº\� Õª ½̈�̧

�� F�g�©�y� Ä»��
���.

2.7. �â·¥o>£o>l�(Mutations). [�t������s���HÂÒ&h�]X�ô�Ç4�¤]jõ�&ñ
\�_�K�DNA

îß�\� e����H ¾»9þtYU�̧��s�×¼ "f\P�_� Ä»���$í
_� ����o�Ð &ñ
_� ÷&#Q �����. s�

�Qô�Ç 4�¤]j �̧ÀÓ��H ��ü@��� ~½Ó��\� �̧Ø�¦÷&���� ���Ér 8̈��â
&h���� �̧|	�\� _�K�

7áx7áx {9�#Qèß���. [�t������s�\���H ¿º��t� 7áxÀÓ�� e����. 
���_� Ä»������� @/

wn�Ä»������Ð_� ����o\�¦ 
���H ��s	כ Õª 
���s���. s��Qô�Ç ����o��H 
���_� Ä»

����� ?/\�"f {9�#Q���¦ 
���_� %i�Ò�o�̂ 0Au�\�¦ ���+þAr�v�Ù¼�Ð s��Qô�Ç [�t���

���s�\�¦ &h�[�t������s�(point mutation)s��� ô�Ç��. ���Ér 7áxÀÓ_� Ä»���&h���� ���

�o��H %i�Ò�o�̂_� [�t������s� ¢̧��H >á¤ °ú �Ér %i�Ò�o�̂�� ���Ér %i�Ò�o�̂[þt_� ÂÒì�r�̀¦

�§8̈�
���H F�&ñ
§>=Ü¼�Ð"f s�\�¦ ���0A(translocation)���¦ ô�Ç��.  »	·¡­#�"f, 
�

��_� %i�Ò�o�̂��H �Ð�� �8 F�g#3�0Aô�Ç ����o - %i����(reversal), ���]j(deletion), ×�æ

4�¤(duplication) - \�¦ ô�Ç��. \V\�¦ [þt#Q, ��î�r 7£xÊêç�H(Down’s Syndrome)�Ér

s��Qô�Ç %i�Ò�o�̂ [�t������s�\� _�ô�Ç �.���s	כ

Ä»������ ñ M:ë�H\� ·ú��� Ï@ Ω = {A, C,G, T}0A_� 3/åJ���Ð ÷&#Qe����H /åJ��

[þts� Òqt"î
/BN�<Æ\�"f ×�æ¹כô�Ç %i�½+É�̀¦ ô�Ç��. ·ú¡\�"f �Ð��¤1pws� s��Qô�Ç /åJ��[þt

�̀¦ �ï�7Hs����¦ 
��¦ ·ú¡"f �Ð#�ï�r ³ð��H 20��t� 7áxÀÓ_� ��p��̧íß�Ü¼�Ð ì�rÀÓ

½+ÉÃºe����. 64>h_��ï�7H[þt�ÐÂÒ'� 20>h_���p��̧íß�Ü¼�Ð����H�<ÊÃº��Héß���

�<ÊÃº����m��¦
���_���p��̧íß�\�Y>�>h_��ï�7Hs�@/6£x�)a��. s��Qô�Ç�ï�7H



ÒqtÓüt&ñ
�Ð @/�©�[þt_� @/Ãºl�
��<Æ&h� ½̈�̧ü< >�:�xì�rÀÓÔ�¦���|¾Ó >�íß�
�l� 13

[þt�̀¦ synonymous���¦ ÂÒ�Ér��. #�W=� >h_� ��p��̧íß�[þt�Ér %�6£§ ¿º >h_� 0A

u�\�"f {9�u�
���H synonymous��� �ï�7H[þts���. s��Qô�Ç �ï�7H[þt_� [j��� P: 0A

u�[þt�̀¦ four-fold degenerate���¦ ÂÒ�Ér��. 
���_� Ä»�����\�"f {9�º��_� �ï�7H

[þts� ���s�
���H ��Ér	כ 3	�"é¶ éß�Ñþ�|9� e�¦ç̀
s���.

�ï�7H[þt_� �̧+þA�Ér:�x>��<Æ&h���� �̧+þAÜ¼�Ð"f�©�I�/BNçß��Ér Ω3_� 64>h_�"é¶�è

[þts���. �̧+þA�̀¦ �¦ØÔ��H ��Ér	כ Ω3\�"f SX�Ò�¦ distributions p = (pIJK)[þt�̀¦ ½̈

�̂�o
���H �.���s	כ y��y��_� SX�Ò�¦ distribution p = (pIJK)��H ½+ËK�"f 1s� ÷&��H

6£§Ãº�� ����� z�́Ãº[þt_� 4 × 4 × 4 _�s��̂¦s���. l�
��<Æ&h�Ü¼�Ð��H, �ï�7H[þt_�

distribution�Ér 63	� SX�Ò�¦ éß��̂ ∆63_� 
���_� &h�s���:

∆63 = {p ∈ RΩ3

:
∑

IJK∈Ω3

pIJK = 1, pIJK ≥ 0, ∀IJK ∈ Ω3}.

ÕªA�"f, �ï�7H_� �̧+þA�Ér éß��̂ ∆63_� 
���_� ÂÒì�r|9�½+ËMs���.

