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2009d Aof Gian-Carlo RotaZ} t}&3} e Exo g2 733l “The

lack of real contact between mathematics and biology is either a tragedy, a

—

scandal, or a challenge, it is hard to decide which” [7].

a2 o] Al UEhd F sHEARel Y] IA T W F = shAke A=
A7t T 53 FEUEN ARAA AHA IFHS & 5 US o Lo
g Atk B 5 Utk A E S0 282 FEAEA £ BF0
Holgal, 7 Fofe] FAES AEE EFSH 2 77 FF AW gTh
3], #38to] 7]etgtolut 91 Ete] 8T 2ol &, AR, ¢4
o FAe ou|E AT Y AE 7k AR wFI Qlo] gt

t}. 2ol & Coheno] thg3} Zo] Y& 33t 525-319] B o]

T TF “Mathematics is biology’s next microscope, only better;

3

Sk 12
ot
2y
Y
o{' S

=
=3
S}
0o
<

5

27

fil o
E

athematics’ next physics, only better” [3].
sAlo] 201 7] W2 ZA AT 21M 71 & =2 et A
37+ FAAY Aojgt el = o] F A 7T AHEE fls ZAeolth
A A (Genome)ol] Tt AF7F w2 A X85 o) o whet A4 A
7 & (Phylogenomics) o] W2 A S8 FoF2 thF5 L . o] &of
§-3 8ol A 77 2 oF, A g Genomics) 2} FAHA &
Phylogenetics)e] Z23to 2 o]F oA t}h &3} 1009 2t
stejet AARE FHA Aol o] ZA e Ad-F5HA % 7
Z9 st 582 7IREC R &1l AFH OB S
3H(Bioinformatics) 9] 2 olg} & 4= At}
A AEEL FAA A ek SAAA AFE S
F22 U ERH A F(Sequence)of o] gk ¥ 1 o}y
iz 2 B 2 Y 2 (Proteomics), @ 2 2] 2D, 3D £+ A+
ijﬂ@}(Functlonal genomlcs) 75"% 5 A7 A Mxs)
seolth A

A

=

r

2 4

rd :‘m
&Hﬂ
M=
@)
o
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=3
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=]
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o
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AEAR NHES BT FRsh ABEFERT AL i
FAAE A2 VERA A D (Sequence) o o 3t Ao A sRAIE o] %]
= Y7 EA=0] e, I Foll= 7 AA ol A SHES FHA}F &
71 A, F R FAA Aol BESA ] AAE FodE FA AL
d4E A 5ol Ak o] A=l e A ¢l G E 52 statistical
learning A 2] 2 FE 7|5+ WHES 7| E whEo] Ha1, B3 o]
2d © yolrt Hop dubA <l I

52 %+ A% up2 3 Z (Hidden Markov)

29 (graphical models) ¥} #& Ao
iz RS2 e FASAA Al B & F2okE A}
o] W4T 7ro 2 HE BINZFZHEY L, no=ATS T Ao A%

o
=

ORI e oE s
o] ETHFA (R3] ThFA £ sle F3hHE mdH ] ke AL
& 4 Qe ool et AFEo] f52 T TAES T4 3

o "
re
g M
N
N
(el
)
=)
A
Lo
R:3
iy
)
4
1%
o
[>
el
e,
W
e
]
=
o,

ol X et [8].

Q17 ofolt] ol 7+ AEA H27)
5209 BASE ol %ol BAA 2ol AT NN tlridal S

% Qe =, A7) AR SR Azl AR
FEAFEL AL AUE erls A £ 8 gl B 4
o} [1]. =3 A5 (Phylogenetic tree) T7F Fo] A H o] 2 ¥ AJA
X+ toric A 7} = =6, homogeneous prime ideal of Xp+= 2214
o] Z0] A Groebner 7] A& Zt=th= A Seth Sullivant 7} =80l A 3
2 ek o7lelA X & AEIAEL Jukes-Cantor ZHo]2hil &
A, el e W dE sho] st (1]

_l

N ot A
of M rfr o ¢
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AsEFHT7I81e2 73 Y A2 A= AFTERH 42 5
Re ELAIH T o o‘:iﬂ% HHo] FHoldot o3 A= A9
Fo) A HELS A3t HEEA IS yehig 2 £ ok 99
M7 AL A5S-S5 o) Al = toric determinantal T} A, 712] secant T}
Ask 2 A7 A B AES B L 5 Qe el 29 A%
g2 ATl daiAes ALY BaE A Aot @A o= ol# g A
£ 2357 98 AFE ZE W E Macaulay2, Singular, Maple& ©] &
3lo] A5l 7HA = A5 E 7 & W 35 (Phylogenetic invariants)< 7|
Abetth 2k, 2 FY Al R EHEFES AAstE Hole 49 A
F7F S8k Waolth [6).

2. APAE s 5 4 dd=

= =} =
O B AujsEs Qe
Atk 3% AL LRAD E S A A

[
el

fr oo do ok lo

© (Avery) &} “_“,7 Z E](McCarty) 7} DNA7}F AEA1¢] +H4E8HS &
T2=dolgty wozH AAA FH Uk 1953l Ald St
(James Watson)JJr Z WA~ F 8 (Francis Crick)2 3x-9 9] DNA 2
s e 1o} 24 ¥¥lE =5t [12]. o] 2o W2 W&
ey =k %EELJ_—,—ﬂ- 2 A3} Ron Shamir®] &3] o] Ao 9+ Lecture
Note “Algorithms for Molecular Biology” o] 1+ W& F233 o) [8],
9].

NS 712 44T E 48 DNAS $ R0 Ao
s AAE )AL AHFH A ATk olH T Aol o sto] DNAE wF
g L Etol= (Nucleotlde) gt 22 71E @R 2 o] ol Avkd £}

[m My 2 O oXorfr N
e A A U



AEAY daEe) tvlsed Fa AEREEE AN 13
= Ao At FZd LEo] =& ¢l 4K Phosphate
2] Z 3Fue] 9 7] (nitrogen base) & A E o] T 471X
Fotd, A|EAL Hulolegt &8 &2+ A G, C, T2t ]
DNA“ o]% A (Double helix) +ZE 7}A 2L Ut} z+
2o r dds] /e 7w ]—OLE‘rO]E?J AR AA 0] AL, F A2
dstoz Adsol Ytk o i AFE W79 HoE ol Foj AL,
719l F A (Purine) 7]} ¥ 2] v] A A (Pyrimidine) g 717} %l
dA d7lel= A9 G, FgudA d7lell= T C7F Yok A= T‘?’]"tl:"
] T4 Ao r ddHAA L (7|Z2e A=T) G= C Al BY +
A& Ao g AdAH4AY (VE2= G=0). 44y G2 olF YA F
AZ 7teele A A gao AZA5 o i, ot 7ol = Al A
ghaof AZd= o] it FETH QA AFo]E= DNA 7]-‘%}0] 5 ° 2 HE
3o g Zhopebal et o] FUHe H Al DNA 792 A& o aA o
0)
DNA 0] % bl & S 2ol A AR A Aol A 2N A7)
t}. 27} DNA o]F U2 A3 2A AZstid, o] F 7ta<

r#

FI:I X &

F(Sugar), 47}
7= otdld

st

A

U}

—_—

4 ¢
:ll:l B

p—}

¢

3

PAR

=

o)

IR

=4 7z

Zre] 7hebo] G750 &5 Al Fth. DNA x| 93 Foqd 2T

WA o] vj¢ g Z4shy] Wl 2zte] =2 W 9r)E 1 9r)e B 4

S F BE o] oo strt. ol @ Q7] B W] 2zt shet

£ & 7 (Template) 4 ¥ HE343 DNA 0|5 vpado] 231 o tb& o
A 3

e w2} F LS o]F AL E thA] JfA o] H 7] AlFSTE A2
T M Z ¢k nAE Ao Ht= Al YERY=
T2 LB =9 F(poo) ZHY & 740] F/‘rﬂ 7}k Olt‘?} =

, DNA —E—’“% %ﬂ_l_ 9| 2 E}o] = (Oligonucleotide)- 2+
Ags) o] okt Gtk e k2ol o B
< ABAasta, BA B o) A=

I
rr
)
Z
>
39
= ol
hz
IL
dor
o
f
=
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22, A QAA BE YBL 41 1E 0 ol e
= 272) 9 E (Prokaryote) o] 2= #o] gl BAE B0 1 ThE i}

+ A 8] & E(Eukaryote) 2k 751 8] #7141 QA Hl] o] 218 Azl 3 o]
ATk F71A9 Mzl & <t 9= 247k DNA 2= shube] 224
AAA (chromosome)ol] 7= o} & a1, {7 A& FAA| ol A= o)X
TH AESS 2o A (genome) & PR k. HH O o9
£ A8 FAGLE A E F7IAY o= AT A 1A
£ 238ta a1, v thE 2 A9 A2 E9] 759 Fold2 i Fst
= FAAY] T 3o 7]Qdtka Ho

AZEY FAAE F 3 x 10°709] A 7% (bp)S 283t Y=t - 4671
o] AMAEE FAH - 22719 A E 2 Ik AAA 2} Tl A IA
Al XX Ee XYE o]o]A Yt} 24709 A& o2 AR E5-2 50 x 10%9]]

ARE 250 x 10°712] WL A7 ER o] F o)A Ut DNAS £+ F
uith g2} o9& 5o @M EZ AE QA olH ol (Amoeba dubia)+= AFEHRE
o} 20081 L} ©f go] 7FX] a1 Stk

Aol il A dor A i Y= AHHES 7HA A WE Y
A HE F=4AA de E8FQA HE2E thA] AT+ ot
TRAZE o]AHA A 7R 54 Alojshs DNASY dRFO A HF
2 @ AS TS AEE Ao e mRNA| tf-3-HTh

197730 A BE=AEL HEEY FAGULE FAAES d&
(exons)ol2} B8]+ HE A HLEES 7IA =4, A E E(introns) o] 2}
=27 FE o)A obd Aol Ysto] Wetethe 2s EASHA
oh AFEES] F A Ab= thEF 2-3 S AIE S {34 < DNASL 97-98 3 Al E 9

A 9t A= DNAE ol A7tA &= 1

& St HES AAE st AP S F3lA
I gl SHol HolA Ak Y o] &E5o] A s vie} 2o,
%, 459 AHolA DNAE EgHo® 14+ A2 o)dY F4 ¢
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2.3. 17t FAA] Z2A E (Human Genome Project). 917+ 72X =
2AEY FIZA AL 247 QA7F AR ZHzo] T sl st A%
Aol I AT ol BE FAAES] AAEE HAEE A9
th ZA A7 FA-A LG AaA Aol o8] Y E o] A= A 3= o
A& Z29F2 20000719 Attt FEER HE fFEHAE= AE REE
=0
[e)

0 19854 - o] =2 A E = w9 Health and environment research at the
depart of energy(DoE)9] FAFEQ 2 dl 2] 2] (Charles Delisi)oll &3l Al
o] 5ol Ar

e 1988 - =7} 3 A3 A (National Institute of Health(NIH))o] 217+ A A
A7 S AYsch

01990 - QA1 FAA ZEAE L= 153 3989 oalo g ATt 9
S ool A H4 At

¢ 1996'd - W7o} (Bermuda) W] B ol A A7 1A Z 2 A E 2] =4 A <l
FYAEo] AL tolEtE thEH 2l dolE W t *
33k Hlol g o] &9 2 AES FAFstE AL AL o] ASo AF
o ShAE WRTH AFolekn T4 Uk

e 19983 - I g o] 1 Wl E ] (Craig Ventner):= QA 7F Als& 3d oo A
g3} st g =2 JAE At U5l Celeragtal 8o A&
A= B oA AR 54 A 5= A (whole genome shotgun)’ 2 =
AL 27 JEP
e 1999 - th=
S HJa a s
e 19999 12 -
o] ool ATk
¢ 20004 69 - t15 A =22 =9} A 2HCelera)?] A= AE 0] ] o} o]
A A A MDY BY 22 FHRATE AL BES) A9

o},

] Z 2 A E(The public project)+= ME WS T A of wh-g
ke gyt Aol A7 WP
Zve] 229 R FAAY AHA AT A Lol sk =2

1o

=

(-

FEL-I
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© 2001'd 29 - A7 FAA Y Z<to] 9 A Nature, Scienceo]] E 7kl

= 2l

2.4. B-x}(transcription). DNAO] Ag=H o] 9= 44 AR %
| Ee]l= A3 AMES I A Q= olu|AEY AT AY A
=2 st A ddo]l HoUtk 1 352 v Zth DNA —

DNAS] JdRF2 ASF2o 2 ZAEAY RNAZIG o8 EAZ) H o] 3 th
2]+ o] 218 J -2 RNA Z v etA ehe B i) YsiA &
A A= o= DNA Yo =2 2 E(Promotor) 2k
Hol Qlth o] AL FHAZF Al &E = 322l o5 vAl
RNA Z 2w Ao Al BAE ojtiol A A2 A
= th o] 1AL 22 RH AES A4 st A EsHA
FAAAY] =5 whol &g F o] Xt} H]E RNA(ribonucleic
7} DNAR A 32k 71 A Qlolgt &R gt= vf¢ o2 AA =2 7HA
AR, RNAE B8 ssRNA2HLL E2]-¢& shuhe 7tgelth.
RNA+ deoxy-ribose t4lell dF}e] 2] H =2 (ribose sugar)= 7}A]
ot AR, RNAE= E¥l tiAlel] sgudA @7]< 24 (Urasil -
U)= 7FAL itk dA, 2 o 943 = DNAS: &
& uhof 9l A A (cytoplasm) ol M= WAH o] A £% T
g 2 E F7IAlo A= DA S AT fElA JEEG de 1
A A 7101-4 AZA7 A5 &2 w|-$ 2 RNA 222 EAb
2 HARD Dok, A B FLAN 44
SH Lol =50 HIE S A RNA &
of| %71] -rdr/]‘— o] I’f}Z S poly-A g A olgta 3tc} 5 Baje=
E S22 HEH 5o]U=RNA EALE B350 2 bl d 7248 A 2Heh= o
Aol T3 A otk RNA 27} o A £ 2] = 7] Aol RNA E9tA| 7}

2o g oo L g
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EAZ 3ojF RE JEE NIES AASES 3ta, A F(splicing)©]
2t A A AR o 2 RNA 2218 Attt

APAA FARZNE A2 F 4o|7F200 bp AE o] JEES <
10,000 bp A= HAt}h - o] Y3t o] E2 thE AEEH d&Eo wet v
T ohFetth w2 Afole HEY sHES FEAL o] R oA & 24 W
gt Gt o k. oA E S0, TellA BEAME oW {F 219 mRNAZ
H oA U JQEZEL HolA EAHE uf Z2 mRNAR R E "o]A 1}
7HA] & 5 At o] 33t t} YA (variation)S A B A g (Alternative
aplicing)ol gt 3t ©l, o] A2 A2 AR A U t}FA
o] ¥dle] "k o]Est RNA ¥4 ©A 7 B¢ Fof RNA EXf= &
o] (Translation) ¥4& 3 3}7] 135 wAIA RNA(mRNA)ZH A ZZ
2 AR

FAAY w2l LEolE A Eo] thgx = AL ofu| it A

Aol WA 74 4%
Aol 28]

T
-
=2 = A~
ol IFE9 dHH

wO{N {1144

X by
M2 et XA H

N
-

A54Q SAR 9L & ke A2 wAstg o
w2 2 Eol= 37) % ZE (codon)ole} R2iH], o] AL Aol 7
A B obu ke AR r2e e ehol =7k DNAGIA 13

o] ofw e ate

wAbE o] B8 o] A B o A1, A TR ol

e
2 7Re ZEE YA FeH ol 5 Atk H2oA, 64714 T/ 5
3742 UAA, UAG, UGASE 28 Al 7le] R8¢ il §4E SR e
§ A F <= (stop codon) o2 23Tt whx] £ npaet e I
she mEOITh &, B/ Soldk TE AUGH Y o] AL HElL
ozt ofn| e Ato 2 A= FEQ FAo dolfA e &2 A A st
= AJFFE=(start codon) o]t} o] 3t T =L 3} Fof REHO ARATH
AL E 7HA LA of & HEo] HojHa, e gl o}, A=, A T oY
Cly

#7] 7 (organism) S glo] =T},
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Dlo|<|ulp|lo|l<|u|p|o|<|T|p|lo|<|v
aRNREE e R RIS e
SISle|ElZ|< 2 2|2|2|Z 28822
PIO|IZ|0|R|O|<|U|R Q<02 |0<|D
DIO|IF|C|O|D|TIT|O|0|T|T|T|ID|T|T
DD |ID|P|O|O|0|0 < || << |T (0|00
BEREEE s R REEEE
ElSp| e E|EIS|T|£2|2]2 42|88
S|O|F|T|=2|C|<|T|S|IT|<|TS|T|<|T
222 = 22|22 =222 ]2=E
DIP|ID|D|QIL|IO|D|d|w|< | |T|T|T|T
N Rewl Eeonl Rl Rou ReoNl REoN RoN RPN RPN R R R RN A I
SI2|BSEE|Ea|E|EIEIE|Z|IZ|Z|E
DO |O|ID|0|<|0|D|IT|=<|T|2|0|<|0
OO0 |O|D|O|T|D|T|T|u|D|o|D|U|O
PR PP |O|O|0|D ||| << |T|O|T|T
| | | | | —~| —~| —~ \MNI_U

g2 22l 8l 2l glelelel}|R|RIRR
=El2l222 222 5 52 E 2
S O|<|O|D|o|=< 0|22 S| D|0|=|0
Slo|e|Dlelelsln|2|R 2 SRR 2|2
UUUUCCCCAAAWGGGG

<
Dlo|p|plololv|o|w|al<<|lv|lo|u|v

FIGURE 1. #7 ¢35 (Genetic code)

2] 371 =

]
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2.5. A o|(translation).