U�́s��� 3m��� m>h_� ���5Åq&h���� �ï�7Hs� ÕªÒ�̈t�#Q��� DNA Ãº\P��̀¦ Òqty��K�

�Ð��. Äº��� uIJK\�¦ :£¤Z>�ô�Ç �ï�7H IJK�� ��������H S��Ãº�� 
���. Õª�Q��� Äº

o�_� X<s�'���H 4 × 4 × 4 _�s��̂¦ u = uIJKs� �)a��. s��Qô�Ç _�s��̂¦_� $í


ì�r[þt�Ér 6£§s� ����� &ñ
Ãº[þts��¦, y��y��_� $í
ì�r[þt�̀¦ mÜ¼�Ð ��¾º��� SX�Ò�¦ éß��̂

∆63_� 
���_� &h���� Dh�Ðî�r _�s��̂¦
1
m
· u�̀¦ %3�>� �)a��. Äºo�_� 1lqwn� �̧+þA���

M�Ér 18>h_� ��Ä» ���Ãº\�¦ �������. )�6 x���Ãº[þt_� |9�½+Ë�Ér 18	�"é¶ �̂¦2�¤ ��

����̂, 7£¤,

P = ∆15 ×∆3

s� �)a��. #�l�\�"f ∆15��H SX�Ò�¦ distribution α = (αIJ)�Ð s�ÀÒ#Q��� 15	�"é¶

_� éß��̂(simplex)s��¦, ∆3�Ér SX�Ò�¦ distribution β = (βK)�Ð s�ÀÒ#Q��� �����

�̂s���. Äºo�_� �̧+þAM�Ér ��6£§õ� °ú s� B�>h�o�)a �<ÊÃº

φ : P → ∆63, φ((α, β))IJK = αIJ · βK

s���.

Õª�QÙ¼�Ð, M = image(φ)��H 63	�"é¶ éß��̂ îß�\� e����H 18	�"é¶ @/Ãº&h� ÂÒì�r

|9�½+Ës� �)a��. ÅÒ#Q��� 4× 4× 4 _�s��̂¦ p��M\� [þt#Qe����H t�\�¦ _�Û¼àÔ
�
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l� 0A
�#� s� _�s��̂¦�̀¦ 16'�� 4\P�_� 2	�"é¶ '��§>= p′�Ð ����è­q Ãº e����.

p′ =



pAAA pAAC pAAG pAAT

pACA pACC pACG pACT

pAGA pAGC pAGG pAGT

pATA pATC pATG pATT

pCAA pCAC pCAG pCAT

...
...

...
...

pTTA pTTC pTTG pTTT


���+þA@/Ãº t�d���̀¦ ��6 x
�#� ��6£§õ� °ú �Ér ���õ�\�¦ %3��̀¦ Ãº e����:

p ∈ ∆63\� @/
�#� ��6£§[þt�Ér 1lxu�s���.

1. distribution p��H �̧+þAM\� [þt#Qe����.

2. 16× 4 '��§>= p′�Ér >�Ãº(rank) 1s���.

3. �̧��H p′_� 2× 2 �è'��§>=d��[þt(minors)�Ér �̧¿º 0s���.

4. �̧��H ¾»9þtYU�̧��s�×¼ I, J, K, L, M, N\� @/
�#�

pIJK · pLMN = pIJN · pLMK .

#�l�\�"f @/Ãºl�
�_� l��í&h���� ��z�́�̀¦ ��6 x
���� �̧+þAM�Ér Segre ���ª�

�̂���)a����H�.����ú�Ãºe·¦̀�	כ z�́]j�ÐM�Ér P15×P3_� P63\�"f_� SegreB�

]�ts���.

2.8. ËÂ¦�>�� P±Øe� DNA Ãº\P�\�"f Ä»�����[þt�̀¦ ¹1Ôl� 0AK�"f��H Ä»����� Ãº\P�

s�������¦þt\�"fÄ»�����Ãº\P��̀]	כ ½̈Z>�K�è­qÃºe����H ½̈�̧&h����:£¤$í
õ�Ãº\P�

_� :£¤fç
�̀¦ ����H ��s	כ �9�Ãº&h�s���. Ä»�������H Ä»����̂(genome)_� ���5Åq&h����

ÂÒì�rÃº\P�s���m���,	���o����àÔ�:r(intron)õ�"lo�;H(exon)[þt�Ð��¾º#Q�����

�¦ ½+É Ãº e����. 4�¤��(transcription)õ�&ñ
 Êê\� ���àÔ�:r[þt�Ér b��#Q4R �����¦

z����4R e����H "lo�;Hëß�s� ���%i�÷&#Q �����(translation). Õª�Q�� "lo�;H ×�æ\� �̧

¿º ����H ���%i�÷&#Qt���H ��s	כ ��m���: 'Í	ÂÒì�rõ� =åQÂÒì�r_� "lo�;H[þt�Ér ���%i�÷&
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#Qt�t� ·ú§��H ÂÒì�r[þts���. Ä»������ ñ��H ×�æ4�¤÷&#Qt�t� ·ú§��H 3>h_� ô�ÇZO�s�l�

M:ë�H\� ���%i�÷&#Q t���H "lo�;H ÂÒì�r[þt_� U�́s���H ìøÍ×¼r� mod 3Ü¼�Ð 0s���.

ņu����� ��ØÔ�ïÚÔ �̧4Sq(Hidden Markov model: HMM)�Ér U�́s��� n���

DNA Ãº\P�\�"f l�$�[þt_� 1lxr� �̧+þA�o\�¦ )�6 x
��¦ s� Ãº\P�\� �'a>��)a ½̈

�̧&h� :£¤fç
�̀¦ ��t���H SX�Ò�¦ �̧4Sqs���. HMM�Ér l>h_� ��0pxô�Ç �©�I�\�¦ ��t���H

n>h_� �'a8£¤÷&#Qt���H e��_�_� ���Ãº Y1, · · · , Ynõ� k>h_� ��0pxô�Ç �©�I�\�¦ ��t�

��H n>h_� ņu����� e��_�_� ���Ãº X1, · · · , Xn[þt�Ð ½̈$í
÷&#Q �����.

ì�rÀÓÒqtI��<Æ\�"f��H �'a8£¤÷&#Qt���H e��_�_� ���Ãº Yi[þt�Ér @/>h l = 4s���,

7£¤ Ω = {A, C,G, T}. ņu����� e��_� ���Ãº[þt Xi[þt�Ér Y1, · · · , Yn[þt�Ð Òqt$í
÷&

#Qt���H Ãº\P�õ� �'a>�÷&#Qt���H �̧+þA_� :£¤$í
[þtõ� �'a>�t�#Q�����. çß�éß�ô�Ç r�

��o��̧��H k = 2s��¦ ņu����� �©�I�[þt�Ér Θ = {exon, intron}s���.

HMM_� �¦Ä»ô�Ç :£¤fç
�Ér distribution Yi[þt�Ér Xi\� _��>r
��¦ Xi[þt�Ér ��

ØÔ�ïÚÔ �̂����̀¦ s�ê�r��. >�íß� ÒqtÓüt�<Æ��[þt�Ér DNA Ãº\P�[þt�̀¦ K�1lq
���H X<

HMM[þt�̀¦ s�6 xô�Ç��. Õª ÅÒ¹כ ��s�n�#Q��H ��6£§õ� °ú ��: Ä»����� ¹1Ôl� ë�H

]j\�"f��H 1lx+þA_� HMM1pxs� s�6 x÷&#Q t���HX<, s� ��_	כ _�p���H Xi → Xi+1

SX�Ò�¦_� ���s�[þt�Ér ��6£§õ� °ú �Ér k × k '��§>= S = (sij)s��¦ Xi → Yi_� ���s�

[þt�Ér ���Ér k × 4 '��§>= T = (tij)s���. #�l�\�"f sij��H ņu����� �©�I� i\�"f ņu

����� �©�I� j�Ð_� ���s� SX�Ò�¦�̀¦ �����·p��: 7£¤, ëß���� k = 2s���� i, j ∈ Θ =

{exon, intron}. ���Ãº tij��H �©�I� i ∈ Θ\� ë�H�� j ∈ Ω�� ����±ú� SX�Ò�¦�̀¦ ��

���·p��. ¢̧ô�Ç s��Qô�Ç �þt�Ér]	כ SX�Ò�¦s�l� M:ë�H\�

sij, tij ≥ 0,
∑
j∈Θ

sij =
∑
j∈Ω

tij = 1

s� $í
wn�ô�Ç��. s��Qô�Ç �¦¹1Ï
�\� ��6£§ ���õ�\�¦ %3��̀¦ Ãº e����.

Proposition 1. The homogeneous HMM is the image of a map φ : Ck(k+l) →
Cln, where each coordinate of φ is a bi-homogeneous polynomial of degree

n−1 in the transition probabilities sij and degree n in the output probabilities

tij.

#Q�"�:£¤&ñ
_� DNAÃº\P� σ ∈ Ωn\�@/ô�Ç�<ÊÃº φ_�$í
ì�r�<ÊÃº φσ��H HMMs�

Ãº\P� σ\�¦ Òqt$í
½+É SX�Ò�¦�̀¦ �����·p��. ��6£§�Ér s��Qô�Ç ��z�́[þt\� @/ô�Ç %3�x9�ô�Ç
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+þAd��s���:

φσ =
∑
i1∈Θ

ti1σ1(
∑
i2∈Θ

si1i2ti2σ2(
∑
i3∈Θ

si2i3ti3σ3(· · · ))))

s� ���½Ód���̀¦ ���>h
���� ��6£§õ� °ú �Ér kn >h_� �½Ó�̀¦ �������:

ti1σ1si1i2ti2σ2si2i3ti3σ3 · · · sin−1intinσn .

e��_�_� �¦&ñ
�)a ���Ãº[þt\� @/K� Û¼àÔa�A î = (i1, i2, · · · , in) ∈ Θn
\�¦ ���&ñ

��¦

z�·�ÉrX< s� Û¼àÔa�A�Ér φσ_� �̧��H kn �½Ó[þt ×�æ\� þj@/ Ãºu�°ú̀�כ¦ °ú���H �½Ó[þt�̀¦

�����·p��. Äºo���H s��Qô�Ç î\�¦ �'a¹1Ï σ_� [O�"î
s����¦ ô�Ç��. Ä»����� ¹1Ôl� ë�H

]j��H ��2£§ ����� {9�§4�°úכs� σs��¦ Ø�¦§4�°úכs� î��� �¦̀�	כ >�íß�
���H �.���s	כ �&³

z�́&h�Ü¼�Ð��H s��Qô�Ç Ä»����� ¹1Ôl� ë�H]j�� B�Äº #Q�9Äº�� Ãº�<Æ&h�Ü¼�Ð��H Ô�¦

��0pxô�Ç ��Ér	כ ��m���.

2.9. "�á~
Ça�Ý~
 >�íß�ÒqtÓüt�<Æ\� e��#Q ���©� ��H�:r&h���� ���\O��Ér DNA ¢̧��H éß�

Ñþ�|9� "f\P�[þt�̀¦ &ñ
§>=
���H �.���s	כ z�́]j�Ð ��������H ÒqtÓüt�<Æ&h���� "f\P�[þt�Ér

�Ð:�x U�́s��� B�Äº U�́#Q"f ���½̈��[þt�Ér þj&h�_� &ñ
§>=�̀¦ ¹1Ôl� 0AK�"f B�Äº

ò́Ö�¦&h���� ·ú��¦o�7£§�̀¦ >hµ1ÏK� M®o��. s��Qô�Ç ·ú��¦o�7£§ ×�æ @/ÂÒì�r_� �þt]	כ

�Ér 1lx&h� áÔ�ÐÕªA�bç
(Dynamical programming) "é¶gË:\� ���½Ó�̀¦ ¿º�¦ e����.

Σ = {A, C, G, T}0A\�"f ��6£§õ� °ú s� &ñ
_��)a 2>h_� DNA "f\P��̀¦ Òqty��K�

�Ð��: σ1 = σ1
1σ

1
2 · · ·σ1

n, σ
2 = σ2

1σ
2
2 · · ·σ2

m. (σ1, σ2)_� "f\P�&ñ
§>=�Ér ¼#�|9�ë�H��

{H, I, D} 0A\�"f ��6£§ �'a>�d�� #H + #D = n, #H + #I = m�̀¦ ëß�7á¤
���H

string h�Ð &ñ
_�½+É Ãº e����. An,m�̀¦ (σ1, σ2)_� �̧��H "f\P�&ñ
§>=_� |9�½+Ës���

�¦ 
���. Õª�Q��� |An,m| = 1/(1 − x − y − xy)_� xmyn_� >�Ãº����H �'a>�d��

�̀¦ %3��̀¦ Ãº e���� [8].