L .

g = U (reading frame)2] o]
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2 HAAQ 782 ZE =2 E 2%tk tRNAY 3 ZFojl= 3709
RNA 7|4 E<Ql el = (anticodon)= B I3, o o= F 4
gk otn = Abs B3 Atk

Non-coding @ o] Fof €] 3+ Coding FH 2=
A APE Asl AHEEHE A B A9
493 5 UTRZ ©]F ]2 Non-coding <3
} 51 A ¢¢+=1t} DNAE webA Coding <3
T, 8w deg AdE 45 Aok
2= & 3 UTRZ 5 UTRo] Gof] o] 9l
1Th mRNA©| tRNA BA1S 0] 74 A
F7F 2 85t} 2 2 <& (ribosome)
07he) A2 e WM AE o] Fof
2 o 9 71 A Z A tRNAZL
BERE J=F 27 AlEs 4
o} EEA R AT U 12 ol
obvl e AR e Eel ol
2 AT BE PRESS SA o

Mr o
or =

12 18 e
T
i
ro
rZ
(g
=2
2
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[ o rlo
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)
N
=
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ju
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s
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f
ey
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to
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=
x
rlr
Jo
Bl ko
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+ Coding 94 < ¥h= 7}A]
E4oHA BEE 7] wiEol
o] +z79 tRNA E2H5
B A ety Z7ke) g
mRNA Z2}e] 23} F o
FotA A X 5HA gt &
shuto] vhd glof 2l H &2
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L2 19
no il
o
=
1o

= (Poneighbor-joiningeptide)ol] 912 =

o] mRNA BAH5 deojd =

26, ¥hil7 DA e Fetol= ARE WA AAH o] o] B
A9 FRACITh BEAR T 271 oF 200 obvl 4k Fool 1,
Ackd SHAEL 1000 opv] 4t AEAAE Ak REY HEEL
A 2 FAEARA, AT Ak ol s XA SHA Ak A2 A
zo B 728 AW o] HEAX T2 oj 8L A B
DA o i T2 =Tl

7Ptk 2z}

Do B 728 e, U A% 722
I Z (primary struc-

Hojdrh W 29l ofulak Ade RAA
ture) 2} BT} o] Ao The RESL 24

:?_
EERE R
A T2 (secondary structure)2tal dh+= H], -2 St

Ve ofu] g
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il
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rlo
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al 2 UgdH Ay dRFoERE e
o} AHA] L2 (tertiary structure)= ©] &3t L2 &
2o 32k FGol 1 Y302 FAH T
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XN, o
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o
o
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ko] A& wEEL 29| g Mate

218k BA @ F= A WAl 2 ESH A thE B A1 2 o3
T35 doldth gl F7HA FR77F ok e #AA7F O
HF A=z W3E o= Zo| 2 stuelnt. o]2lgh M3t st
A2 Yol Al dojubar shue] JA X5 HPA 7| RE oyt &
W olE =¥ ol (point mutation) ]2} gtet. ThE FF 1

s gAY Bdwo] mx = 22 GAAL ok A
o ] 3]

ol= AP Eo 2 A o] AL (translocation) 2}l

o}
& (duplication) - & 3t} o
o

o2 3 QA EAu o] o

ST WE DI Q= {A,C,C,TI99 3242 Hoj e 24
Sol A gsteld Fa3 AFL D). PN HpEo] o TAS
S FEO|BT BT FA HolE E 2074 $7Y opujxsloz BE
3 4 Slth 64719 TESZHE 207]9 obu] e abo 2 A Fot WAL
47} oI Bt ofml kel B Fjo] Tz o] TS HT). ol e TE



BB T A PR ATEREAG AN 21

£ synonymousghal FE2t}h o g 79 ofn e XS F /Y
x| | A QX 3= synonymousQ ZE=so|th o]HI ZEEY AMH A H
2 & & four-fold degeneratez}al -2t} dF}o] FAR A A =
So] Molshe AL 344 Bl Eolck

FEEY BPL 5ATHN By o A2 02 64709 D4
ot BR¥EE 12 AL QoA &F distributions p = (prjx) < T
A3kake Aolth. 27ke) 28 distribution p = (prssc) = FHAA 10] 5
E57F obd ALE9] 4 x4 x4 HolEolth Vst orE, IESS
distribution2 632} &5 ©A| Aol e A o)t}

Ay ={peR”: 3 pux =1 pux >0, VIJK € O},

IJKeQ3

Zol7k 3m m7je] A%H < FE o :L—EXMXJ DNA 592 42t
B2 @4 uyes 58S ZE [JK7F e+ Sl o3 1

2o HlolE=4x4x4 HolE u=uyro Bl o]# 3 g o

BEL go] ofd AfEolu, 44 YEES meR U &E o
Ag3®] stte] Ml A EL HolE A =)
ML 187)9) Af W4E AT HeusEe] WY 1849 BE o
HA, =

Y —_' )

P = A15 X Ag
o] At} 7| A A= EE distribution a = (o) 2 o] F R 15214
9] oA (simplex)©] a1, Az2 & distribution 3 = ()& o] F o] F AL

Aolth 89 23 M2 thx3 Zol vi/iEd T4
¢: P — Ag3, o((a, B))1sx = a1y - Pr

ol t}.
2B R, M = image(¢)E 6379 DA o] Q= 18749 th5H R
o] - ‘%‘ E
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7] 915to] o] Blo]Bg 168 492 2449 B Y2 Lhehd 5 9ok

PAAA PAAC PAAG DPAAT
bPaca PAacc PACG PACT
PAaGA PAGC PAGG PAGT
P = | PATA DPATC PATG DPATT

bPcaa PcAc PcAG DPcAT

PrrAa Prrc Prrc PriT

AP 5 A4S Agotel e 2L ANRE 9L 4 Uk
p€ Aol Bi3te] e B o]},

distribution pb 23y Mo o]t

16 x 4 & p'2 A4=(rank) 10|t}

EE P9 2x2 43 H 245 (minors)< EF (0]t}
2 FEELE= 1, J K, L, M,N°| t3}4

Prjk * PLMN = PIJN ' PLMK-

=W =

71 A 4715k 712 M9 AFAS AFE S B8 ML Segre TF}
A7 Ark= AL & 4 9ok A2 ML PP x PR2] PYo) A 2] Segre vl
o}

2.8. §72F 37] DNA FEoA FRAAES 27 AL F32 4
o] obd ZAENA FAR LS T & 5 e T2 AN EATR 4
o] 545 ok= Aol 244 O] . FRAAE 78 (genome) 2] A5
FRggol obyel, akete] JEE(intron) 3} & (exon)E 2 WFo] Xtk
g 5tk E/\}(t]fanscmpt10][1).»}7g Zo EREL dolA Yrtn
HAA A dEvto]l MoE o] Xti(translation). Z2ju A& Fof] B
T Ohe Mg oAl= Aol oidth ARZH ZRZY dEsS HAH
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FE Holg2 v T2 hkxk P8 S = (s)012 X; — Y, Aol

x4 ¥ (tij)olth. AA71AA s+ = AR ZE oA =

= T=

AR B j2] Aol &ES UEdth &, wheF kb =200 4,5 € © =
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Proposition 1. The homogeneous HMM is the image of a map ¢ : CFE+D
C'", where each coordinate of ¢ is a bi-homogeneous polynomial of degree
n—1 in the transition probabilities s;; and degree n in the output probabilities
ti;.

O

W 5 DNA 4 o € Q" tf
T4 o LT FES VeI T



24 Young Rock Kim

¢U = Z tiun(Z SiliztiQUQ(Z 8i2i3ti303(' o ))))

11€0 i2€0 i3€0

o] THA S AN the T 2L ko] B AT

tilUl 5i1i2ti2023i213t1303 T Sinflintina'n'

o,
o lo

°
o
29
o
P Iy

% Lo
o K
o
(i

> o

k
¢

Lo (m
o rr ot &
o flo »

i
_|CL
Mr e fo o R

2.9. AL AMYET | o] 7P 2EHQ
WA NEES g8t Aojth. AAE e
HE o7l vif ZdojA AFAE2 HAY LS #

49 &S Mda Sk ol duEE F
24 =2 I % (Dynamical programming) H 2] of] H}&F
5 = {A,C,C.T}SIe1A thes 2o] 48 27]9] DNA
B2b ol =olod--0l 0% = 0lo2- 02 (01,01 AEH
{H,I,D} oA t+S BAA #H +#D =n, #H +#I] =m< -
string W% B9 F 5 Atk A2 (o0?)e] BE AR D Rgolet
33 289 (A = 1/(1—2 —y — 2y)d 2™y AFets BA 4

< 5 At 8.

=2

=

4o o o

Mo Sk >

Lox g
32 0w 2
ot Ho ot

o
-
S

iy >
o rlo ng
N

N,

:orl__(‘l

g Mo
JRC I
>

AN X oo
ok
Ir

Il

o

ne, o

e
=



WSS thessHerE Ta9 ABEREAS At 25

H
%—‘% dij = dji Z 0 du - O dzk < dz] +d3kﬂ‘ E'\O:' %ﬁ]A]ﬁ ?l_"'z—:'_'q

] = {1,2,-- ,n}9e) el AgF D RE)e & Hoj sigdch
olg) 3t A B s Aee REYo) 9= A4 92 B2y =9l
o 252 o] A8 Z(metric cone)©] 2} St}

7 8] 2 (metric cone)®] BE A D B2}k PD _(zcR":
r; > di¥Vi, j1 2 fAEH AL 5 Ak weF Dy, .-+ Dol AR Z L= o]—r
Dy + -+ D& T3 Ag]g7to| et

PD1+"'+PDk CPD1+...+Dk.

9 AolA T4 e] A=+ A%, AA D+ -+ D& D 25 o] (coherent)
ATk gt shue] B (split) [n]o] A2 FFFEo] flv 35 Tl
obd F FEHT A% (o, 8),aUf = [n]e= Aol 189, 7
T (a, )2 o3 22 & A2 (split metric)E BT = At
DO‘B—O {1, ]}Ca T={ij}tCp
D=1 ©& 7
& Ag DPE e & Ppast 31 F33 ZA 2 & 71A]

R
T Y BARL o, ol th&H T 3] A2 DE ofH® A > 09 thst
D*P < ADE WE35tE B8 (a,()°] 2 o &4 4 (split-prime) 2}

2%
.

2] o]
A

Dress-Bandelt Split Decomposition). 2+ -7 3}
= 793 U2 2IF D =D+ + D+ D'Z JE}Y

=
714 Dy, D= 12F 5 9]¢ 28 A2 E0]1 D'= 84

—
=
o
o
=
o}
=
V)

50

£

AS

T
A
T

)
Y

—

M of

2 do & ©° iz

rlr

o] Al X3t AETol w &3tk ke, o] Ae
gl oA FANEN H2E 5 e o84 ZAE AF3H7] o
th. A& 5o FAR wlY A, F, 0l AEAY 7425
o] 59 AE PHL DE A3t} oA HEL d,= FAA
AA j Aol HEAE2RE A& 4 A+ Jukes-Cantor A
ot 283, B3chFAQ Bd(Pp)e 44 AlZEo] thdAl Pp

—_

o[r(

o
2
o

Q]
=
o £3



26 Young Rock Kim

HEZ o]2o]A 9} o] AL 247153 AZ e A (complex)o] L Az
&7+ D9 tight span T+ mJective hulle]2}al 283tk Ag D7} U7 A
2] (tree metric)©] 7] Y13t B FEZ AL Bd(Pp)7F 1A ZAo|th o]
%ol Bd(Pp)= thE otd D& H¥ ZH 5 o] X = A 54 (phylogenetic
tree) ©] t}.

F/] o g+2] A~ 2 (Bernard Sturmfels)
Ao g ol AP Aok AF
Fi 4718k Fokoll thst A ofelyol= 2z AEAY FHAESTY

HAAEER o]Foj3 AR R Eo] HAFAA A E ol &
= AN A2 T S, 4 7H7'<]%Z}9/] AU AsEFES
B e AMSE AAL dFASA E7E AL T 5 Aok (1]
T3t A% 4 (Phylogenetic tree) T7} F9] X]Uﬂ ol2HE AAHE X,=
toric TF4¥A 7} = =4, homogeneous prime ideal of X7+ 2AAl &2 o] F
o] 7 Groebner 7| A& Zt=The 21 Seth Sullivant7} =4 $H-E
stttk o 7)o A XpE AESAEL Jukes-Cantor o]kl F=211
e AEH g2 AFE o St [11]-

TFA o7 o] Hofo]| A H7IA] A A FA| =0l tf 3] Macaulay 2, singu-
lar 5 #& -‘?Lr B AL 2239 o] §35to] sfso] AT Eg, A

L 49 AL 7R = AlE5 4 (Phylogenetic tree) 7} o] @ A o 5=t} A 7}
He AE & 7 AL, o)HE A AdR A § ATERE

¥ #F(Phylogenetic invariants) ol o] §F W2 3-8 g 5o] oA} (6],
8. H2olle A% o] E AsEFEHTFE e 229 ALELE
Qa2 v} QA

F

olgd AT EREHTFES Aot Adie th=d 22 Md==
AT 87t Yok AL Q%?}—fvj—iﬂ (probability simplex) 23 9] ujj /)
h2 ksl wHl ol

A54o) 22 99 Belol o W o oint
probabilities) 5 & Fo] x| =], Z+7te] FE-2 o] BP9 wjAHSEol o
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AEAE BAEY B8 s TR ASRFRAY AL 27
taaolt. o} 7oA £ 7l BESo] FANE AL 1 59 A4
Ao E2The oujolt. o) d SABAC o SAFE A7
Stk @9, ANSL Foho] ole @ HYMANE A2 e AE
s8l(Fe)o] HEA)oR A%D 4 Ak o] FEANAE o7
e 593 & 4 Ak ole @ T ARAEL o §3te] T3 22 A
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(1) D: The dimension of the model.

(2) d: The degree of the model.

(3) E: The largest degree of a generator in the degree reverse lexico-
graphic reduced Grobner basis.

(4) e: The largest degree of an element in a minimal generating set for
the ideal of phylogenetic invariants. (complexity of the model).

(5) M: The cardinality of the degree reverse lexicographic reduced
Grobner basis of the ideal of phylogenetic invariants.

(6) mld: The maximum likelihood degree of the model.

(7) p: The cardinality of the smallest set of generators that define the
ideal of phylogenetic invariants.

(8) np: Number of equivalences classes of the probability coordinates.

(9) ng: Number of equivalence classes of Fourier coordinates without
counting class 0. This is also the dimension of the smallest linear
space that contains the model.

(10) p;: The sum of all probability coordinates in the ith equivalence
class. These indeterminates form a set of sufficient statistics for the
given model.

(11) g;: The average of all Fourier coordinates in the jth equivalence
class.

(12) sD: The dimension of the set of singular points of the model.