3. >�:�xì�rÀÓÔ�¦���|¾Ó >�íß�
�l�

%�6£§Ü¼�Ð ����o ÒqtÓüt�<Æ\� Andreas Dressü< Õª 1lx«Ñ[þts� ��o�/BNçß�\� @/

ô�Ç >h¥Æ��̀¦ �̧{9�
�#� ú́§�Ér s��:r[þt�̀¦ &ñ
wn�
�%i���HX< s�\� @/K� ·ú����Ð��x��

([4], [5]). Ä»ô�Ç��o�/BNçß��Ér 
���_� n × n @/g�A'��§>= D = (dij)���X< "é¶�è
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[þt�Ér dij = dji ≥ 0, dii = 0, dik ≤ dij + djkü< °ú �Ér �'a>�d���̀¦ ëß�7á¤ô�Ç��.

[n] := {1, 2, · · · , n}0A_� 
���_� ��o�/BNçß� D��H R(n
2)_� ô�Ç &h�\� K�{©��)a��.

s��Qô�Ç��o�/BNçß�[þt_�|9�½+Ë�Ér R(n
2)?/\�e����H����̂ 	�"é¶_� �̂¦2�¤���ª��̂�BH���

X< �Ð:�x�Ér s�\�¦ ��o��BH(metric cone)s��� ô�Ç��.

��o��BH(metric cone)_� �̧��H &h� D��H �̂¦2�¤���ª��̂ PD = {x ∈ Rn : xi +

xj ≥ dij∀i, j}�Ð K�$3�÷&#Q|9� Ãº e����. ëß���� D1, · · · , Dks� ��o�/BNçß�[þts��¦

D1 + · · ·+ Dk�̧ ¢̧ô�Ç ��o�/BNçß�s������

PD1 + · · ·+ PDk
⊂ PD1+···+Dk

.

0Ad��\�"f1pxd��s�$í
wn�÷&��H�â
Äº, »	!lr D1+ · · ·+Dk\�¦x9��ÃÌ÷&#Q(coherent)

e�����¦ ô�Ç��. 
���_� ì�r½+É(split)�Ér [n]_� "f�Ð /BN:�xÂÒì�rs� \O���H /BN|9�½+Ës�

����� ¿º ÂÒì�r|9�½+Ë_� í�H"f�©� (α, β), α ∪ β = [n]Ü¼�Ð &ñ
_�ô�Ç��. Õª�Q���, y��

y��_�ì�r½+É (α, β)�Ér��6£§õ�°ú �Érì�r½+É��o�(split metric)\�¦&ñ
_�½+ÉÃºe����.Dα,β
ij = 0 {i, j} ⊂ α, ¢̧��H {i, j} ⊂ β

Dα,β
ij = 1 ���Ér �â
Äº.

s��â
Äº,ì�r½+É��o� Dα,β
\�¦����?/��H PDα,β��H
���_�Ä»ô�Çô�Ç �̧"fo�\�¦��t�

�¦¿º>h_�=�Gt�&h��Ér α, β\�@/6£x�)a��. 
���_���o�D��H#Q�"� λ > 0\�@/
�

#� Dα,β ≤ λD\�¦ ëß�7á¤
���H ì�r½+É (α, β)s� \O��̀¦ M: ì�r½+É�èÃº(split-prime)��

�¦ ô�Ç��.

Theorem 2 (Dress-Bandelt Split Decomposition). �̧��H Ä»ô�Ç ��o�/BNçß�

D��H Ä»{9�ô�Ç x9��ÃÌ ì�r½+É D = D1 + · · · + Dk + D′�Ð ����è­q Ãº e����. #�

l�"f D1, · · · , Dk��H 1	� 1lq{9���� ì�r½+É��o�[þts��¦ D′
��H ì�r½+É�èÃº ��o�s���.

s� &ñ
o���H ����o ÒqtÓüt�<Æ\� B�Äº Ä»6 x
���, �=��
����, s� &ñ
o���H >�:�x4�¤

"é¶\� e��#Q"f ���ª��̂�Ð+� ]X���H½+É Ãº e����H s��:r&h� ��H��\�¦ ]j/BN
�l� M:ë�Hs�

��. \V\�¦ [þt#Q ÅÒ#Q��� n>h_� >h�̂, 7£¤, n>h_� ÒqtÓüt�̂_� Ä»����̂1px\� @/K�

s�[þt_� ��o�[þt_� '��§>=�̀¦ D�Ð ×þ�ô�Ç���¦ 
���. �Ð:�x�Ér dij��H Ä»����̂ iü< Ä»

����̂ j ��s�_� "f\P�&ñ
§>=�ÐÂÒ'� %3��̀¦ Ãº e����H Jukes-Cantor ��o�{9� ��s	כ

��. Õªo��¦, 4�¤½+Ë���ª��̂��� Bd(PD)��H y��y��_� [j�í[þts� ���ª��̂ PD_� Ä»ô�Ç
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���[þt�Ð s�ÀÒ#Q4R e����. s� ��Ér	כ »¡¤�è��0pxô�Ç (��e�¦�7�Û¼(complex)s��¦ ��o�

/BNçß� D_� tight span ¢̧��H injective hulls����¦Ô�¦�9�����. ��o� D����Áº��

o�(tree metric)s�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér Bd(PD)�� 1	�"é¶��� �.���s	כ s�

�â
Äº\� Bd(PD)��H ��2£§ ����� D�Ð ÂÒ'� ³ð�&³÷&#Qt���H >�:�xÃº(phylogenetic

tree)s���.

3.1. N�§� &P�ÇÚ��·£o>%�× >�:�xì�rÀÓ@/Ãºl�
��<Æ(Phylogenetic algebraic geome-

try)\�@/ô�Ç���½̈���&³F�p�²DG_�!Q9þto�@/�<Æ_�Û¼)3�:\�(Bernard Sturmfels),

o��̧ ��âì'�(Lior Pachter) �§Ãº\�¦ ×�æd��Ü¼�Ð ú́§s� ���'��÷&�¦ e����. >�:�xì�r

ÀÓ@/Ãºl�
��<Æ ì�r��\� @/ô�Ç ���½̈ ��s�n�#Q��H y�� ÒqtÓüt�̂_� Ä»����̂[þtçß�_�

�'a>�\�¦�Ð s�ÀÒ#Q��� :�x>�&h� �̧4Sq[þts� J$�"f/BNçß�\�"f @/Ãº���ª��̂\�¦ s�ê�r��

��H ��z�́\�"f %3��̀¦ Ãº e����. 7£¤, y��y��_� >h�̂[þtçß�_� ��o��� >�:�xì�rÀÓÔ�¦���

|¾Ó[þt�̀¦ >�íß�
���H ���\O��̀¦ @/Ãºl�
�&h���� �̧½̈\�¦ ��6 x
�#� ½+É Ãº e���� [1].

¢̧ô�Ç, >�:�xÃº(Phylogenetic tree) T�� ÅÒ#Qt���� s��ÐÂÒ'� Òqt$í
÷&��H XT��H

toric ���ª��̂�� ÷&��HX<, homogeneous prime ideal of XT��H 2	�d��[þt�Ð s�ÀÒ

#Q��� Groebner l�$�\�¦ °ú���H����H �¦̀�	כ Seth Sullivant�� �7Hë�H\�"f 7£x"î
�̀¦


�%i���. #�l�\�"f XT\�¦ ÒqtÓüt�<Æ��[þt�Ér Jukes-Cantor �̧4Sqs����¦ ÂÒØÔ�¦,

�̧A� ���ÂÒ'� ú́§�Ér ���½̈\�¦ 
�#� M®o�� [11].

½̈�̂&h�Ü¼�Ð,s�ì�r��\�"fY>���t�>�íß�ë�H]j[þt\�@/K�Macaulay 2, singu-

lar 1px �'aº�� (��ÉÓ'� >�íß� áÔ�ÐÕªÏþ��̀¦ s�6 x
�#� K�[þts� ½̈K�&����. ¢̧ô�Ç, &h�

�Ér >hÃº_� {9��̀¦ ��t���H >�:�xÃº(Phylogenetic tree)�� #Qb�G>� @/Ãº���ª��̂��

÷&��H t�\�¦ ·ú� Ãº e���¦, s��Qô�Ç @/Ãº���ª��̂_� 	�"é¶õ� 	�Ãº 1px >�:�xì�rÀÓÔ�¦

���|¾Ó(Phylogenetic invariants)\� @/ô�Ç ú́§�Ér Ãº�<Æ&h� &ñ
o�[þts� %3�#Q&���� [6],

[8]. þj��H\���H �9����̧ s� [þt >�:�xì�rÀÓÔ�¦���|¾Ó[þt\� @/ô�Ç Y>�Y>�_� >�íß����õ�\�¦

%3��Ér �� e����.

s��Qô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt�̀¦ [O�"î

�l� 0AK�"f��H ��6£§õ� °ú �Ér >h¥Æ�[þt�̀¦

[O�"î
½+É�9¹כ���e����. Äº����ÉrSX�Ò�¦éß�í�H�̂(probability simplex) �̧+þA_�B�>h

�o\�¦ ¶ú�(R�Ð��� ��A�ü< °ú s� ¿º��t� ~½ÓZO�Ü¼�Ð B�>h�o½+É Ãº e������H �¦̀�	כ ·ú�

Ãºe����. 'Í	���P:~½ÓZO��Ér>�:�xÃº_� �̧��H{9�_�ºú���\�@/ô�Ç#î
½+ËSX�Ò�¦(joint

probabilities)[þt�ÐÅÒ#Qt���HX<, y��y��_�SX�Ò�¦�Érs� �̧+þA_�B�>h���Ãº[þt\�@/
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ô�Ç ���½Ód��s���. #�l�\�"f ¿º >h_� SX�Ò�¦[þts� 1lxu�����H ��Ér	כ Õª [þt_� Òqt$í


���½Ód��[þts� >á¤°ú ����H _�p�s���. s��Qô�Ç 1lxu��'a>�\� _�ô�Ç 1lxu�ÀÓ\�¦ Òqty��

½+É Ãº e����. ô�Ç¼#�, l�$����8̈��̀¦ :�x
�#� s��Qô�Ç �̧+þAB�>h�o��H Dh�Ðî�r ýa³ð

r�Û¼%7�(ÉÒo�\� ýa³ð>�)Ü¼�Ð ���8̈�|̈c Ãº e����. s� ýa³ð>�\�"f��H #��Q��t�

���\O��̀¦ Ãº�Z4y� ½+É Ãº e����. s��Qô�Ç ¿º ýa³ð>�\�¦ s�6 x
�#� ��6£§õ� °ú �Ér >�

:�xì�rÀÓÔ�¦���|¾Ó[þt�̀¦ >�íß�½+É Ãº e����.

(1) D: The dimension of the model.

(2) d: The degree of the model.

(3) E: The largest degree of a generator in the degree reverse lexico-

graphic reduced Grobner basis.

(4) e: The largest degree of an element in a minimal generating set for

the ideal of phylogenetic invariants. (complexity of the model).

(5) M : The cardinality of the degree reverse lexicographic reduced

Grobner basis of the ideal of phylogenetic invariants.

(6) mld: The maximum likelihood degree of the model.

(7) µ: The cardinality of the smallest set of generators that define the

ideal of phylogenetic invariants.

(8) np: Number of equivalences classes of the probability coordinates.

(9) nq: Number of equivalence classes of Fourier coordinates without

counting class 0. This is also the dimension of the smallest linear

space that contains the model.