(13) sd: The algebraic degree of the set of singular points of the model.
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t}S FIGURE 2,340 YEhY e SR
+ A& (Phylogenetic tree) ¥ o] Ale L FEHF=ol et 22 AL 2
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2k}, o]of] #3F AFA 3 W8-S Garcial}l Porter”
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€ met ARSo] mowl, 99 A5t 67) ol 4el AT sl thelAE
A ATE oy A4 =8 Foltt
topology | cl |np|nqg| D | d |sD|sd| pule|M|E|mld
NT71 41411 -1-10]|-10]- 1
NMC JC | 5 4 1312 |3 ]1|3[1]3] 23
K2 10|10 7 |12]| 4 |22 9 (4| 9 |4 ]| *
K3 (1616|1096 | * | * |34 (4|34 |4 | *
N71| 3 3 -l -101]1-10]- 1
MC JC 3 2 1111 (3]1]3)| 11
comb | K2 | 7|75 3 (10| 4 (4| 4|4]| *
K3 10|10 7 |12| 4 |22 9 (4| 9 |4 ]| *
N7t 22 (2|1} -1]-]0|-10]- 1
MC JC| 3|32 (3|1 21|31 [3] 5
claw K2 |4 |4 3[3|2|1]1|3[1]3] *
K3|/5|5(4 3|2 |3]1|3]1|3] *
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topology | cl |np|nqg| D wolel M | E|mld

N71| 8 | 8 | 6 4 2 12| 2 2| 14
NMC JC | 1513 |6 34 33 |3 33 | 3] 7
4tet K2 |36 |34 [11| 2536 | 795 | 4| 847 | 4 | *
K3 | 64|64 |16 | 689920 | 8002 | 4|9124| 5 | *

N71| 8 | 8 | 5 8 3 12| 3 2| 92
NMC JC |15 12| 5 20 21 |3] 30 | 5| 7
d-4tet | K2 |36 33| 9 832 193 [ 4] 437 | 5| *
K3 | 64|64 13| 70784 | 1096 | 4| 4706 | 5 | *

N71| 3 |3 |2 2 1 /2] 1 2| 3

MC JC 2 4 2 12| 2 2| 17
claw K2 3 8 T2 7 |2 *
K3 11|11 4 16 21 |2 21 | 2| *

N71| 6 4 2 1 /2] 1 2| 17
MC JC | 11 4 14 15 |3 17 [ 4| ?
comb | K2 2420 7 129 111 [4] 163 | 6 | *
K3 [40 |34 11| 1560 | 373 |5| 756 |11 | *
N71 3 2 1 12 1 2|1 5
MC JC | 716 |3 5 5 [3] 6 31 7
crane | K2 |13 12| 5 18 18 |3 30 | 4| *
K3 [20{20] 7 80 52 3] 104 | 5| *
N71| 5 4 2 1 ]2 1 2] 1
MC JC 4 14 13 (3] 13 | 3| 7
fork K2 [ 18|17 ] 7 108 107 (4| 112 | 4 | *
K3 [ 2828 |10| 944 396 |4 446 | 5 | *

N71 3 2 1 12 1 2| 15
MC JC 19|73 11 10 |3 12 [ 4| 7
giraffe | K2 |18 |14 | 5 45 37 [4| 52 | 5| *
K3 [28(23] 7 227 100 4] 192 | 6 | *
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topology | ¢l | np | nqg | D d w o |le|l M | E|mld
N71| 16 | 16 | 6 52 30 |2 37 | 4| *
NMC | JC | 51 | 27 | 6 115 33 3| 33 | 3| *
1st K2 [ 136 | 106 | 11 | 49516 | 2920 |4 | 9276 | 5 | *
K3 X b % * [ % % X [
N71 |16 | 16 | 7 44 24 |2| 28 3 *
NMC | JC |51 |31 | 7| 315 272 |3] 345 | 5| *
2nd K2 [ 136 | 112 | 12 | 365808 | 10853 | 4 | 22168 | 5 | *
K3 X * X % * * X X *
N71| 16 | 16 | 8 34 20 |2 24 3 *
NMC | JC | 51 | 34 | 8 | 813 512 | 3] 613 | 5 | *
Brd K2 S * % % [ k % % LS
K3 | * S * * * * * | *
NT71 3 | 2 1 2 1 2 3
MC JC| 6 | 5 |2 5 2| 5 2| 7
claw K210 9 | 3 11 17 (2] 21 4 *
K3 |14 |14 | 4 23 44 12| 60 | 4| *
N71 |11 | 8 | 5 ) 5 2 ) 2 ?
MC JC |13 |21 ]5 87 133 |3 171 | 4 | 7
comb | K2 |8 | 58 | 9 | 5024 | 1770 |4 | 4000 | 10| *
K3 * * * * % % * * %
N71| 9 | 8 | 5 5 5 2] 6 31 7
MC JC 125119 |5 87 117 |3 152 | 4 | 7
fork K2 | 58 | 50 | 9 | 4763 | 1714 | 4| 5112 |21 | *
K3 % * * * % k % % %
N71| 9 | 8 |5 5 5 2] 5 2| 7
MC JC | 25|18 | 5 87 115 | 3| 131 | 4 ?
giraffe | K2 | 58 | 47 | 9 | 4208 | 1818 |4 | 2668 | 8 | *
K3 % b S % % * k % X LS

FIGURE 4. 571¢] 9 7 AlF 5o vt ASEFEHES
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Beyond projective normality of algebraic curves

YOUNG ROCK KIM!

ABSTRACT. Let L be a very ample line bundle on a smooth curve C'
of genus g with @ < deg L <2g—>5. Then L is normally generated if
deg L > max{2g+2—4h'(C, L),2g— 96;1 —2hY(C,L)}. Let C be a triple
covering of genus p curve ¢’ with C 2. " and D a divisor on C" with
4dp < deg D < % — 2p. Then K¢ (—¢*D) becomes a very ample line
bundle which is normally generated. As applications, we characterize
some smooth projective surfaces.

1. INTRODUCTION

We work over the algebraically closed field of characteristic zero. Spe-
cially the base field is the complex numbers in considering the classification
of surfaces. A smooth irreducible algebraic variety V' in P" is said to be pro-
jectively normal if the natural morphisms H°(P", Opr(m)) — H°(V, Oy (m))
are surjective for every nonnegative integer m. Let C' be a smooth irre-
ducible algebraic curve of genus g. We say that a base point free line bundle
L on C is normally generated if C' has a projectively normal embedding via
its associated morphism ¢, : ¢ — P(H°(C, L)). The Clifford index of C' is
taken to be Cliff (C') = min{ Cliff (L) | h°(C, L) > 2, h*(C, L) > 2 }, where
Cliff (L) = deg L — 2(h°(C, L) — 1) for a line bundle L on C.

Any line bundle of degree at least 2¢g 4+ 1 on a smooth curve of genus ¢ is
normally generated but a line bundle of degree at most 2g might fail to be
normally generated [15], [18], [20]. Green and Lazarsfeld showed a sufficient

2000 Mathematics Subject Classification. 14H45, 14H10, 14C20, 14J10, 14J27, 14J28.

Key words and phrases. algebraic curve, linear series, line bundle, projectively normal,
normal generation, projective surface.
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condition for L to be normally generated as follows ([9], Theorem 1): If L
is a very ample line bundle on C' with deg L > 2g+1—2h!(C, L) — Cliff (C)
(and hence h'(C, L) < 1), then L is normally generated. Using this, we
show that a line bundle L on C with % < deg L < 2g — 5 is normally
generated for deg L > max{2g+2—4h'(C, L), 29— 22 —2h'(C,L)}. As a

corollary, if C' is a triple covering of genus p curve C’ with C 2, " then it
has a very ample K¢ (—¢*D) which is normally generated for any divisor D
on C" with 4p < deg D < g%l —2p. It is a kind of generalization of the result
that Kc(—rgs) on a trigonal curve C'is normally generated for 3r < £ — 1
[14].

As an application to nondegenerate smooth surface S C P" of degree
2A — e with g(H) = A+ f, max{§,6e — A} < f-1< % for some
e, f € Z>1, we obtain that S is projectively normal with p, = f and

—2f—e+2< K:< % if its general hyperplane section H is linearly
normal, where A := degS — r + 1. This application is derived by the
methods in Akahori’s, Livorni’s and Sommese’s papers [3], [17], [21].

We follow most notations in [2], [8], [10]. Let C' be a smooth irreducible
projective curve of genus g > 2. By abuse of notation, we sometimes use
a divisor D on a smooth variety V instead of Oy (D). We also denote
HY(V,0y(D)) by H(V, D) and h°(V, L) — 1 by r(L) for a line bundle L on
V. We denote Ky the canonical line bundle on a smooth variety V. For a
divisor D on C' we have a finite dimensional vector space H°(C,O(D)) =
{s € k(C)| (s)+D >0} over k. For V.C H°(C,O(D)) of dimension r + 1,
PV is said to be a linear series g); of dimension r and degree d := deg D.
PH(C,O(D)) is called a complete linear series and denoted by |O(D)]| or

DI

2. KNOWN RESULTS

We have known that the canonical line bundle on non-hyperelliptic curve
is normally generated [20]. Recently T. Kato, C. Keem and A. Ohbuchi
gave the necessary and sufficient conditions for non-special line bundles
of degree 2g — 2 and 2¢g — 3 being not normally generated and also for
special line bundles of degree d > 2g — 6 being normally generated [16]. M.
Green and R. Lazarsfeld showed that any very ample line bundle L on C
of deg L > 2g + 1 — 2h*(C, L) — CIliff (C) is normally generated [9]. Using
this, E. Ballico, C. Keem and S. Kim showed that a very ample special
line bundle L of degree d > ?%_1 on a general k-gonal curve is normally
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generated if the degree of the base locus of its dual bundle KL~! does not
exceed @, where ¢ :=d — 221, [6].

Along this line we want to extend such theorems to k-gonal curves (not
necessarily “general” k-gonal). We will explain the results for our approach
comparing to those of the general k-gonal curves.

Recall that the gonality of C'is defined by
gon(C) := min{n | there is a g, on C}.

Then we have 2 < gon(C) < [Z2] by Meis” Theorem([19]). Let M,
be the closure of the locus of k-gonal curves in the moduli space M, of
smooth curves of genus g. Then we know that it is irreducible, a general
k-gonal curve has a unique pencil of degree k([1]) and dimension 29 — 54 2k.
By Clifford’s theorem, we have 0 < Cliff (C) < [4] and 2 < gon(C) —
Cliff (C) < 3. Generally, gon(C) —Cliff (C') = 2 [4]. The following theorems

play important roles in proving [6]’s result.

Theorem 2.1 ([4]). Let C' be a general k-gonal curve of genus g and let gi
be the unique pencil of degree k on C. Then dim|rgi| = r for r < [%]

-1
and dim |rgy| > 7 for r > [Z5].

Theorem 2.2 ([12, Theorem 2.1]). Let C' be a general k-gonal curve of
genus g > 4,k > 4 with the unique pencil |F| of degree k on C. If C has
a linear series |D| of Cliff (D) < [%2] and degD < g — 1. Then |D| is
compounded of |F|.

If we weaken the condition “general k-gonal curve” to “k-gonal curve”,
then the results in the above holds in case k = 2 by Clifford’s Theorem. In
fact, if a hyperelliptic curve has a linear series |D| = ¢}, d < g — 2, then
r < £ and the equality holds if and only if |D| = |rgj|. If C is a k-gonal
curve with non-special very ample linear series, then it is hard to apply
Green and Lazarsfeld’s result, in particular, Lemma 2.8. Therefore we can
only consider the special linear series and the degree range depends on the
speciality:.

Note that a general k-gonal curve has the unique pencil of degree k, which
is simple. Suppose a k-gonal curve C' have more than one g}, then the result
of [6] cannot be proven, since the uniqueness of g; plays important role in
proving that result. On the other hand, our result holds for any k-gonal
curve with simple g}. In fact, the locus of k-gonal curves without a simple
gi has codimension at least 2k — 3 in M;jk because of the following. Any
k-gonal curve without a simple g; is an n-fold covering of some curve of
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genus 7 > 0 and the locus of genus g curves which are n-fold covering of
genus 7 curves has dimension at most 2g — 2+ (2n — 3)(1 — ) by Riemann
moduli count. In particular, if k£ is prime, then every k-gonal curve has a
simple g; and so our results hold for every k-gonal curve.

The following result can be considered as generalization of the above
theorems with more restricted range.

Theorem 2.3 ([14]). Let C be a k-gonal curve with a simple pencil |F| of

degree k > 2. If C' has a complete g} for d < k2g +pu—-2)k+1, r >

[dﬂtk H +1, p=0orl, then gj = |rgi| + B for some g}, where B is the

base locus of g5

Comparing the above theorem and M. Coppens’ result in [7], we have the
following: If r < (k 1) -1+ %, then dim |rgi| = r by Theorem A. On the
other hand, if r > ( 5+ k21 k(k 0 , then dim |rgi| = r + 1 by the proof
of Theorem in [7]. Note that these two bounds for r are quite near (: the
difference is no more than 2), and moreover if k is prime, then Theorem 2.3
holds for any k-gonal curves since any gi is simple. It is valuable to know
what kind of very ample linear series can exist on a given curve C', since C
is embedded in projective space by very ample linear series. We state the
already known result.

Theorem 2.4 ([11]). Let C be the general k-gonal curve with the unique
pencil gi = |F| for 3 <k < g+2. Then K(—IF) is very ample for 1 <1 <

[k 1]_2

We can also have the similar theorem for any k-gonal curve with a simple
gi in more restricted range by Theorem 2.3.

Theorem 2.5 ([14]). Let C be a k-gonal curve with a Simple |F'| of degree
k > 3. Then for any g, K(—rg) is very ample if rk < 2% — 2k — 1.

The following result in [6] has shown by Theorems 2.1 and 2.2.

Theorem 2.6 ([6]). Let C be a general k-gonal curve of genus g > 4, k > 4
with 2k —2—g9 < 0. Let L be a very ample special line bundle of degree
d> 3L and set c:=d — 39 L Let B be the base locus of KL™'. If

c(k —2)
degB < ——=
gL = 5

then L 1s normally generated.
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In particular, if C' is a general k-gonal curve with the unique pencil g;,
then K (—rgj) is normally generated for rk < % by Theorems 2.4 and 2.6.
In this paper we obtain the following theorem about the normal generation
of line bundles on k-gonal curves with a simple g; (not necessarily “general”)
by Theorems 2.3 and 2.5. It turns out that we have the result for a simple
g;, with much restricted range of degree instead of general k-gonal condition.

In fact, if k is prime, then any g; is simple so the following theorem always
holds.

Theorem 2.7 ([14]). Let C be a k-gonal curve for k > 4. Then K(—rg})
is normally generated if g is simple and

2

k< —4_ 9k 1 for k>T,

kE—1

39
< 9
—2(k—1)

We have already known the following lemma from the proof of Theorem

in [9] whose statement is in [6].

rk —2k for 4<Ek<6.

Lemma 2.8 ([9], Theorem 2.1). Let C' be a smooth algebraic curve of genus
g and L a very ample line bundle on C' with deg L > % +e;,e=014f
L is special, € = 2 if L is non-special. Suppose that L is not normally
generated. Then there exists a non-trivial effective divisor R and a line
bundle A such that (i) A = L(—R), (i) degA > %21 (iii) Cliff (4) <

2 )
Cliff (L), (iv) h°(C, A) > 2 and h'(C, A) > R} (C,L) + 2.

If a line bundle L of deg L > % on C' is not normally generated, then
C has some line bundle A = L(—R), R > 0 with A*(C, A) > h'(C,L) +
2,h°(C;A) > 2 and Cliff (A) < Cliff (L). In fact, we deduce our con-
clusions by investigating the image curve of C' via the morphisms asso-
ciated with A or KA™!. First we will prove that L = K — gi,, + Ry,
Ry € Cyifdim |[KA™'| =1, and |[KA~!(—B)] is not birationally very ample
if dim|KA~'| > 2 and B is the base locus of KA~! on some genus bound.
Using this we have the necessary conditions not being normally generated
for nonspecial very ample line bundles of degrees d = 2g — 4,29 — 5 on a
smooth curve.

Theorem 2.9 ([15]). Let C be a smooth curve of genus g and L be a
nonspecial very ample line bundle on C with degL =29 —2 —a, a = 2,3
and g > w. If L fails to be normally generated, then either

(1) C is a double covering of a genus p curve C', 0 < p <2 and
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L= K —¢gn.,— Byt Ropnip)-ats, 0 Sb<a+2-2p, 2<n <420 —p;
(2) C is trigonal and L = K — (2 + a)gs + Raate;
(3) C is a triple covering of an elliptic curve C' anda =3, L =2 K — ¢*g2 +
RG;
(4) C is 4-gonal and L 2 K —2g; — By + Rg_a1p, 0 < b < a —2;
(5) C has a gj., and L= K — g;,, + Ry or
(6) C' is a double covering of a smooth plane quartic curve C" and

LK —¢*¢? — By+ Rsap, 0<b<a—2.
Here we mean that B, € Cy, R; € C; and ¢ s a covering morphism from C
to C". The converse holds for (1) with p =0, 1, (2) and (5).

Next we can also determine special line bundle of degree 29 — 7 on a
smooth curve which is not normally generated.

Theorem 2.10 ([15]). Let C' be a smooth curve of genus g > 28 and L
be a line bundle on C generated by its global sections with h*(C,L) = 1,
deg L =2g — 7. Then L is very ample and fails to be normally generated if
and only if the pair (C, Es := |K L) falls into one of the followings:
(1) C is a double covering of a smooth plane quartic curve C' such that all
the points of ¢(Es) are distinct and exactly four points of ¢(Es) lie on
a line in P?;
(2) C is a double covering of a genus 2 curve C" such that ¢(P;) # ¢(P))
for any two distinct points P;, P; < Es in C.
Here ¢ is a covering morphism from C to C".
Recently Prof. Seonja Kim looked into the normal generation of special

line bundles on multiple converings. First she found some conditions under
which special line bundles are normally generated or not normally generated.

Theorem 2.11 ([13]). Let C' be a smooth curve of genus g which is an
n-fold covering of a smooth curve C' of genus p via simple morphism ¢ with
n < 4,p < L. Let L be a special very ample line bundle of deg L < %.
Assume KL™' = ¢*N(— Z?Zl o(F;)) for some line bundle N on C' and
Z?Zl P, on C such that the points ¢(P;)’s are distinct. Then

L is normally generated if b < 3 and Cliff (L) < min{2 — 1, &= — 3}

L fails to be normally generated if b > w, where ¢ := h°(C, KL}
(30, P)) — h(C. KLY,

As a corollary of this theorem, she had the following:

Corollary 2.12 ([13]). Let C be a smooth curve of genus g which is a

double covering with p < %. Let L a very ample special line bundle on C
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with deg L > 223 Cliff (L) < ¢ —1 and B the base locus of KL™'. Then L
s normally genemted if deg Bo < 3 and the points ¢(By) are distinct where
B = ¢~ (F) + By for some divisor F' on C" and there is nor Q € C" such
that By > ¢~ 1(Q).

Furthermore, she investigated the normal generation of nonspecial line
bundles on multiple coverings.