(10) pi: The sum of all probability coordinates in the ith equivalence

class. These indeterminates form a set of sufficient statistics for the

given model.

(11) qj: The average of all Fourier coordinates in the jth equivalence

class.

(12) sD: The dimension of the set of singular points of the model.

(13) sd: The algebraic degree of the set of singular points of the model.
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��6£§ FIGURE 2,3,4\� ������ e����H ³ð[þt\���H &h��Ér >hÃº_� {9��̀¦ ��t�

��H >�:�xÃº(Phylogenetic tree)0A_� >�:�xì�rÀÓÔ�¦���|¾Ó[þt\� @/ô�Ç Y>�Y>� >�íß� ���

õ�[þts���. s�[þt ³ð\� ��������H #��Q ��t� ��[jô�Ç ���½Ó[þt, 7£¤, 6 x#Q MC,

NMC, comb, fork, giraffe, claw, crane 1px\� @/ô�Ç [O�"î
�Ér s� �7Hë�H\�"f��H Òqt

|ÄÌô�Ç��. s�\� �'aô�Ç ��[jô�Ç ?/6 x�Ér Garciaü< Porter�� î�r%ò

���H website\�

��[jy� [O�"î
÷&#Q4R e��Ü¼Ù¼�Ð �ÃÐ�¦
�l� ��êøÍ�� [6]. s��Qô�Ç Ô�¦���|¾Ó�̀¦ >�íß�


���H X<\���H Singular, Macaulay 2 ¢̧��H Maple 1px ��ÅÒ ò́Ö�¦&h���� >�íß� ·ú�

�¦o�7£§[þts�e����. #�l�\�"f *³ðr���Ht��FK>�5Åq>�íß�×�æ\�e��#Q"f��f�����

õ��� SX����÷&t� ·ú§�Ér �©�I�_� >�íß�°úכ[þt�̀¦ ����?/�¦, ? ³ðr���H >�íß� ~½ÓZO��̀¦

ú̧� �̧ØÔ���� ��m���� >�íß� ���õ��� s��©�ô�Ç �¦̀�	כ �����·p��. ¢̧ô�Ç, N71, JC,

K2, K3�Ér Felsenstein hierarachy\� _�ô�Ç :�x>��<Æ&h� �̧4Sq_� 7áxÀÓ\�¦ �����·p

��. s� ³ð\� ����èß� ��õ	כ °ú s� {9�_� >hÃº�� 5>h��t�_� >�:�xÃº\�"f @/K�"f

�̧ �̧ØÔ��H ���õ�[þts� ú́§Ü¼ 9, {9�_� >hÃº�� 6>h s��©���� >�:�xÃº\� @/K�"f��H

>�íß� ���õ�\�¦ %3�Ü¼�9�¦ �&³F� �̧§4� ×�æs���.

topology cl np nq D d sD sd µ e M E mld

N71 4 4 4 1 - - 0 - 0 - 1

NMC JC 5 5 4 3 2 3 1 3 1 3 23

K2 10 10 7 12 4 22 9 4 9 4 *

K3 16 16 10 96 * * 34 4 34 4 *

N71 3 3 3 1 - - 0 - 0 - 1

MC JC 4 4 3 3 2 1 1 3 1 3 11

comb K2 7 7 5 6 3 10 4 4 4 4 *

K3 10 10 7 12 4 22 9 4 9 4 *

N71 2 2 2 1 - - 0 - 0 - 1

MC JC 3 3 2 3 1 2 1 3 1 3 5

claw K2 4 4 3 3 2 1 1 3 1 3 *

K3 5 5 4 3 2 3 1 3 1 3 *

Figure 2. 3>h_� {9��̀¦ ����� >�:�xÃº\� @/ô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt
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topology cl np nq D d µ e M E mld

N71 8 8 6 4 2 2 2 2 14

NMC JC 15 13 6 34 33 3 33 3 ?

4tet K2 36 34 11 2536 795 4 847 4 *

K3 64 64 16 689920 8002 4 9124 5 *

N71 8 8 5 8 3 2 3 2 92

NMC JC 15 12 5 20 21 3 30 5 ?

d-4tet K2 36 33 9 832 193 4 437 5 *

K3 64 64 13 70784 1096 4 4706 5 *

N71 3 3 2 2 1 2 1 2 3

MC JC 5 4 2 4 2 2 2 2 17

claw K2 8 7 3 8 7 2 7 2 *

K3 11 11 4 16 21 2 21 2 *

N71 6 5 4 2 1 2 1 2 17

MC JC 11 9 4 14 15 3 17 4 ?

comb K2 24 20 7 129 111 4 163 6 *

K3 40 34 11 1560 373 5 756 11 *

N71 4 4 3 2 1 2 1 2 5

MC JC 7 6 3 5 5 3 6 3 ?

crane K2 13 12 5 18 18 3 30 4 *

K3 20 20 7 80 52 3 104 5 *

N71 5 5 4 2 1 2 1 2 1

MC JC 9 8 4 14 13 3 13 3 ?

fork K2 18 17 7 108 107 4 112 4 *

K3 28 28 10 944 396 4 446 5 *

N71 5 4 3 2 1 2 1 2 15

MC JC 9 7 3 11 10 3 12 4 ?

giraffe K2 18 14 5 45 37 4 52 5 *

K3 28 23 7 227 100 4 192 6 *

Figure 3. 4>h_� {9��̀¦ ����� >�:�xÃº\� @/ô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt
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topology cl np nq D d µ e M E mld

N71 16 16 6 52 30 2 37 4 *

NMC JC 51 27 6 115 33 3 33 3 *

1st K2 136 106 11 49516 2920 4 9276 5 *

K3 * * * * * * * * *

N71 16 16 7 44 24 2 28 3 *

NMC JC 51 31 7 315 272 3 345 5 *

2nd K2 136 112 12 365808 10853 4 22168 5 *

K3 * * * * * * * * *

N71 16 16 8 34 20 2 24 3 *

NMC JC 51 34 8 813 512 3 613 5 *

3rd K2 * * * * * * * * *

K3 * * * * * * * * *

N71 3 3 2 2 1 2 1 2 3

MC JC 6 5 2 5 5 2 5 2 ?

claw K2 10 9 3 11 17 2 21 4 *

K3 14 14 4 23 44 2 60 4 *

N71 11 8 5 5 5 2 5 2 ?