Theorem 2.13 ([13]). Assume that a smooth curve C of genus g is an
n-fold covering of a smooth curve C' of genus p via the simple morphism ¢
with n < 4 and p < - Let L be a nonspecial line bundle of deg L > 3g+1
We may set L ~ K — qb* — B+ FE for some B,E >0 on C and g? onC/
with supp(B +¢*g)) N supp( ) = 0. Assume that supp(B) N supp(d*gP) = 0
and B =Y"_ 12" P and g(P) =---=¢(P" V), i=1,---,b. Then
(1) L is very ample if deg E > 3.
(2) L is normally generated if deg £ > b+ 2 and Cliff (L) < min{% —
a n— 1 3}
(3) L fazls to be normally generated if 3 < a < b+ 2 and h°(C’, ¢? +
S 1@) A 41, where a = deg B and Q; = ¢(P)),i =
L---.0b

Corollary 2.14 ([13]). Let a smooth curve C of genus g be a double covering
with p < £ and let L be a nonspeczal very ample line bundle of deg L > 39+1
WemaysetLNK o*g? B—i—EforsomeBEzOonCandgt on
C'". Then L is normally genemted if deg E > deg B + 2 and all the points
of ¢(B) are distinct.

3. MAIN RESULTS

In this section, we investigate the normal generation of a line bundle with
given degree on a smooth curve under some condition about the speciality
of the line bundle.

Theorem 3.1. Let L be a very ample line bundle on a smooth curve C
of genus g with # < degL < 29— 5. Then L is normally generated if

deg L > max{2g + 2 — 4h'(C, L), 29 — £1 — 2h'(C, L)}.

Proof. We have h'(C,L) > 2, since 2g — 5 > deg L > 29 + 2 — 4h'(C, L).
Suppose L is not normally generated. Then there exists a line bundle A~
L(—R), R > 0, such that (i) Clff (A) < CLff (L), (ii) deg A > £, (iii)
ho(C,A) > 2 and h'(C,A) > h'(C,L) + 2 by the proof of Theorem 3
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in [9]. Assume deg KoL~ = 3. Then |KcL™!| = gi. On the other hand,
L = Kc(—g3) is normally generated. So we may assume deg KoL~ > 4 and
then r(KoL™1) > 2 since deg L > 2g+2—4h'(C, L). Set By(resp. By) is the
base locus of KoL (resp. KcA™!). And let Ny := KoL (—=By), Ny :=
KcA™Y(—By). Then Ny < N, since A = L(—R), R > 0 and h'(C, A) >

—-

h'(C, L) + 2. Hence we have the following diagram,

PN,
C - (O

: projection
o,
Cy

where C; = ¢, (C).

If we set m; := degon,, ¢ = 1,2, then we have mgy|m;. If Ny is bira-
tionally very ample, then by Lemma 9 in [15] and deg KoL~ < % we
have r(N7) < [%] . It is a contradiction to deg L > 2g +2 — 4h*(C, L)
that is equivalent to deg Ko L™ < 4(h%(C, KcL™') — 1). Therefore N; is
not birationally very ample, and then we have m; < 3 since deg KoL™! <
4(h°(C, KcL™1) —1).

Set H; be a hyperplane section of Cy. If |H;| on a smooth model of C}
is special, then r(N;) < @, which is absurd. Thus |H;| is nonspecial. If
my = 2, then

r(KeL ™ (=B + P+Q)) >r(KeL Y (—By)) + 1

for any pairs (P, Q) such that ¢y, (P) = ¢n,(Q) since |H;| is nonspecial.
Therefore we have r(L(—P — Q)) > r(L) — 1 for (P, Q) such that ¢y, (P) =
®n, (Q), which contradicts that L is very ample. Therefore we get m; = 3.
Suppose B; is nonzero. Set P < B; for some P € C. Consider ), R in C
such that ¢n, (P) = ¢n, (Q) = ¢n, (R) = P’ for some P’ € C}. Since |H,| is

nonspecial, we have

r(KcL Y (Q+R)) > r(NM(P+Q+R))=r(H,+P)

= r(H)+1=r(KcL™")+1

which is a contradiction to the very ampleness of L. Hence KoL~ is base
point free, i.e., KcL™' = N;. On the other hand, we have my = 1 or
3 for ma|lm;. Since KcA™'(—=By) = Ny > Ny = KcoL™!, we may set
Ny = No(—G) for some G > 0.
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Assume my = 1, i.e. KcA™'(—By) = N, is birationally very ample. On
the other hand we have r(Ny) > r(Ny) + degG, since No(—G) = N; and

Cliff (V) < Cliff (A) < Cliff (L) = Cliff (N;). In case deg Ny > g we have

n:=1r(Ny) < Meg]\g#ﬁl by Castelnuovo’s genus bound and hence

ddeg No —2g+2 29 —2—deg N, S g—1
3 3 - 6’
since Ny = KgA™1(—By) and deg A > %. If we observe that the condition
deg L > 29 — &2 —2hY(C, L) is equivalent to Cliff (Ko L™t) < £, then we
meet an absurdity. Thus we have deg No < g — 1, and then Castelnuovo’s
genus bound produces deg Ny > 3r(Ny) — 2. Note that the Castelnuovo
number 7(d, r) has the property n(d,r) < w(d—2,r —1) for d > 3r — 2 and
r > 3, where 7(d, r) = W(r—l)—l—me, d—1=m(r—1)4+¢ 0<e<r—2
(Lemma 6, [15]). Hence

Cliff (L) > Cliff (Ny) > deg No—

d
m(deg Na,7(Ng)) < -+ < m(deg Ny—deg G, r(Ny)— e

) < m(deg Ny, 7(N1)),

because of 2 < r(Ny) < r(Ns) — %. Since r(N;) > 9N and deg N; <
97_1, we can induce a strict inequality m(deg Ni,7(N1)) < g as only the
number regardless of birational embedding from the proof of Lemma 9 in
[15]. It is absurd. Hence my = 3, which yields C; = Cs.

Set Hj be a hyperplane section of Cy. If |Hs| on a smooth model of C is
special, then n < d%GNQ. Thus the condition deg Ko L™! < 4(h°(C, Ko L™1)—
1) yields the following inequalities:

2 deg N2 deg N1
2 Y
which contradicts to N; < N,. Accordingly |H,| is also nonspecial.

Now we have r(N;) = @ —p, i = 1,2 where p is the genus of a smooth

model of C] = (5. Therefore
deg N,
3

which is a contradiction that deg N; < deg N,. This contradiction comes
from the assumption that L is not normally generated, thus the result fol-
lows. U

< Cliff (NV7) < Cliff (V) <

deg N,

+ 2p = Cliff (V) > Cliff (Ny) = +2p

Using the above theorem, we obtain the following corollary under the
same assumption:
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Corollary 3.2. Let C be a triple covering of genus p curve C" with C 2 o
and D a divisor on C" with 4p < degD < 9%1 — 2p. Then Ko(—¢*D)
becomes a very ample line bundle which is normally generated.

Proof. Set d := deg D and L := Ko(—¢*D). Suppose L is not base point
free, then there is a P € C such that [KoL™'(P)| = ¢3!, Note that
gggjl cannot be composed with ¢ by degree reason. Therefore we have
g < 6d+ 3p due to the Castelnuovo-Severi inequality. Hence it cannot occur
by the condition d < 96%1 — 2p. Suppose L is not very ample, then there are
P,Q € C such that |Kc L7 (P+Q)| = ggj{iz. By the same method as above,
we get a similar contradiction. Thus L is very ample. The condition d <
‘%1 — 2p produces Cliff (KcL™!) =d+2p < g% since deg Ko L™! = 3d and
h(C,KcL™) = h°(C’, D) = d—p+1. Whence deg L > 29— 22 —2h!(C, L)
is satisfied. The condition 4p < d induces deg Ko L™! > 4(h°(C, KcL™1) —
1), i.e., deg L > 2g + 2 — 4h'(C, L). Consequently L is normally generated
by Theorem 3.1. O

Remark 3.3. In fact, we have similar result in [15] for trigonal curve C":
K¢(—rg3) is normally generated if 3r < £ — 1 ([14]). Thus our result could
be considered as a generalization which deals with triple covering under the
some condition.

Let S C P" be a nondegenerate smooth surface and H a smooth hyper-
plane section of S. If H is projectively normal and h'(H, Og(2)) = 0, then
q = hl(S, Os) = 0, Py = hz(S, Os) = hl(H, OH(1>> and hl(S, Os(t)) =0
for all nonnegative integer ¢ ([3], Lemma 2.1, Lemma 3.1). Using Theorem
3.1, we can characterize smooth projective surfaces with the wider range

of degree and sectional genus. Recall the definition of A-genus given by
A :=degS—r+1.

Theorem 3.4. Let S C P" be a nondegenerate smooth surface of degree
2A — e with g(H) = A+ f, max{% , 6e — A} < f — 1 < 225 for some
e, f € Z>, and its general hyperplane section H s linearly normal. Then S

(2f+e—2)°

is projectively normal with p, = f and —2f —e+2 < K% < SA -

Proof. From the linear normality of H, we get h°(H, Oy(1)) = r and hence
W, 05(1)) = —degOp(1) — 1+ g(H) + K(H, Oy (1)

= 2A+4+e—1+g(H)+h(H,0x(1))
= gH)-A=Ff
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Therefore we have h'(H, Og(1)) > deg%’{(_l) + 1 since f > § + 1 and
degOp(1) = 2A —e = 2g(H) — 2 — (2f + e — 2). Thus Og(1) satisfies
deg Oy (1) > 29(H) + 2 — 4h1(H Og(1)). The condition f —1 > 6e — A
implies deg Oy (1) > 2g — — 2h'(H,Og(1)). Also the condition f —
1 < 82256 yields deg Oy(1 ) 2252 Hence Op(1) is normally generated
by Theorem 3.1, and thus its general hyperplane section H is projectively
normal since it is linearly normal. Therefore .S is projectively normal with
q=0,p, =h"S,Ks) = h'(H,Ox(1)) = f > 1 since h'(H,Oy(2)) = 0
from deg Op(1) > 228,

If we consider the adjunction formula g(H) = ZsHHLE 4] then Ko H =
2f + e — 2. Since H is very ample and g(H) # h'(S,0s) = 0, I'(H + Kg)
spans H + Kg (cf. [21]) and so H + Kg is free from fixed components.
Thus for any irreducible curve in S, we can choose effective D € |H + K|
such that D does not contain C' and D.C' > 0 which implies H + K is nef.
Hence we get Ks.(H + Kg) > 0 with equality holding only when Kg = 0.
Therefore

K:>-Kg.H=-2f —e+2.

Thus —2f —e+2 < K% < M by the Hodge index theorem KZH? <
(Ks.H)?. Hence the theorem is proved. O

Remark 3.5. Assume |Kg| has no fixed component with K% = 0. Then S
is minimal by adjunction formula and useful remark II1.5 in [5]. Also the
Kodaira dimension x of S is at most one since K2 < 0. Since p, > 1, S
is nonruled and so £ > 0. If K = 0 then p, < 1 by Theorem VIIL.2 in [5]
and thus x must be 1. Hence by Proposition IX.2 in [5] there is a smooth
curve B and a surjective morphism p : S — B whose generic fibre is an
elliptic curve which means that S is a minimal elliptic surface of Kodaira
dimension 1.
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On Hopf hypersurfaces with n-harmonic curvatures
in a complex space form

IN-BAE KiM AND JAE Ho Jung!

0. Introduction

A complex n-dimensional Kaehlerian manifold of constant holomorphic
sectional curvature c is called a complex space form, which is denoted by
M, (c). A complete and simply connected complex space form consists
of a complex projective space P,(C), a complex Euclidean space C" or
a complex hyperbolic space H,(C), according to ¢ > 0, ¢ = 0 or ¢ < 0.
The shape operator or second fundamental tensor of a real hypersurface
in M, (c) will be denoted by A, and the induced almost contact metric
structure of the real hypersurface by (¢, <,>,&,n). The structure vector
field & is said to be principal if AE = of is satisfied, where oo = n(A€). In
this case, it is known that « is locally constant ([3]) and that M is called
a Hopf hypersurface.

R. Takagi([9]) classified all homogeneous real hypersurfaces in P, (C)
into six model spaces Ay, Az, B, C, D and E, which are Hopf hypersur-
faces. J. Berndt([1]) has completed the classification of all homogeneous
Hopf hypersurfaces in H,,(C), which are divided into the model spaces Ay,
Ai, Ay and B. A real hypersurface of type A; or As in P,(C) or that of
Ap, Ay or As in H,(C) is said to be of type A for simplicity.

A Riemannian manifold M is said to have harmonic curvature if its
Ricci tensor S is a Codazzi tensor, that is, (VxS)Y = (VyS)X for any
vector fields X and Y on M. Concerning to real hypersurfaces with har-
monic curvatures in a complex space form M, (c), U.-H. Ki(]2]), and J.-H.
Kwon and H. Nakagawa([5]) proved that any real hypersurface with prin-
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cipal structure vector field in M, (c), ¢ # 0, n > 3, can not have harmonic

curvature. The holomorphic distribution Ty of a real hypersurface M in
M, (c) is defined by

To(p) ={X € T,(M) | <X,§>,=0},

where T),(M) is the tangent space of M at p. A real hypersurface M in
M,,(c) is said to have n-harmonic curvature if the Ricci operator S of M
satisfies

(VxS)Y = (VyS)X for any X and Y in Tj.

[.-B. Kim and B. Lee have proved in [3] that there is no real hypersurface
with n-harmonic curvature satisfying the condition

< (A¢p — pA)X,)Y >=0 for any X and Y in Tj

in a complex space form M, (c), ¢ # 0, n > 3.

A (1,1) type tensor field K of M is said to be n-parallel if
< (VxK)Y,Z >=0

for any vector fields X, Y and Z in Ty. Many authors have occupied
themselves with the study of geometrical properties of real hypersurfaces
with n-parallel shape operator A under some additional conditions , and

have studied real hypersurfaces with n-parallel Ricci operator S (see [2],
[4], [7] and [8]).

The purpose of this paper is to confirm the existence of a Hopf hyper-
surface with n-harmonic curvature in M, (c). Namely, we shall prove

Theorem 1. Let M be a Hopf hypersurface with n-harmonic curvature
in a complex space form M, (c), ¢ # 0. If the shape operator A of M is
n-parallel, then so is the Ricci operator S.

Theorem 2. Let M be a Hopf hypersurface with n-harmonic curvature
in a complex space form M, (c), ¢ # 0. If the shape operator A of M is
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n-parallel, then M is locally congruent to one of the model space of type
B.

1. Preliminaries.

Let M be a real hypersurface immersed in a complex space form (M, (c),
<, >, J) of constant holomorphic sectional curvature ¢, and let N be a unit
normal vector field on an open neighborhood in M. For a local tangent
vector field X on the neighborhood, the images of X and N under the
almost complex structure J of M, (c) can be expressed by

JX = ¢X +n(X)N, JN = —¢,

where ¢ defines a linear transformation on the tangent space T,,(M) of M
at any point p € M, and n and £ denote a 1-form and a unit tangent vector
field on the neighborhood respectively. Then, denoting the Riemannian
metric on M induced from the metric on M, (c) by the same symbol <, >,
it is easy to see that

<oX,)Y >+ <Y, X >=0, <& X >=n(X)

for any tangent vector field X and Y on M. The collection (¢, <, >, &, 1)
is called an almost contact metric structure on M, and satisfies

1) P*°X =X +n(X)E,  ¢£=0, n@X)=0, &) =1,
' < ¢X,0Y >=< X, Y > —n(X)n(Y).

Let V be the Riemannian connection with respect to the metric <, >
on M, and A be the shape operator in the direction of N on M. Then we
have

(1.2) Vxé=9¢AX, (Vxo)Y =n(Y)AX—- < AX,Y > ¢

Since the ambient space is of constant holomorphic sectional curvature c,
the equations of Gauss and Codazzi are given by

R(X,Y)Z :§{< Y, Z>X-<X,Z>Y+<oY,Z>¢X

(1.3) — <X, 7> Y —2< $X,Y > ¢Z}
+ < AY,Z > AX— < AX,Z > AY,
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(1L4) (VxAY = (Vy )X = L{n(X)oY —n(Y)6X — 2 < 6X.Y > €}

for any tangent vector fields X, Y and Z on M, where R is the Riemannian
curvature tensor of M. We shall denote the Ricci operator of M by S.
Then it follows from (1.3) that

(1.5) SX = 2{(271 +1)X — 3p(X)E} + mAX — A%X,

where m = traceA is the mean curvature of M. The covariant derivative
of S is given by

(VxS)Y = — ?jf{< GAX,Y > €+ (Y)$AX) + (Xm)AY
+ m(VXA)Y — (VxA)AY — A(VxA)Y

(1.6)

2. n-harmonic curvatures.

In this section, we shall recall some known theorems, which are used in
the next section. I.-B. Kim and B. Lee investigated in [3] that the non-
existence of the model spaces of type A with n-harmonic curvatures, but
the proof was not completed. So we shall prove here the non-existence of
the above model spaces of type A.

Theorem A ([3]). The model spaces of type A in a complex projective
space P,(C) and a complex hyperbolic space H,(C) have no n- harmonic
curvatures.

Proof. At first, it is known in [7] that the model spaces of type Ay
and A; in P,(C) and H,,(C) satisty

(2.1) (VxS)Y = —gc)\(< 6X,Y > £+ n(Y)$X)
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for any tangent vector field X and Y on the model spaces, where \(#
0) is the principal curvature for the eigenspace of the shape operator A
orthogonal to . If the model spaces have n-harmonic curvatures, that is,

(2.2) (VxS)Y = (VyS5S)X for any X and Y in Ty,

then we see from (2.1) and (2.2) that < ¢X,Y >=0 for any X and Y in
Ty. It is impossible and hence the model spaces of type Ag and A; can
not have n-harmonic curvatures.

Next, for the model space of type Ay in P,(C) and H,(C), we may
put the constant holomorphic sectional curvature ¢ = +4 without loss
of generality. Then the principal curvatures are given by a = 2cot 20,
A= —tan 0 and p = cot § for 0 < 0 < 7, if ¢ = 4, and o = 2coth 20,
A = tanh 0 and pu = coth 0 for 8 € R, if ¢ = —4. The multiplicities of
a, A and p are given by 1, 2p and 2q respectively, where p,q > 1 and
p+q=mn—1 (see [7]). Thus we see from the principal curvatures that

(2.3) A p=q, Au:—g.

Moreover we can choose a local orthonormal frame field
{&, Xq, ..., Xop, Y1, ..., Yo}
of the model space of type A, such that
(2.4) AX; = \X;, AYs = pYs

for 1 <i<2pand1 < s < 2q. By the Codazzi equation (1.4) and the
relation (2.4), we have

25 —5 <OVe Xi > €= (Vi A)X, — (Vx, A)Y,
' = (M= A)Vy. Xi — (uI — AV, Y,
Using (1.2), (2.3) and (2.4), we can verify from (2.5) that

(2.6) < ¢X;, Y, >=0,
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which implies that

(2.7) ApX; = MoXi,  AGY, = po,

for any indices i and s. From (2.5) and (2.6), we obtain
(2.8) <Vx,X;, Y, >=0, < Vy. Y, X; >=0.

Using (1.5), (2.3), (2.4), (2.5), (2.6), (2.7) and (2.8), we can verify the
followings:

(29)  (Vx,9)X; — (Vx.9)X, = —§(2>\ —a+m) <X, X; > €,

(210) (Vv 9)Y.— (VyS)Yi = —5(2u—a+m) < oY, Y, > &

Since we see from (2.6) that there are vectors such that < ¢.X;, X; ># 0
and < ¢Y;, Y, ># 0, the right sides of both (2.9) and (2.10) does not
vanish simultaneously. This means that the model space of type A does
not satisfy the n-harmonic condition (2.2). This completes the proof. [J

For Hopf hypersurfaces in a complex space form M, (c) with n-parallel
Ricci operators, the following is well-known

Theorem B([6], [8]). Let M be a Hopf hypersurface in a complex
space form M, (c), ¢ # 0. Then the Ricci operator of M is n-parallel if
and only if M is locally congruent to one of the model spaces of type A
or type B.

3. Proof of Theorems.

In this section we shall prove the Theorems given in Introduction.
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Proof of Theorem 1. Since M is a Hopf hypersurface in M, (c), we
have

(3.1) Aé = at.

The shape operator A of M is n-parallel if and only if there is a 2-form w
on M such that

(3.2) (VxA)Y = w(X,Y)E

for any vector fields X and Y in Tp. It follows from (3.1) that AX € Ty if
X € Tp. Substituting (3.1) and (3.2) into (1.6), we obtain

(Vi S)Y ={(m — a)w(X,Y) — w(X, AY) — zc < GAX,Y >)¢
+ (Xm)AY

(3.3)

for any X and Y in Tj.

The rank of the shape operator A of a real hypersurface M in M,(c),
¢ # 0, is said to be the type number of M and denoted by t(M). It is known
that there is no real hypersurface M with the type number ¢t(M) < 1 in
M, (¢), ¢ # 0([7]). Therefore we see that there exists a vector field X in
Ty such that AX # 0. In fact, if AX = 0 for any X in T, then the type
number t(M) is not greater than 1. Thus it follows from (3.3) that the
Ricci operator S is n-parallel if and only if Xm = 0 for any vector field X
in To.

Since M has n-harmonic curvature, that is, (VxS)Y = (VyS)X , we
see from (3.3) that
(3.4) (Xm)AY = (Ym)AX

for any X and Y in Ty. Moreover we can choose the vector field X in T
such that AXy = AX( and the principal curvature A # 0, because there
exists X in T such that AX # 0 and A is symmetric. For this vector X
in Ty, we see from (3.4) that

(3.5) (Xom)AY = A(Ym)Xo
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for any vector field Y in Tj.
On Hopf hypersurface M, it is well known ([7]) that M satisfies

(6% &
APA — S (Ap+ ¢A) — 16 =0.

For the vector X such that AXy = AXy, X # 0, it follows from the above
equation that

(3.6) 2\ — @) AdXo = (A + g)¢>Xo.

If Xom # 0 in (3.5), then we see from (3.5) that AY = A X,. By
taking the inner product of this relation with X, we have Ym = 0 for any
Y in T orthogonal to Xy, and hence AY = 0 for any Y in T orthogonal
to Xo. This means that the principal curvatures of M are equal to zero
except a and A. Since ¢Xg is orthogonal to Xy, we have ApXy = 0.
Therefore it is easy to see from (3.6) that oA + § = 0 and hence A is a
constant. Thus we have Xm = 0 for any vector field X in Tj.

If Xom =0 in (3.5), the we have Ym = 0 for any vector field Y in Ty
by (3.5).
Summing up the above arguments, we see that the Ricci operator S is

n-parallel. [J

Proof of Theorem 2. By Theorems 1 and B, M is locally congruent
to one of the model spaces of type A or type B. Thus Theorem 2 follows
from Theorem A. [J
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Continuous Modules which are Isomorphic
to Submodules of Each Other

EUICHAN LEE AND MIRAN Bag!

ABSTRACT. It is shown that if M and N are continuous modules such
that there exist monomorphisms ¢: M — N and ¢: N — M, then M is
isomorphic to N.

1. Introduction

Let M be a module. A submodule N of M is said to be essential in M
if NN K # 0 for every nonzero submodule K of M. A submodule N of M
is called a closed submodule of M if it has no proper essential extension in
M. In any module M, both 0 and M are closed submodules of M. Also
every direct summand of M is a closed submodule of M.

In [9], Utumi defined a ring R to be left continuous if R satisfies the
following two conditions:

(1) For any left ideal I, there is an idempotent e € R such that Re is
an essential extension of 1.

(2)If Rf, f? = f, is isomorphic to a left ideal J, then J is also generated
by an idempotent of R.

Dually, a right continuous ring is defined. A ring which is both left and
right continuous is said to be continuous.

Any left self-injective ring satisfies the conditions (1) and (2), so that
it is left continuous. Hence the concept of a continuous ring is a general-
ization of a self-injective ring.

In analogy to the definition of continuous rings, Mohamed and Bouhy
[5] defined a module M to be continuous if M satisfies the following two
conditions:

(1) Every submodule of M is essential in some direct summand of M.

(2) If a submodule N of M is isomorphic to a direct summand of M,
then N is also a direct summand of M.

I Department of Mathematics, Hankuk University of Foreign Studies.
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A ring R is right (left) continuous if and only if Rg (g R) is a continuous
module. Every quasi-injective module is continuous. Thus the concept of
a continuous module generalizes that of a (quasi-)injective module.

Throughout this paper, all rings are associative with identity, and all
modules are unitary right modules. For a module M, End(M) denotes
the endomorphism ring of M. For a subset X of an R-module M and
meM,let (X :m)={reR|mreX}.

2. Continuous modules

If N is a submodule of M, then an essential extension of N which is a
closed submodule of M is called a closure of N. If N is a submodule of
M, then N has a maximal essential extension in M by Zorn’s lemma, and
this maximal essential extension of N is a closed submodule of M, and
hence it is a closure of N.

Hence we have

Proposition 2.1. A module M is continuous if and only if M satisfies
the following two conditions:

C1. Every closed submodule of M is a directed summand of M.

C2. If a submodule N of M is isomorphic to a closed submodule of M,
then N is also a closed submodule of M.

Proposition 2.2. ([3], Proposition 1.5) If K is a closed submodule of
N and N is a closed submodule of M, then K is closed in M.

Proposition 2.3. Every closed submodule of a continuous module is
continuous.

Proof. Let M be a continuous module and let N be a closed submodule
of M. Then N satisfies C2 by Proposition 2.2. Let K be a closed submo-
dule of N. Then K is closed in M by Proposition 2.2. Put M = K & B
where B is a submodule of M. Then N = M NN = (K& B)NN =
K @& (BN N), and hence N satisfies C1. Thus N is continuous.

Since every direct summand of a module M is closed in M, we have
the following:
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Corollary 2.4. Every direct summand of a continuous module is con-
tinuous.

Theorem 2.5. Every quasi-injective module M is continuous.

Proof. Every closed submodule of M is a direct summand of M ([2],
Corollary 3.3), so M satisfies C1. Let K be a submodule of M which
is isomorphic to a closed submodule N of M. Let f: K — N be the
isomorphism and let M = N @ C'. Let i1: N — M be the natural injection
and m1: M — N the natural projection. Since M is quasi-injective, there
exists an endomorphism g: M — M such that i1 f = gt where ©: K — M
is the inclusion map. Hence f = mgi, and so 1x = f~'mgi. It follows
that M = Im i ® Ker(f~'mg) = K @ Ker(f'm1g). Therefore M satisfies
C2. Thus M is continuous by Proposition 2.1.

Hence the concept of a continuous module is a generalization of that of
a quasi-injective module.

The following example, due to Utumi, shows that there exists a conti-
nuous module which is not quasi-injective.

Example 2.6. Let F' be a field and K a nonzero proper subfield of
F. Put Q =[], F, where F,, = F for all n. Then @Q is a commutative
regular self-injective ring. Put R = {(x,,) € Q| x,, € K for all but finitely
many n}. Then R is a regular subring of @ and R # . Since Rp is
essential in Qr, @ = E(Rgr) ([10], Lemma 2.1). Hence R is not quasi-
injective. Since R contains all idempotents of @, R is continuous (8],
Theorem 2.1).

Proposition 2.7. Let M be a continuous module. If K and L are
closed submodules of M such that K N L =0, then K ® L is closed in M.

Proof. Let M = K & C and m: M — C the natural projection. Since
KerrNL = KNL =0, n|g: L — C is a monomorphism, and hence
L = nL. So wlL is closed in M, and w[L is closed in C. Since C is a
continuous module, C' = 7L & D where D is a submodule of C'. Hence
M=Ka(C=Ke&nL®D. Since K®L=K®nL, K® L is closed in
M.
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Lemma 2.8. Let Mr and Ar be modules. Then M is A-injective if
and only if p(A) C M for every ¢ € Homp(E(A), E(M)).

Proof. Since E(M) is injective, ¢(A) C M for every ¢ € Homp(E(A),
E(M)) if and only if ¥(A) C M for every ¢ € Hompg(A, E(M)). Hence
it suffices to consider ¢ € Homp (A, E(M)). Suppose that ¢(A) C M for
every ¢ € Homp(A, E(M)). Let B be a submodule of A and let f €
Hompg (B, M). Since E(M) is injective, there exists ¢ € Hompg(A, E(M))
which is an extension of f € Hompg (B, E(M)). Since ¢(A) C M, ¢ is an
extension of f, and thus M is A-injective. Conversely, suppose that M is
A-injective. Let ¢ € Homp(A, E(M)), and let X = {a € A|¢(a) € M}.
Then X is a submodule of A. Since M is A-injective, ¢|x has an extension
¢ € Homp(A,M). Let m = (¢ — ¢)(a) € M N (¢Y — ¢)(A) with m € M,
a € A. Then ¢(a) = ¢(a) —m € M, so a € X. Hence ¢(a) = ¢|x(a) =
¢(a), so that m = (¢p — ¢)(a) = 0. Therefore M N (¢ — ¢)(A) = 0. Since
E(M) is an essential extension of M, (¢ — ¢)(A) = 0, i.e., » = ¢. Thus
B(A) = ¥(4) C M.

Proposition 2.9. Let Mr and Nr be modules such that M is N-
injective and N is M-injective. If E(M) = E(N), then M = N, and both
M and N are quasi-injective.

Proof. Let ¢: E(M) — E(N) be an isomorphism. Since N is M-
injective, (M) C N by Lemma 2.8. Since M is N-injective, ¢~1(N) C M
by Lemma 2.8. Hence N = ¢(¢p~1(N)) C ¢(M) C N, so that ¢(M) = N.
Thus ¢|pr: M — N is an isomorphism. Since M is N-injective and N = M,
M is M-injective, i.e., M is quasi-injective. Similarly, N is quasi-injective.

Proposition 2.10. If M; & M, is continuous, then M, is My-injective
and M, is M-injective.

Proof. Put M = My & My. Let X < M; and ¢ : X — M be a
homomorphism. Let N = {x — ¢(z)|x € X}, then NN My = 0. Let
K be a complement of My which contains N. Then M, is a complement
of K since M, is closed. Since M is continuous, M = K & Msy. Let
m: K& My — M, be the natural projection. For any z € X, 0 =
m(z—¢(x)) = 7(x)—n(¢p(x)) = w(x)—¢(x), and hence 7|y, is an extension
of ¢. Thus My is M;-injective. Similarly, we have M; is Ms-injective.
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A module M is said to have the cancellation property if M@ X = M @Y
implies X 2Y where X and Y are modules. A module M is said to have
the internal cancellation property if M = A1 ® B = As® By with A1 = A,
implies By = By where A; and B; are modules.

A module M is said to be directly finite if M is not isomorphic to any
proper direct summand of M. It can be shown that M is directly finite
if and only if M & A =2 M implies A = 0 where A is a module. Clearly,
every direct summand of a directly finite module is also directly finite.

Theorem 2.11. ([6], Theorem 1.29.) Let M be an injective module.
Then M has the cancellation property if and only if M is directly finite.

3. Continuous modules isomorphic to submodules of each other

Two modules M and N are said to be orthogonal if M and N have
no non-zero isomorphic submodules. A module M is said to be purely
infinite if M = M & M.

Theorem 3.1. ([6], Theorem 1.35.) Every injective module E has a
decomposition E = D @& P where D is directly finite, P is purely infinite,
and D and P are orthogonal.

Lemma 3.2. Let M be a continuous module. Then
(1) M is purely infinite if and only if so is E(M),
(2) M is directly finite if and only if so is E(M).

Proof. (1) If M is purely infinite, then M = M & M, and hence E(M) =
E(M) @& E(M). Thus E(M) is purely infinite. Conversely, assume that
E(M) is purely infinite. Then E(M) = E; ® E5 where Ey =2 E(M) = Es.
Since M is continuous, M = M; & My where M; = M N Ey and My =
M N E, ([6], Theorem 2.8). Since Ej is injective and Ej is an essential
extension of My = M N Ey, By = E(M;). Similarly, Es = E(M,). Hence
E(M;) =2 E(M,). Since M is continuous, M; is Ms-injective and Mo
is Mi-injective by Proposition 2.10. Hence M; = M, by Proposition 2.9.
Since M = M;@® M, and M is quasi-injective, M7 is M-injective. Since M
is M-injective, M is Mj-injective. Since E(M;) = Fy 2 E(M), M; = M
by Proposition 2.9. Then M = M; ® My = M @ M, and thus M is purely
infinite.
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(2) Suppose that M is not directly finite, then M = M @© X where X is a
non-zero submodule of M. Hence E(M) = E(M)® E(X) with E(X) # 0.
Thus E(M) is not directly finite. Conversely, assume that E(M) is not
directly finite. By Theorem 3.1, E(M) = D @ P where D is directly finite
and P is purely infinite. Since M is continuous, M = N; @& N, where
N1 =MnND and Ny = MNP # 0 ([6], Theorem 2.8). Since D is injective
and D is an essential extension of M N D = Ny, D = E(N;). Similarly,
P = E(Nz). Then Nj is purely infinite by (1). Hence M = N; & Ny =
N1 ® Ny & Ny = M 6 Ny with Ny # 0. Thus M is not directly finite.

We now have the following corollary which is an immediate consequence
of Theorem 3.1 and Lemma 3.2.

Corollary 3.3. Fvery continuous module M has a decomposition M =
D ® P where D 1is directly finite, P is purely infinite, and D and P are
orthogonal.

Let M be a module and let A and B be direct summands of M. Then A
is said to be superspective to B if for any submodule X of M, M = A® X
if and only if M = B@® X. It is clear that if A is superspective to B, then
A= B.

Lemma 3.4. If M is a continuous module and A is a submodule of
M, then any two closures of A are superspective.

Proof. Let My and Ms> be two closures of A. Since M is continuous,
M and My are direct summands of M. Put M = M; ® X where X is a
submodule of M. Since M, is an essential extension of A and AN X =0,
My N X = 0. Hence My @& X is closed in M by Proposition 2.7. Since
A Xisessential in M1 X =M and A X C My X C M, My X
is essential in M. Hence M = My @& X. Similarly, M = Ms; ® X implies
M = M; & X. Thus M; and M, are superspective.

Theorem 3.5. Let M be a continuous module. If My and My are
direct summands of M such that E(M;) = E(Ms), then My = M.