MC JC 35 21 5 87 133 3 171 4 ?

comb K2 88 58 9 5024 1770 4 4000 10 *

K3 * * * * * * * * *

N71 9 8 5 5 5 2 6 3 ?

MC JC 25 19 5 87 117 3 152 4 ?

fork K2 58 50 9 4763 1714 4 5112 21 *

K3 * * * * * * * * *

N71 9 8 5 5 5 2 5 2 ?

MC JC 25 18 5 87 115 3 131 4 ?

giraffe K2 58 47 9 4208 1818 4 2668 8 *

K3 * * * * * * * * *

Figure 4. 5>h_� {9��̀¦ ����� >�:�xÃº\� @/ô�Ç >�:�xì�rÀÓÔ�¦���|¾Ó[þt
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Carbon nanotubeÿ? GaAs )�×�� Ä©�¿ Úr
TÒ¼

+�Øכ�= Ù��Áþ��\�, Ä©�¿�\� §�́Å]� &P��7�1

s�$3�ÅÒ2

ABSTRACT. Molecular beam epitaxy~½ÓZO��̀¦��6 x
�#� GaAsìøÍ�̧�̂�ª�

�� ½̈�̧\�¦ carbon nanotube (CNT) 0A\� $í
�©�
�%i���. Ramanõ� x–ray

diffraction spectrum�̀¦ :�x
�#� ìøÍ�̧�̂ layer�� $í
/BN&h�Ü¼�Ð $í
�©�÷&%3�6£§�̀¦

SX����
�%i���. CNT�� seed�Ð s�6 x÷&#Q ìøÍ�̧�̂ �ª��� ½̈�̧��H �Ð:�x_� 2	�"é¶

½̈�̧�Ð��\��-t���Z�}�Ér 1	�"é¶_� ½̈�̧\�¦+þA$í

�%i�6£§�̀¦ photoluminescence

spectrum\�"f SX����
�%i���. s� ìøÍ�̧�̂ü< CNT_� ���½+Ë�̀¦ :�x
�#� Dh�Ðî�r �è

��_� >hµ1Ïs� ��0px½+É �.���s	כ

1. "�Òeµ

Carbon nanotube (CNT) ü< nanowire�Ð @/³ð÷&��H 1 	�"é¶ ���̧ ½̈�̧��H ���̧ ��s�Ý¼_� G'p

"f, �r�Ð 1px #��Q ì�r��\� s�6 x÷&��H nanoelectronic �è��[þt�̀¦ ��0px
�>� ½+É B�Äº Ä»6 xô�Ç F�«Ñ

s���. :£¤y� CNT array[þt�̀¦l�óøÍ0A\�&ñ
SX�ô�Ç~½Ó�¾ÓÜ¼�Ð&ñ
§>=½+ÉÃºe����Hl�Õüts�>hµ1Ï÷&#Qz�́

]j �è���Ð_� 6£x6 x\� ����s� �������¦ e����.1) 
�t�ëß� �Ð�� 4�¤ú̧�ô�Ç {9��̀¦ 
���H 1	�"é¶ �è����H

CNTëß��̀¦s�6 x
�#�"fëß�[þtÃº��H\O��¦ìøÍ�̧�̂Óüt|9�õ�°ú s����½+Ë÷&#Q��ëß�ô�Ç��. GaMnAs\�¦

CNT ÅÒ0A\� $í
�©�
�#� 1	�"é¶ �̧���%�!3� s�6 x
��9��H �̧§4�ëß�s� �&³F���t� �Ð�¦÷&�¦ e����.2∼3)

�:r ���½̈\�"f��H GaAsü< AlGaAs\�¦ s�6 xô�Ç nanostructure layer [þt�̀¦ molecular beam epi-

taxy (MBE) ZO��̀¦ s�6 x
�#� CNT�� e����H l�óøÍ 0A\� $í
�©�
��¦ Õª ½̈�̧&h�, F�g�<Æ&h� :£¤$í
�̀¦ ì�r

$3�, î̈
��
�#� �Ð��¤��.

1s� �7Hë�H�Ér 2007�<Æ�̧��̧ ô�Ç²DGü@²DG#Q@/�<Æ�§ �<ÆÕüt���½̈q� t�"é¶\� _�
�#� s�ÀÒ#Q��� �.��e	כ
2ô�Ç²DGü@²DG#Q@/�<Æ�§ �����õ��<Æ@/�<Æ �����Óüto��<Æõ� �§Ãº
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2. ��
 ��@

Single–walled CNT suspension�̀¦ SiO2/Si l�óøÍ 0A\� b��#Qä¼�2; Êê solvent\�¦ ú́�o���� Z�}�Ér

x9��̧\�¦ ��t���H CNT layer�� ëß�[þt#Q�����. s� l�óøÍ�̀¦ MBE chamber\� �̀��� 10−10 torr _�

���/BN\�"f 450oC�Ð 10ì�rçß�, Õª s�Êê As–rich 10−10 torr \�"f 600oC�Ð 5ì�rçß� \P�%�o� 
�%i���.

s� l�óøÍ 0A\� GaAs �ª��� ÄºÓüt ½̈�̧�� p–n junction ��s�\� [þt#Q���̧2�¤ r�«Ñ\�¦ $í
�©�
�%i�

�¦, Õª ½̈�̧ü< y�� layer[þt_� $í
�©� �̧|	�s� Fig.1\� �Ð#������. CNT_� %ò
�¾Ó�̀¦ ·ú����Ðl� 0A
�

#� control sample�Ð CNT�� \O���H r�«Ñ�� °ú s� $í
�©�÷&%3���.