Proof. Let U = My, N Ms. Let X; be a complement of U in M; and X5
a complement of U in My. Then X; @ U is essential in M; and Xo & U
is essential in Ms. Since M is continuous, both X; and X, are direct
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summands of M by Proposition 2.2. Moreover, X7 @& X5 is also a direct
summand of M by Proposition 2.7. It is clear that X; 4+ U + X5 is a direct
sum. Let B be a closure of U in M. Then X; + B + X5 is also a direct
sum, and hence X; & B @& X5 is a direct summand of M by Proposition
27. Put M = X1 ® B® X9 ® K where K is a submodule of M. Let By
and By be closures of U in M; and M, respectively. Then By and B, are
closures of U in M by Proposition 2.2. Hence we have B; = B = B; by
Lemma 3.4. Since B; & X is essential in My and By @ X, is closed in My,
M1 = Bl D Xl. Similarly, we get M2 = B2 D XQ. Let ‘/1 =B D X1 and
‘/QZBEBXQ ThenVlzB@XlgBleBXlel andV'Q:BEBXQ%
Bs ® X5 = M,. Since B is continuous, B has a decomposition B = D& P
where D is directly finite and P is purely infinite by Corollary 3.3. Since
M=X1 B X0 K=X1¢Dp P XK, X1 dPis Xy P-
injective and Xo@® P is X @ P-injective by Proposition 2.10. Now, we have
ED)®E(P®X,)=ED®P®X,)=EB®X,)=FEWV1)=EM)=
E(My) 2 E(V,)=E(B®X,)=ED®P®X3) =E(D)®E(P® Xs).
Since E(D) is directly finite by Lemma 3.2, E(P & X;) = E(P & X3) by
Theorem 2.11. Hence P ® X; = P & X5 by Proposition 2.9. Therefore
Vi=BaXi1=DaPp X1 =E2DPPXy, =B Xy =1V, and thus
My =2 M.

Corollary 3.6. Let Ay and Ay be submodules of a continuous module
M, and let Cy and Cy be closures of Ay and As in M, respectively. If
Al = AQ, then Cl = 02.

PT’OOf. Since E(Cl) = E(Al) = E(AQ) = E(CQ) and both 01 and 02
are direct summands of M, C; = Cs by Theorem 3.5.

Now, we are ready to prove the following main result:

Theorem 3.7. Let M and N be continuous modules. If there exist
monomorphisms ¢: M — N and p: N — M, then M is isomorphic to
N.

Proof. Without loss of generality, we may assume that N < M. Since
M is continuous, ¢(M) is a direct summand of M. Put M = ¢(M) D A
where A is a submodule of M. Then N =M NN = (¢p(M)® A)NN =
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d(M)@® (AN N) since (M) C N. Let B= AN N, and let

C=Bo¢(B)®¢d*(B)D - .

Then C' = B® ¢(C). Let K be a closure of ¢(C) in ¢(M). Since ¢(M) is
continuous, K is a direct summand of ¢(M). Put ¢(M) = K & L where
L is a submodule of ¢(M). Since N =¢(M)®B=K& L& B, Kisa
closure of ¢(C) in N. Since B @ ¢(C) is essential in B® K, B® K is a
closure of C' = B® ¢(C) in N. Since C' = ¢(C), B® K = K by Corollary
36. Thus N=B@¢p(M)=BoKOL=K®L=q¢(M)=M.

10.
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Standing wave solutions to
the time dependent non-relativistic
Abelian Maxwell-Chern-Simons equations
without gauge fields

JONGMIN HAN!

ABSTRACT. In this paper, we establish the existence of standing
wave solutions for the time dependent non-relativistic Abelian Maxwell-
Chern-Simons equations without gauge fields.

1. INTRODUCTION

The Abelian Chern-Simons theories [5, 6, 9, 10, 11, 13] have recently
attracted much attention. In this paper, we are concerned with the time-
dependent non-relativistic Abelian Maxwell-Chern-Simons equations. One
can refer to [1, 2, 3, 7, 8] for other time-dependent equations in both rela-
tivistic and nonrelativistic Chern-Simons theories.

Let us consider (2+ 1)-dimensional Minkowski space R™? with the metric
diag(1,-1,-1). The metric is used to raise or lower indices. The Lagrangian of
the (241) dimensional non-relativistic Maxwell-Chern-Simons-Higgs model
with external potential [5] is given by

1 K 1 1
af af o 2 2772
r _rngaﬁF - TFapA, + 2—q28aN8 N — —2q2mAc N
2

.- 1
(L) + Doy — DY — sl = Vg = (14 32 ) [N,

8&m
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Key words and phrases. Non-relativistic Abelian Maxwell-Chern-Simons equations,
standing wave solutions.
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The first and the second quantities in the Lagrangian are called the Maxwell
term and the Chern-Simons term, respectively. Here, all the Greek indices
run over 0,1,2, and

Y : RY — C : matter field,
A, :RY — R : gauge potential,
N :RY? - R : neutral scalar potential,
V :R? - R : external potential,
D=V —(i/c)A, Dy =0, —iAy :
covariant derivatives with A = (A, Ay),
Y : complex conjugate of 1,
k> 0 : constant representing the strength of the Chern-Simons term,
g > 0 : constant representing the strength of the Maxwell term,
m : mass of the matter,
my : vector mass generated by the Chern-Simons term,
¢ : speed of light,

€7+ totally skewsymmetric tensor with €2 = 1.

The two masses m and my are represented by other terms:
m=c’/kc®, mu=rg/c,

where ¢ > 0 is the symmetry breaking parameter.
The Euler-Lagrange equations are

) 1 q2 /€q2
1.2 D —D?*) — 2 — — |14+ — Ny =
(12) iDov + 2m v 4m?2c? VI — Ve ( * 2mc> v="0

2
1. A+ 2N + @21+ 2L =
(13) (O =D+ w2+ (1+ 50 )l =0,

1 o K 1.,
(1.4) ?%Fﬁ+?ﬁwh25j,

where J = (jo) = (jo,j) = (c|¥|?, =Im(x»D1p) /m) is the matter current.
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In this paper we study the system (1.2)-(1.4) when there are no gauge
fields, namely, A, = 0. In this case, we can rewrite our equations as

2

Kq B
(1.5) (at —A)¢+2V¢+2 5 2|1/1| (V) <1+%>N¢ = 0,
2

. 2 4 2 Kq 2 _
(1.6) (O — A+ k%" )N 4+ ¢ (1 + —2mc> || 0.
In particular, we are interested of standing wave solutions of the form
1.7 t,x) = e“tu(x N(t,x) = N(x w € R.
(1.7) Ut x) (), N(t,x)=N(z),

Then, we can rewrite (1.5%(1.6) as

7
\u]2u—|— (1 + 2—>Nu—|— (V+wu = 0,

1

¢

1.9 —A + K2NN 2(1 —) 2 =
(1.9) (FA+ RN +¢"(1+ 5 )|l :
The main result of this article is the following.

Theorem 1. Let Cy be the best constant satisfying the following Gagliardo-
Nirenberg inequality:

(1.10) [¥174 < Col VI Zaltol7e-
Suppose that V is smooth, V(x) > 0 for all z € R? and

(1.11) lim V(z) = oo.

|z|—o0

Then, for any positive real number v satisfying

ckq?

1.12 T
( ) 7 < Co(me + rg?)’

there exists a constant w € R such that (1.8)~(1.9) admit a weak solution
in X.

The function space & is to be defined in the next section.
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2. PROOF OF THEOREM

In this section, we provide a proof of main Theorem. Let us denote H be
the completion of C§°(R?; C) with respect to the norm

e = [ |1Vl (v + 1)l
Then, 'H becomes a Hilbert space with the inner product

(u,v) = | Vu-Vo+ (V + 1)uv.
R2

Obviously, H — H'(R?;C) continuously. Moreover, by the result of [14]
and the condition (1.11), we obtain compact embeddings H — LP(R?;C)
for all p > 2. One of important properties of solutions of (1.5)—(1.6) is the
conservation of total charge. In fact, multiplying (1.5) by ¢ and integrating
it, we obtain

d
— t,z)|*> dz = 0.
o [ W =0

In view of this property, it is reasonable to fix the L?norm of u for the
equations (1.8)—(1.9). Indeed, we introduce the following set

X, ={wN) : ueH, NeH®R), |ulz=7)

for a positive real number. We also introduce an energy functional:

1 1
E(u, N) = 42%\Vu|2+7nyN\2

+ q° \u|4+1/<;2q2]\72+ <1+K—(]2>|u|2N—|—V]u‘2,
8m?2c? 2 2mc
and consider the minimization problem
(2.1) min{&(u, N) : (u, N) € X, }.

Lemma 2. [f~y satisfies (1.12), then the minimization problem (2.1) has a
solution.
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Proof. Let (u, Ni) be a minimizing sequence of £ in &,,. Then,
1 1
E(up, Ny) = — | Vup* + 5 VNG + V]we]?
(ug, Ni) /]R2 2m|Vuk| +2q2|v k" Vugl

1 1 2 2
+— |:I€QNk + — (1 + ﬂ) |uk|2}
2 Kq 2mce

11 ¢? 1 Kq? \ 2
L - (L o
+2 [4m202 K2q? ( + 2me e

2 2 2
. 1 ( o )2 1 ( o )

— 1 = — 14— <.

d4m2c? K22 + 2me K2q? + me

We note that

Using (1.10) and ||ug||zz = 7, we arrive at
o 2 2 1 2 2
E(Uk,Nk) = —‘VU}C| +_2|VNk| —|~V|uk|
R2 2 2q

1 1 Kq? 2
+= [Kquk + —<1 + i) |Uk|2]
2 Kq 2mc

where

1 1 1

,M:——< B 2+—>’700>0
m K22 mck

by the choice of v. Hence, (u, Ni) is a bounded sequence in X,.

Now there exists (u, N) € X, such that up to subsequence, (uy, Ny) —
(u, N) weakly in X, and strongly in L! (R?* C) x L} (R*R). Moreover,
up, — u strongly in LP(R% R) for all p > 2 by the compact embedding
property of H into LP for p > 2. By the weak lower semicontinuity of norms

and strong convergence, it is seen that

o 1 2 1 2, L a9y
hmlnf/RQ%]Vuﬂ +2—qQ|VNk| +§/§qu

k—o0

]' 2 ]' 2 1 2 272
/W%wu\ + 5 VN + 5N,

and

QQ 4 2 q2 4 2
lim url® + Viuel® = ul|® 4+ Viul“.
Jim [l + Vil / Ll 4 VI
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On the other hand, since u;, — v in L*, Nj is bounded in H' and N, — N
weakly in L2, we are led to

[ v [ ey
R2 R2

[ = +] [P )
R2 R2

< flu = w74l Nellzz + o(1) = o(1)
as k — oco. Consequently, we obtain

li}gn inf & (ug, Ni) > E(u, N),

IN

which implies that (u, N) is a minimizer of £ over X,. O

Lemma 3. If (u, N) is a minimizer of £ over X, then (u, N) is a weak
solution of (1.8)—(1.9) for some w € R. Moreover, (u, N) is smooth.

Proof. 1t is straightforward to verify that IV satisfies (1.9) in the weak sense.
To show that u satisfies (1.8) for some w € R in the weak sense, let v €

Cs°(R?; C) be given. Then,

—| E&u+tu,N)
t=0

d 2
= V(u+to)]> + tol*
dtt(]/Rsz‘ (ut0)” + ]u—i— vl
Kq* 2 2
+<1 + —>|u+tv| N + V]u+ tv|
2mc
e Kq?
= 2Re / —Vu-Vo+ |u)?uv + (1 + —)uz‘;N + Vuw.
R2 2m 4m?2c? 2mce
Thus there exists a Lagrange multiplier w € R such that
2
Re —Vu Vo + |u|2uv + (1 + L)qu + Vuo = wRe/
R2 4 2me R2
which implies that u is a weak solution of (1.8). O
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SYNTHESES OF
3-HYDROXYMETHYL-HEPTANOIC ACID
DERIVATIES

LEE SOOKJA!

1. Introduction.

Nowdays, Polyvinyl chloride (PVC) and plastics are closely connected with our life.V (2—
ethylhexyl)phthalate (DEHP) is the largely used in making polyvinyl chloride (PVC) resins® and
the quantity of it consumed is on the increase.®) It makes products as flexible and stable.¥) DEHP
containing plastics are widely used such as toys, seats, food packagings, medical devices and shoes.”)

DEHP is a known reproductive and developmental toxicant in living creatures.®) Exposure to
high concentrations of DEHP produces extend over of mischievous influence in experimental ani-
mals, including cancer, liver damage, birth defects.” It express ovarian toxicity short-term adminis-
tration in rats.®) Endocrine disrupting or modulating potency of DEHP in humans is controversially
discussed.” Human exposure to DEHP may begin in utero, and such exposure has reportedly been
significantly associated with miscarriage.!® Further, DEHP appears to pose a relatively low risk
of hepatic cancer in humans ( Tickner et al., 2001).

The DEHP is rapidly metabolized to mono(2-ethylhexyl)phthalate (MEHP).H) MEHP is ad-
ditionally metabolized to oxidized products. w— and w—1-oxidation produce mono—(2-ethyl-5-
carboxypenty)phthal
ate (5carboxy-MEPP),mono—(2—-ethyl-5-hydroxyhexyl)phthalate (; OH-MEHP) and mono—(2—ethyl—-
5—oxohexyl)phthalate (50xo-MEPP). w—Oxidation of the ethyl side chain leads to mono—[2—(carboxy—
methyl)hexyl]phthalate (2carboxy-MMHP). These products are generally excreted via urine'? We
now report in our work in the synthesis of mono—[2—(carboxy—methyl)hexyl]phthalate (2carboxy—
MMHP).

! Department of Chemistry, Hankuk University of Foreign Studies.
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2. Result and Discussion

The retrosynthetic severance of the target molecule 5 produce phthalic anhydride and 4, which
is 3-Hydroxymethyl-heptanoic acid. In order to synthesis of 4, previously synthesize lactone ring
3 then lactone ring cleavage using potassium hydroxide. First method'® is beyond attainment. In
order to investigate if direct ring close of 6 is possible some screening experiments with commercial
glyoxyic acid monohydrate were done. Glyoxylic acid monohydrate and piperidine HCI were added
to a solution of aldehyde in 7 then mixture was refluxed for 16 hours. The reaction is finished,
separated on column and reduction with NaBH4. However, attempted conjugate reduction in
hexanal with piperidin HCI was not successful.

Another method is also not done. This method is synthesis of lactone ring with Grubbs catalyst.
Prepared by esterification of allylic alcohols which were either purchased from commercial source or
prepared by copper—catalyzed addition of Grignard reagents to propargyl alcohol. This ester was
converted to lactone by ring closing metathesis (RCM) using Grubbs catalyst 2 in dichloromethane.
When this reaction was treated with 10 mol % of catalyst for 10 hours in refluxing dichloromethane,

but product was not observed.

H
Br
MBS —
MO/@“\} + HO\/lW s tl\ /I/\/\
H 200 ~50% Bud o
2~3 h
yvield : 84.5%
Buz=nH, AIEN BF s E20
Benzene, &, 2h mr CPBA, CH=C -
BuQ 0 0 )
yvield : ¥B.5% yield : 54%
kOH
MeOH, & 0 oH

30 rmin 0H
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3. Experimental

IR spectra were recorded on a Perkin-Elmer 16F PC spectrophotometer. NMR spectra were
recorded on a BRUKER Unity plus 300 spectrometer operating at 300 MHz for 'H and 75 MHz for

13C. Purifications by column chromatography were performed on silica gel (Merck 230-400 mesh).

3.1. 1-(2-Bromo—1-butoxy—ethoxy)—hex—2—ene

N-Bromosuccinimide (3.56 g, 20 mmol) was added to a stirred solution of butyl vinyl ether (2.00
g, 20 mmol) in (E)—2-hexexne—1-ol (16.6 ml, 140 mmol) at —20 °C ~ —50 °C; the mixture was then
stirred for 2-3 hours, the temperature being kept below —20 °C. The precipitate so formed was
filtered off and washed with hexane and the combined filtrate and washing treated successively with
5% aqueous KOH, water, and brine. After being dried (MgSO4), the solution was concentrated
via a rotary evaporator and the residual oil was distilled (Kugelrohr) to give the 1-(2-Bromo—1-
butoxy—ethoxy)-hex—2-ene.") Yield 4.7 g (84.5%); 'H NMR (300 MHz, CDCl3): § =0.89-0.96 (d,
J=7.4 Hz, 6H), 1.38-1.46 (m, 4H), 1.57-1.62 (m, 2H), 2.03-2.06 (d, J=7.2 Hz, 2H), 3.38-3.40 (d,
J=5.5 Hz, 2H), 3.50-3.65 (m, 2H), 4.04-4.06 (dd, J=6.5 Hz and 0.7 Hz, 2H), 4.71 (t, J=5.5 Hz,
1H), 5.31-5.76 (m, 2H) ppm; *C NMR (75 MHz, CDCl3): 6§ =13.7, 13.9, 19.3, 22.2, 31.8, 34.4,
66.5, 67.6, 100.8, 125.7, 135.3 ppm.

3.2. 2—Butoxy—4-butyl-tetrahydro—furan

Tributyltin hydride (3.91 ml, 14.54 mmol) was added dropwise over 30 min to a solution of the
1-(2-Bromo—1-butoxy—ethoxy)-hex—2—ene (4.04 g, 14.54 mmol) and AIBN (64.7 mg, 0.14 mmol)
in benzene at 50 °C under nitrogen. After being stirred for 2 hours at the same temperature, the
solution was concentrated via a rotary evaporator. The residue was then distilled with a Kugelrohr
apparatus to give 27Butoxyf47butylftetrahydroffuran.2) Yield 3.8 g (76.5%); 'H NMR (300 MHz,
CDCls): 6=0.86-0.95 (m, 6H), 1.28-1.52 (m, 13H), 3.35-3.47 (m, 2H), 3.65-3.69 (m, 1H), 3.91-
4.06 (m, 2H), 5.07-5.11 (m, 1H) ppm; "*C NMR (75 MHz, CDCls): § =13.7, 13.9, 19.3, 22.2, 31.8,
31.8, 34.4, 66.5, 67.6, 100.8, 125.7, 135.3 ppm.

3.3. 4-Butyl-dihydro—furan—2—one

A solution of 4.44g of protected 2-Butoxy—4-butyl-tetrahydro—furan (22.2 mmol) in 3.6 ml of
dry methylene chloride containing a catalytic amount of boron trifluoride etherate was treated at
room temperature with 5.26g of m—chloroperbenzoic acid (24.4 mmol). After 3 hours the reaction
mixture was diluted with 30 ml of ether and washed successively with 10% aq sodium thiosulfate,
saturated sodium bicarbonate, and brine. The crude product obtained after drying (MgSO4) was
chromatographed on silica gel using hexane—ether = 1:1 as eluent.®) Yield 1.7 g (54%); colorless
oil; *H NMR (300 MHz, CDCl3): 6 =0.88 (t, J=6.9 Hz, 3H), 1.24-1.46 (m, 6H), 2.11-2.19 (d,
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1H), 2.52-2.63 (m, 2H), 3,87-3.93(m, 1H), 4.36-4.42(m, 1H) ppm; *C NMR (75 MHz, CDCls): §
=13.9, 22.5, 29.5, 32.8, 34.8, 35.7, 73.4, 177.3 ppm.

3.4. 3—Hydroxymethyl-heptanoic acid

A solution of 4-Butyl-dihydro—furan—2-one (1.0 g, 7 mmol) was dissolved in a minimum of
methanol and treated with 21 ml of 1IN KOH solution. The solution was refluxing for 30 min. The
medium was evaporated under reduced pressure. The crude residue was taken up in 2—propanol
and evaporated to dryness. The resulting gummy solid was triturated with dry ethyl ether, rapidly
filtered by suction, and dried under reduced pressure in a dessicator containing silica gel. When
the salts were highly hygroscopic, they stored as 1 M solutions.” 'H NMR (300 MHz, CDCl3): §
=0.89-0.93 (m, 3H), 1.27-1.33 (m, 6H), 2.05-2.12 (m, 3H), 2.43-2.47 (m, 2H), 3.54-3.58 (m, 1H),
3.70-3.75 (m, 1H) ppm.
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Synthesis of Tetracyclic Benzoazepine derivatives

o] % A}
ABSTRACT. %o Wesba A8 7k B4ts) Aol meh $-859 BN =7} 3
A F7bske FA0 gtk M9l G Jlsel £l oW 44 2 FES 24
e AAA

A =& 2 2] norepinephrine, serotonin, dopamine 52| & of] 2] 5}
Lo Zo] HAT 4 gt 7| Ro)] FL2AZ A WE T Y& mirtazapine2 ben-
zoazepine X = 7}A 1 .21, presynaptic az—adrenoceptorol] antagonist 2 2}
&3t norepinephrine®] &2 F7F Al7l& A2 d#A Stk & AFolA
+= N-acyliminium ion cyclization W22 ©]83}o] mianserin @ mitazapinex}
A 25 7R )9St benzoazepine FEAES A S A}F 3t} Furyl”)
1} thienyl 7] 7} fused azepine = 4| S ¥4 51 7] 9 5] 2-nitrobenzoylchloride S
furan &= thiophened} Friedel-Crafts acylation© Z benzophenone type2 3}t
58 A 3YG T Nitro7] &= AF 2 A5} irons AFR-3}31, ketone”]+= NaBH,4 0]
U hydrazineE AF&3to] Z+ZF YAl A o-arylmethylaniline 3352 A A
t}. Aniline FE A 52 cyclic anhydride ®=+= dicarboxylic acid®} &3} W335}
cyclic imide &2 53-87%2 +& & At} Cyclic imide 3}¢ES DIBAL-
H=Z A A 20-58%2] & Z hydrooxylactam 35S 42 5 AU} 1A
9k, morpholinex} thiomorpholine©] = ¢ ¥ cyclic imide 3} ¥EE5-2 DIBAL-Hoj|
o) gt Az Aol A Ak hydroxylactam 3FES A& 5 §UTE Hydroxy-
lactam®] N-acyliminium ion cyclization ¥F-82 CH3SO3zH 9} Z-2 acid Z 79
Al Xt om, hydroxylactam 313HE2 R 8 12319 3gES 80-99%2 o
FFSTER S 7 AN YU fuylZ] 7 =99 SetE 2 22 2 A
furyl7]9] B¢k r Qete] 13 JFdEs 95 5 Y th LactamI1F-2
BF;-OEt2 €A)5tell BHz-SMex & AHE-3to] 42-81%9 +&= AT 3P ¢
st
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1. A&

Aol &A= F=F5 Y ABAF =R Qe AFH A Ho] B AA T FAolth £
€52 AAAA £E30E 2 e FFAAAY A-hY Ao R AL NA 2= DAl
v ~2E g 2o o] 9hE3he A g olth 2% At A Aol 23 7 §93
ot AZbste] ApAFES 40771 % s, Aoy A Foll ARG 7= sty ApAEE A
2] 50~85%7F 2ol #HE] Ui BVt IS AEE ST Aoz AAs A
otV e Z AL JhQlo] wet wje Ty, =S AdE v A AAE 2 glon, e
Aol st HEsty ok 9259 A5 oA 4F N E5AY AL, FEHE TY BAE
Ast] M2 F-FA Y NE2 dAds]) a9 ik

239 TEZAQ] AAL ofA A A gk 9o} Mo e 7]Fol &4t oW A ¢
Y5 223 A ALEZ QA norepinephrinel} serotonin(5-HT), dopamine 5-2] 7 3o 2
sto] 9-&F o1} 71EF oh2 g9 Eddo] opr|Htia ¥ejA Yrt?

1.1, 239 Wy AT A 8Ae e

2359 92 AR HAT] B AEHAQA 2EHAE Dol Ho] AETA W3l Z nore-
pinephrinel} serotonin(5-HT), dopamine 3} Z-2 A A AGEZL] EFY, A= +44A 29,
AR E 40-50M ol Fote s A7 252 & F Utk AsPHde FEAE, FAAE,
AAFFAE o] e, 53] =9 AE3A WAlo] 93 L&Folle FEXNET} D5 o)

AA7HA] &5 FE ASUHE A8 7HA 7 YA, FHor 34 F /HAE E 5 9

o} AR+ 195139 aminobenzyl =3 2] $HAd o2 Al ZE o] 1980 At 71X &3} A] o 7= o A
A ASA FSS A7 Aok AHEA &
serotonin(5-HT), dopamine 53} 22 A1 7
%‘@%UQEQ "EZ Folv A8z 19
£4 AFHE Wwd vgggo

€% A (tricyclic antidepressants)+ norepinephrinelt}
2Eo] HUoR AFFHE AL A3 o5 A
S Uitk A5 249 48 FeeAEL ©
2 sty phenothiazine@ F-AHSE L2 E 712

EARAE TTE al
I gew, “c};'a g3 2o we Barg o ehichY 1970d ) ol EolgtE A8A FLeF
AEY F2AES E0)3, AAASELAY AFTE vud A8 oz Ahste= A 240 F9EF
A o] A= 7] AlZH3 T Amoxapine, demexiptiline, leferpramine®} bridged tricyclic 3}3-& <1
maprotlhneol ojuf A|#H ¢-E&F X 8AElth (Figure 1).

EAE AAAGEA 25421 MAO(monoamine oxidase) S A A]7]= MAO A3l A o]t} o]

T3 1950 d ) 8 AFE o] A1, MAO A 3] A= norepinephrineS £3} 3= MAOZS A 33l +
2 2] Ayl 2 (synapse)©l no replnephrme./] 25 E Z7MA 7= FRog kg E et MAO A
ANEAE el = B2 743 X7 1 F, hydrazine 3}5-E3} arylalkylamine 338 Tho] |
SA o §83HA 2ol2 ch(Figure 2).
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1.2. as-Adrenoceptor antagonist A G2 $&Z X 8A

1980d ] 7}A) 9] &L= A2 A+ norepinephrine, serotonin®] A g4 A siA| L} MAO A
iAo o] =3 o] e} F Zol= 5-HT reuptake inhibitor A ¥, serotonergic agent 7|
<&, MAO-A inhibitor 7| €, phosphodiesterase inhibitor 7] &, norepinephrine reuptake inhibitor 7]
4, az—adrenoceptor antagonist 7] €, ai—adrenoceptor agonist 7] ¥, inverse GABA agonist A &,
CRF antagonist 7] €, inositol monophosphatase inhibitor # &, dopamine reuptake inhibitor A &,
glycine-site NMDA antagonist A|g 5 B2 M2 JE|9 $&5 AEA A77F I35 Yok

o] 2 as-adrenoceptor antagonist A € 2] 2% X]E A= presynapse?] as-receptorel antago-
nist 2 ZF-g-3t= 3135 2 A, epinephrine®} norepinephrine?] reuptakeS x}t+3}o] presynapse @ 5
E] W& 5] = norepinephrinedS Z7HA1 2 4= Atk (Figure 3). %25 X Z A5 3¢l mirtazap-
ine-2 Organon®l 93] 7J'¥H az-adrenoceptor antagonistA| 2] &5 X EAE 199435 E A
A= o] A Yok I whe] 2 7E3E <2 asx-adrenoceptor antagonistA o] &= X F2A|Q F
ZE2 Figure.4° YeRY ).

waElCs with
aforage grenules

release of
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tranemitter ralaass -
T ./L
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ritoc hordrion
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- pemstayriaptlc -raceptor
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FIGURE 3. as—Adrenoceptor antagonist®] 28 7] A
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CH =0 H
B olipram SDZ-HM-085 Rorindlole nethanssautfomate
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CHy
L-690220 ACPC Swrkozole MitazapHne
Merck & Co. Symphorry Hoechst Mari on Roussel Remeron; Remenyon
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FIGURE 4. 2 7|'&% 92l as-adrenoceptor antagonists®] =%

1.3. Azepine 72% 2 392349 AT SHHFE A

AA AFEH I Y= 5 (B AF 9l mianserin®] A mianserin®] A-ringd} C-
ringE 713 2-benzylaniline S S4E 2 2 A3, Bischler-Napieralski cyclizations 53l B-ring
%, azepine ring= A &, upx]Z DringS FAASE T H ot} (Scheme 1). WHH) FA}SH
TF-ZE ZtE= mirtazapine?] 39+ A-ringo] T = 2-chloro-3-pyridinecarbonitrileE %%%Z‘E 3t
o], C&} D-ring©] ¥+ methylpiperazineS X &A%l 3, azepine ringol] 3] 23}+= B-ringg w}x|] 9
o |48t Wd o2 3459 cHScheme 2).

H o Fo A= mianserin©] U mirtazapine?] &2 o) T35t A-ringd} B-ringe I FZAIZ A C-
ring?} D-ringS ThE B2 18 & =Y A Y, sizes WIAIA FR Y SHhet F2-89 FaE 7]
3t oS3 2 FEAES A A

E AFo e M2 F29 benzo[blazepine F+EAE TA317] f1dte] 23 2 A=
£ AZ3lth benzo[blazepine2] C-ring®ll phenyl”] 2] o|% thienyl”Z]} furylZ] & 4_?:]6}7] 9
3], 2-nitrobenzoyl chlorideE &W&EZ 2 3}9] Friedel-Crafts acylationE ©]&3}112} it} o-
Arylmethylaniline®] amine”]& succinic anhydridet glutaric anhydride®] % %32 2 D-ring©]
3 F= = cyclic imideE = ¢ 3SF &, reduction®l] 2]3}o] hydroxylactam X & 42 ¢+ Y& Ao
Z Kt} Hydroxylactam-2 4F ZZAA 1e]3} ¥F-3-& 3}o] azepine 25 FASH &
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carbonyl7] & Q3P t}9F3) tetracyclic benzo[blazepine F = A 7} €A E Ao & H olT}(Scheme

3).

—= - —
| [
—— i i
Mo = CICH L COC] T P.P.&POC 5 [ B W,
g o c=a e
EHoo CH2CI
lH;NCH3

2Mitro benzyvlaniline
i T W i = B i TR W
oy (COOEL) - - . MSEH , e —_
I=R
O:[}]-N‘ H HIM
A CH 3 CH 5 CTH3
\HﬁEIH3
c
|A: B o
T
e
M.
CH 3
M . : ) =
fanserin Scheme 1. Mianserin2 &

en N JAQ 0 =~
GL, + G —
CHz TH 5

2-Chloro-34ayridine
carbonitrile
171 Hydralysis
271 Reduction
— OH
Eﬂf“ B o = %
> T
[ Il
D MH yoH
"\,_,N . LN.-’
CHs CH
Rlirtazapine

Scheme 2. Mirtazapine2| &b
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Ar

Ar @E//NO @: OH
2 o i}ii h o ”4\/}: "

el

Scheme 3. Tetracyclic benzolblazepine
LS [ =Y

2. A3 4 u &

2.1. Tetracyclic benzo[blazepine 3¢5 2] S 3A

SO 6 SO s e

K.d:{ » 0'”4\.4{ 03\_}(

1 2

3
Ar A
Ar
o i2H
[}
MH-~ O::{'\’_’}{lrl

9l tetracyclic benzo[blazepine 12 tetracyclic lactam 2 9] 4 Wt-§S F3Fo] A4
oA HF-g-A] 7] F7HA] 9 N-acyliminium ion

sEITE
& 4= 9t} 3}3HE 2= hydroxylactam 45 AHAd 2 A
=3} cyclization W22 A R3lo] AT 4 9ok Hydroxylactam 4+ aniline =4 63} o
1A cyclic anhydride =+ dicarboxylic acid2}e] &322 E3lo] AL imide 55 QA 3to] A
€ ooz A3E 62 £ PN LEAR AA”
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2.2. ZWE 229 aniline 53] 629 A

e

SLE4 A 2-benzylanilinee FHH L2 F{do] 75t 2 oAM= o] ostu=
anthranilic acid (7)2H ¥ Scheme 1037} 22 A& 5319 T3}

Anthranilic acid®] amine”]E tosylZ protectiond}o] 86%2 +&=Z 3}3HE 82 AU} 3
E 82 benzenedl] =9 &, PCl;E 713l 5A17F 9ot 357F3}e] Hojx = acid chloride ZZHA] o
AlCI3E 7}38}9] benzophenone 3}3HE 9aS 92%9] &2 AP L") 3H3HE 9a2] ketone’] S
LiAlH4 2 393}9 2-benzylaniline (6a)& 42%2] &2 A 3Gt} (Scheme 4).8)

0 o 0
= OH a S OH b T
= IH, “ 7 MH T NHG
]
T L] “a
[ | e
e NHQ e
Ga

(a)T 51, May GO, Ha O, B5% (b PCls, AICk , benzene, 92% (c)LiAlH,, THF, 42%

Scheme 4. 2-Benzvlaniline {(6a)2| Ehad

T YR o v F 2-nitrobenzoyl chlorideE E4EZ Z 3 Scheme 59 ¥4 & 53t0] A3}

O
.y i a o, * b i S
I o — | h M [ 5o
i o™ = MOy, S NH,

10 11a, X=0025%) 013, =0r99%)

1113, X=S(42%) B¢, =506
i
C i = o
T H,
Bl =0 (599
fe, {=S(65%]

(a) MG, ArH, G5y (b Fe, AcOH, ELOH (©) MHNH, H,O, KOH, diethylene gylcol (K=5)
or MNaBH,, TFA, THF (x=0)

Scheme 5. 2-Furwylaniline (6b) and 2-
thienylaniline (Bci2 &
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3. 48

Anthranilic acid B2+ 2-nitrobenzoyl chlorideE &3& 2 & 3} Friedel-Crafts acylatlon =
3l phenyl, furyl T2 thienyl”] 7} X34 aniline F =X S &4t Aniline =X S cyclic
anhydride &=+ dicarboxylic acid®} o] 2] 7}A] WS Z A A cyclic imide 3}HEE 53-99%2
= 495