Figure 1. r�«Ñ_� ½̈�̧ x9� $í
�©� �̧|	�. "é¶[þt�Ér CNT\�¦ �����·p��.

r�«Ñ_� ½̈�̧&h���� :£¤$í
�Ér x–ray diffraction(XRD)õ� Raman ì�rF�g�̀¦ :�x
�#� ì�r$3�
�%i�Ü¼

 9, F�g�<Æ&h���� :£¤$í
 ì�r$3��Ér �©��:rõ� $��:r photoluminescence (PL) ì�rF�gZO��̀¦ s�6 x
�%i���.

3. Úr
ø� ��� �×�+

�ª��� ½̈�̧_� ìøÍ�̧�̂_� $í
�©�\� CNT\�¦ s�6 xÙþ¡�̀¦ M: l�@/
���H ò́õ���H CNT�� seed %i�½+É

�̀¦ 
�#� �Ð:�x_� layer–by–layer $í
�©�_� �â
Äº\���H ëß�[þt Ãº \O���H 1	�"é¶ ½̈�̧�� $í
�©�÷&��H ��s	כ

��. s�XO�>� r�«Ñ�� $í
�©� ÷&%3��̀¦ M:_� schematicô�Ç ½̈�̧�� Fig.2\� �Ð#�t��¦ e����. CNT��

e����H l�óøÍ 0A\� $í
�©��)a r�«Ñ��H ÕªaË>õ� °ú s� 1	�"é¶_� ½̈�̧\�¦ ��t�>� $í
�©�s� ÷&��H ìøÍ���, seed

\O�s� $í
�©��)a r�«Ñ (control sample)��H �Ð:�x_� 2	�"é¶ �ª��� ÄºÓüt ½̈�̧\�¦ ��t�>� |̈c �.���s	כ
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Figure 2. $í
�©��)a r�«Ñ_� schematic ÕªaË>

���©� ���$� CNT/SiO2 0A\� ìøÍ�̧�̂ layer [þts� $í
/BN&h�Ü¼�Ð $í
�©�s� ÷&%3���Ht�\�¦ Ramanõ�

XRD\�¦ :�x
�#� SX����
�%i���. Fig.3_� Raman spectrum\� CNT ü< GaAs �'aº���)a peak [þts�

�'a8£¤÷&�¦, s���H $í
�©� ×�æ\� CNT�� ]j��÷&t� ·ú§��¤Ü¼ 9

Figure 3. CNT e����H r�«Ñ_� Raman spectra

Õª0A\� GaAs layer��$í
/BN&h�Ü¼�Ð$í
�©�÷&%3�6£§�̀¦_�p�ô�Ç��. ÕªaË> 4_� XRD data��H power

+þA diffractometry\�¦ s�6 x
�%i���HX< GaAs �'aº�� peak [þts� �'a8£¤÷&�¦, s���H ~½Ó�¾Ó$í
s� {9�&ñ

�

t���H ·ú§�Ér CNT ÅÒ0A�Ð GaAs layer[þts� $í
�©�÷&%3�6£§�̀¦ �Ð#�ÅÒ�¦ e����.

CNT\�¦ s�6 x
�#� $í
�©�ô�Ç r�«Ñü< CNT \O�s� $í
�©��)a control sample_� �©��:rõ� $��:r PL
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spectrums� Fig.5\� �Ð#�t��¦ e����. ¿º feature�� �'a8£¤÷&�¦ e����HX<,

Figure 4. XRD spectrum. l�óøÍ��� Siõ� $í
�©��)a GaAs peaks� �'a8£¤�)a��

Figure 5. $��:r(¢,aAá¤)õ� �©��:r(�̧�ÉrAá¤) PL spectrum. &h�����Ér con-

trol sample_� spectrums���.

�©��:r\�"f 1.42 eV, $��:r\�"f 1.52 eV _� peak�Ér GaAs bulk peak s� 9, �©��:r\�"f 1.6 ∼
1.7 eV, $��:r\�"f 1.65 ∼ 1.75 eV _� broadô�Ç peak�Ér ìøÍ�̧�̂ �ª��� ½̈�̧\�"f l����ô�Ç �Ü¼�Ð	כ
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Òqty���)a��. ¿º spectrum �̧¿º CNT �� e����H r�«Ñ\�"f control sample\�"f �Ð�� �ª���½̈�̧\�

"f l����ô�Ç peaks� Z�}�Ér \��-t�\�¦ ��t��¦ e���¦, s���H Fig.2\�"f �Ð1pws� ìøÍ�̧�̂ �ª���½̈�̧��

CNT\�¦ W=�Ü¼ 9 $í
�©�÷&#Q 1	�"é¶_� ½̈�̧\�¦ +þA$í

�%i�l� M:ë�H��� �Ü¼�Ð	כ �Ð�����. ß¼l�_� Ô�¦ç�H

{9�$í
 M:ë�H\� ��� ;�¤s� ÃºÑþ� meV�Ð �©�{©�y� ß¼t�ëß� s���H $í
�©� �̧|	�_� þj&h��o\�¦ :�x
�#� �FG4�¤

½+É Ãº e���̀¦ �.���s	כ

4. Úr
 Òeµ

GaAsìøÍ�̧�̂�ª��� ½̈�̧\�¦ CNT0A\�$í
/BN&h�Ü¼�Ð$í
�©�
�%i��¦,s���H Ramanõ� XRD spec-

trum�̀¦ :�x
�#� SX����÷&%3���. $í
�©��)a ìøÍ�̧�̂ ½̈�̧��H CNT\�¦ seed�Ð s�6 x
�#� $í
�©�÷&#Q 1	�

"é¶_� ½̈�̧\�¦ +þA$í

�%i���. s���H 1	�"é¶, 0	�"é¶_� ìøÍ�̧�̂ �ª���½̈�̧ü< CNT\�¦ ������Ü¼�Ð s�6 x

ô�Ç Dh�Ðî�r �è��_� >hµ1Ï\� s�6 x|̈c Ãº e��Ü¼o��� l�@/�)a��.
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