Cyclic imide 2§ ¥ hydroxylactam-2 7] 9]3lo] NaBHy 5 o] 8] 7}A] A2 A& 2 AFSH
A3} over-reduction T+ imide 28] 7} 2]+ whg-o] A3 E YA DIBAH- LS o] &39S FF

o
hydroxylactam©] 20-58%2] =& & Ao F Tt} 3FA 9 morpholine &= thiomorpholine +Z& 7}
A3 Y+ cyclic imide= DIBAH-LE AFE-3lo] = hydroxylactame d& 4 ¢l3lth
Hydroxylactam 3}3-&5 9] N-acyliminium ion 3|3} ¥F-8-& 2 A}8E A3} formic acidE A&
3 490l L5l AR HFBRY opleh e F0A cnamide 3B AL AT T
2hA, 288} W82 methanesulfonic acidE AFE3FR 2™ furan©] X33 hydroxylactam% A <
e BF 930 2 FA A= o] o2 7}A] benzo|blazepine FE= A S 80-99%2] A
T4 99
Benzo[b]azepine FE=A9] lactam carbonyl 7] = Lawesson’s reagent 2} WH3-3}¢] thiolactam-2 &
2 % Raney-Nickel2 &-¥3lo] HZ3TES 42 5 AU} Thlopheneol %] 25 benzo|blazepine
FTEAS AFole BF3-Eto09] £A)5te] BHy-Mex 2 243 A% Sankgo] <2 FA A= o

mianserin =+ mirtazapine¥} FAFSE 25 A d F 47 2] benzo[blazepine FE=AE A3 T}
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Anodic Dissolution of Electrodeposited Iron in

Phthalate and Phosphate Buffer Solutions'
AR PA A

ABSTRACT. Z(Au) A= o] As) AZE3 FeS AZ 07 Fed] HA
7BAS 259 th Phthalate 2} phosphate bufferofl A Fed=2] 2-3) 4
2 9] Tafel slope2 ~35 mV, 471 WA= 3LuE-2 9 Tafel slope
~40 mVE H]525}3] 0 Tafel slopes Z3H3H FFA <l A 75184 A}
2 274540 Zatel FEEANA Fesl 43 BY HAL 1 ARl Fol
WS ES AR WAUSE A AT Phihalate 93§97
2] phosphate 3-8 A ol X 9] dE,,/dpH%} dlogl,,,.,./dpHS] & 53
pH &5 & Ho] Fch

o it
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% F(Iron)®] H24](corrosion) ¥F-g-o] &3 A1+ thE FHETH o Wol A7E o]
dEogs HuwrHl~3]. o] AFES T2 4 893 G714 S8 AoA 53
S, oz 744 Aol WM P2 AAFAC, U3t ol 23} go] B4 HHo| F
Hol 45 20 2L RAL FAAA 531 E E(pitting) $AL o Arky Fel Ak

F 2ol Seo 5 EQCM(electrochemical quartz crystal microbalance) 23 7| o] &
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AF2 25 BAS(bioanalytical system)A} Ao g FTAH H7|s}tst A (cell)%
st om, 2 AF2 FAo] 2.0 mmed A# F F(Au-DISK) Aol Fatd A3l
(Fe(NH,)2(S04)26H0; 350g /1L, HoSO4pH = 3.0)0l Al 60mA /cm’<] _;:‘—r Ne w3
7] 23l el ofste] AESATHs]. 2 =79 VAR F& AT olfre AT Sl
ol MiAAH e getow A +EE 5 Q7] WEolth 7EHAFE E3Ag/AgCLE
=2 Pt-wire2 735 Atk whebA & =&l AT A= x3} Ag/AgCl 7€ A

ik grolth BE A7)38 AP Ar th7] ofgfoll A 35t en, M-8 HFE
3= EG&G PAR model 273 Potentiostat/Galvanostat2 ©]-§3}o] (softwarex= 5%
Abe] M352) =33k th & AF ol AFESE Al R Al F oA LYo B4 F(AR grade)
So]1 o] LA 7= 0.10 MS X0 e stk Feo] =2 A o No. 10009] AF
3 (emery paper)®l] ©]©] A 0.1 um alumina 2522 <l emery cloth@ dAn}st & Z7 4

= Ao thed Agsig.

il
l
=4

3]

3. A% 9 %

=2

3.1. Tafel relation and Corrosion potential in Phthalate Buffer Solutions.

pH 2.11~7.062] phthalate $+3 -8 o] A], %z AE F-1.1V oA -04V 7}A] FA}S}
AA (FAFSE: 5 mV/sec.) £33 A7 UL 2 RE Tafel plot2 23Tk thE 2 ¢ Tafel
plot& Fig. 1o vehfilct SA-g %_01‘/}% 9} Asgf vkSo] dojus o
Ao A Z+7} linear fitting= A&t o™, F G Tafel Ho] vhite= Ho| AAZFH
FARAN (Ecorr), AFE2FEH RAHAR (L) 59 A71848H4 JAAE F5}0] table 19 &
oF5} It} Table 1] 2 2F3) &2 92 2 © 2 PAR EG&G2] M352 corrosion softwaresS
AHg-8to] 5k g thPhthalate €H5-8 Aol A FA ALY RAAFO FFAQl pH &%
+ Fig. 29} 30 VR ATk

2

Fig.2 o] A A ZH(dE/dpH = -54.5mV)2 4204 o]& gk 2.303RT/nF=(59.2/n)
mVe} Bl g wf e Y] oA dA)sta vk FAHFEY pH o|EX+= pH 4.09] 4
5 Al2lsd d(logl)/dpH = -0.41 o]tk AAAQ pH 2|&=9} pH 4.04 o] =

Azkel ABAL #l37] $5to] phthalate & Aol &4 8t 318+ £ B8 (fraction of
HoPT,HPT ™, and PT?" )< Fig. 40l UER QiTh



Anodic Dissolution of Electrodeposited Iron in Phthalate and Phosphate Buffer Solutions 101

10* . . . —

Current Density, Alcm®

’ [ T .‘.-
QO — e s ST N =
e e,

pH=7.06 402
10'3 1 1 1
-1.0 -08 -0.6 -04

Electrode Potential, Volts vs AglAgCI

FIGURE 1. Typical Tafel plots for the Fe-disc electrode in phthalate

buffer solutions with the scan rate of 5 mV/sec.

TABLE 1. Electrochemical parameters obtained from the Tafel
plots in phthalate buffer solutions. (*): anodic Tafel slope, (**);
cathodic Tafel slope.

PH | Ecorr, V| Bas V(*) | Be, V(3%) | Teopr, uA/cm? | Ret, kQem?
2.11 | -0.608 0.035 0.043 232 0.095
2.89 | —0.669 0.032 0.042 125 0.174
4.02 | -0.737 | 0.035 0.042 96.7 0.232
5.03 | —0.772 0.037 0.041 15.8 1.37
6.02 | -0.829 0.035 0.043 6.25 3.52
7.06 | —0.875 0.034 0.040 4.35 5.0
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0 .60 1
X 063 dE,_jdpH=-54.5 my -
- (C.F.=-0896)
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FIGURE 2. The pH dependence of the corrosion potential in ph-

thalate buffer solutions

dflogl, ¥dp H=-0 41

Carrsion Current, ofdcm
[= ]
T

pH

FIGURE 3. The pH dependence of the corrosion current in phtha-

late buffer solution
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FIGURE 4. The pH dependence of the various phthalate chemical species

Fig.4 ] pHel| w2 Z} phthalate 3}8 £ & £-&(mole fraction)2 HPFA4+Z HE
Qs m 0w AN AolTHs. pH<d0 4 Wi H,PT 9 HPT 7} = 813 502 =
Ashe &% SAA Y, pH>4.0 4 wl HPT™ ¢ PT?" 9] nlgo] pHE AAsE &
< &ty Fig3 oA HPT 9 &&°] Hug< Hole pH 4.09 B9E AlLstd
d(logl)/dpH=-0.412Z ¥ia| #AE B}t T} £ A9 pH 2] &AL pH 4.09]
A= A HojuA g AR Hof HPT 9 F2Ho] "}ﬂ‘/‘r §H’_ FE S50 43

S s Aoz B4 grh Ba) AYRIoA (F£10 mV) ARE A velstnz
linear polarization A& W o2 B2 3-&(polarization resistance, Rp £ 2 charge transfer
resistance, Ret) =7 3}0] table 10 7153199 2w pH 9] &%= Fig.5 ¢ 23tk A7 A
Fe whulel] BAol Yo, Fighs old 24T 71 €71, 0418 2AAF pH | 222}
Ax3t= Aoz Holnh
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dflog R ¥dp H=0 41

Polarization Resistance, kohms*cm
(=]

pH

FIGURE 5. The pH dependence of the polarization resistance in
phthalate buffer solutions.

3.2. Tafel relation and Corrosion potential in Phosphate Buffer Solutions.

pH 1.77~10.02] phosphate &G MofA, AFAYE oF 08V oA 02V 717 F

APSFH A (FAFSE: 5 mV/sec.) %% AFDEZHE Tafel plotS I T tfxa
Tafel plot& Fig. 6°ﬂ UER Tt 29 Rk o] dojube A 413} &) WEE o] deojut
= oJ A& Z+7Z} linear fittingS 2 §3tF o0, F o] Tafel Ao] Whil= Ho A=
HE RN (Eeorr), AFZFE FAAF(Leor) 59 713184 g 55 PAR EG&GE
M352 corrosion softwareE Al-&3}o] 3] table 201 R ¢F5} ¢ th.
Fig.9 + pHol w2 Z} phosphate 33t £ & &8 (mole fraction)S F 3 Fr-25E &4
Astd oz Axkst ZojtH6]. pH7F 4.0 o] 3t A+ H3PO4 9 HoPO, 7F = 8l8t $ o2
ZA et SFg Aol 4.0 < pH < 7.0914= HoPO; 747 < pH < 11.09) 4= HPO; ™ 7}
F2 EA5E &45-gdelth 283 pH > 11.0 9 G 9ol A = PO 9] o] B 571
STk 24919 RARR I pHO wheh Waks Aso] pH 405 pH 7.02 7102wt
= Ao g HOM,PO; & HPOI 7} Fe Ao & B9} AAH oz ZX387] g2
Aot

X

—

Phosphate buffer 2] 7 -$-9|| = linear polarization 4 & X
20]] 712389 o1 pH o] &% = Fig.109] YebA T A&} A3 o] uln] e
AAFe] pH 925 (Figs) o 23 AP pH 959 (Fi
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S & Kol HyPO, 7} AFukgo] #oA S & 5 At

- -pH=2.39
-- —pH=1.77

Current Density, Adom”

1“ 1 1 1 1 1 1
-1.1 -1.8 a8 -o.8 a7 -0.6 -0.5 4.

Electrode Potential, Volts w5 Ag#fgiCl

Current Dens=ity, Adcrn’

pH=i00z 301
" 1 1 1

-1.2 -1.1 -1.8 a8 48 -2 -0.E
Electrode Potential, WVolts vs AgitgCl

FIGURE 6. Typical Tafel plots for the Fe-disk electrode in phos-
phate buffer solutions ((a)acidic, (b)basic) with the scan rate of 5
mV /sec.



106 ARF, DAF

TABLE 2. Electrochemical parameters obtained from the Tafel

plots in phosphate buffer solutions.

PH | Eeorr, V| Ba, V| B, V | Loorr, ul fem® | Ret, kQem?
1.77 | —0.689 | 0.041 | 0.044 1056 0.021
2.18 -0.7 0.034 | 0.041 576 0.038
2.99 | -0.765 | 0.032 | 0.044 264 0.082
4.02 | —0.803 | 0.029 | 0.042 121 0.179
4.48 | —0.783 | 0.032 | 0.044 117 0.188
5.31 | —0.806 | 0.035 | 0.041 111 0.195
6.20 | —0.786 | 0.032 | 0.042 100 0.22
6.87 | —0.753 | 0.032 | 0.041 27.5 0.806
7.73 | —0.822 | 0.032 | 0.042 40.5 0.535
8.00 | —0.821 | 0.031 | 0.041 21.4 1.02
9.01 -0.88 | 0.034 | 0.041 10.2 2.15
10.02 | —0.937 | 0.038 | 0.042 5.8 3.74

-0.60 T T T T T

-0.ES | dE__fdpH=-54 mi .
w-g1m b [C.F.=-0.925) i
2
4 Brsr g
E . - oo dE g fdpH=-57 my ]
@ = [C.F.=-0.934)
E -0.85 | e
K
= -850 | -
&

-085 .

-1.08 L L L L L

2 ] B B 10 12
pH

FIGURE 7. Corrosion potential, E.,-, as a function of pH in phos-

phate solutions



Anodic Dissolution of Electrodeposited Iron in Phthalate and Phosphate Buffer Solutions 107

]
18 F E
dflagl,, NdpH=-0.48
)
I
ERT RS e
E dflogl,, YdpH=-0.04
c
.D 1
E 10 F E
g5
[}
1un 1 1 1 1 1
2 1 B 5] 10 12
pH

FIGURE 8. The pH dependence of the corrosion current in phos-

phate buffer solutions
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FIGURE 9. The pH dependence of the various phosphate chemical species
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237, 4AT

dflag R, ¥dpH=0 47

Folarzaion Res stance, kohmsbsm

d{logh ¥dpH=0.04

FIGURE 10. The pH dependence of the polarization resistance in

phosphate buffer solutions

3.3. Reaction mechanism-Anodic dissolution in phthalate solutions.

Table 1S 7§

4o

2 B 3, B pHS} #3338 242t ~ 35 mV, ~ 42 mVE 443}

o Fig. 29} 30| A B uke} 2o] dE.,,,/dpH = -54.5 mV o™ dlogl,,,, /dpH = —0.410]

t}. o]# 3 AF A}E ulg o 2 phthalate 458 Aol 4] Fe

o o
o=

A
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=] o
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1-A 7o) 59 Abshul

SARVAR the T} e WS WAUZ R 49 4+ drh

kg
Fe + HOFe(OH) 4, +H ' + ¢ - —— - —— — — —— — — — — — (1)
Fe(OH),qsFeOHT +67 — — — — — — — — — (rds) - — ————— (2)
FeOH' + HfFe2t + H,O0 — — — — — — — — (corr) — — — — — — — (3)
S MBAF Ihiss = S5 27 @A (rds: rate determining step) Q1 ¥H-&-24] (2)0] 2]
AR tha Zo] vehd = vk FFAAE (1)of thsto]

ki + (1 — 0)exp{aa FE/RT} = ki _0[H " exp{—a. FE/RT}
0/(1 —0) = (kg + /ki_)(1/[H'])exp{(ca1 + ae1)FE/RT}
=Ky (1/[H])exp{(aar + ac1)FE/RT}
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o] 7)ol A 0= coverageE JERH BAAR [, = oS Ao 7 FojRc)
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1O coverage = 07} zerool HZ5HH FAA
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&
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o
N
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Tyiss = 2FK ko (1/[H ) exp{ (a1 + acr + aaz)FE/RT}
= 2FK ko(1/[H))exp{3FE/2RT} — — — — — — — — — — — (5)
Al (5)2HE] P02 = anodic Tafel 7] & 7], dE/dlogl = ~40 mVZ, o]= AFo|A A
~ 35 mVe ZF 38k Atk (o] =&l YEYE a,t ace B39 AojAle ==
22 Ao g 1/20]M K& B34, k= S54, RE 7141835, F& Faraday &,

T AT eE, B A3 A o)t}

> r2 rlo

rlti

(o)
kg

Fus

ket [HY Jexp—asFE/RT = kg [Hags|exp{aasFE/RT} — — — —(8)
HAAAF Learn © W54 (7)o Sslix 24
Teath = 2Fk7[Hoqg 1+ eop{ o FE/RT
= 2FKgks[H1]?exp{—(aus + acs + aer)FE/RT}
= 2FKgks[HT]?exp{—3FE/2RT} — — — — — — — — — — — (9)

1 (9)ZHE Ao A+ cathodic Tafel 7]&7], dE/dlogl,_,,, =~ 40 mVE o] A AAZ

F2A A (E=Ecorr) NA (5) A Tgiss T (9)A) Loatn= 2t WEtA exp{3FE/RT} = constants
HYP7 Agstez o280z dojxe RAAYe] pH &% dE.,,/dpH = -59.2
mVE o= APoA @& -54.5 mVol 28t ot FAAYNA s2+ AF/F= F
Al Folth BAFAFTY pH JEEE 917 ASHA Leorr = laiss = Ieatn & ©1-85HH
I2 . = Iiss % Ieqsn, = constant x [HT]7} ©th o] A o2 RE AL o2 RAZA

pH ¢ 2% dlogl,,,, /dpH = -0.50]t}. o] A7k -0.417} 2F7ke] Xpo]2 Kol )
o] 3t Apol= Fe Aol HyO0] 2= A4 (¥H3-1)o HoPTeF HPT™ 7} 3= v X
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3.4. Reaction mechanism-Anodic dissolution in phosphate solutions.

Table 25 7§ 2 X o2 & uf (3,9} f.= pHE} F#3HA Z2H2E ~ 35 mV, ~ 42 mVE phtha-
late &% & Ao 2] Tafel slope2} 72 Zo 1} dE.o/dpHS} dlogl,,,.,./dpHE phthalate
AFE Ao Aot e T3 pH &S Holi it} dEe,,./dpHS 3% pH < 4.0,
pH > 709 A% ~55mV o]0 4.0 < pH < 7.0 A Fo|A AL WatA gt} (Fig.
7 #Z). dloglcorr/dpH 9 A] pH <4.091 A4 —0.48, 4.0 < pH < 7.0°4 —0.04, pH > 7.09
Al -0.28% F813t pH )& S Kol o} (Fig. 8% =x).

pHS} F333H4 phosphate $+3-§ W ol A 9] Tafel slopes 6,8} 5.7} phthalate 2438 <8
ol 2] Tafel slopesa} # 9] Z+2 Z© 2 Kol phosphate 5§ Mo|A Fe 4] AA] ph-
thalate €58 Aol A 9] Fe A3} 22 1-AA}o]5 9 Aspukg S 2 TA vh3 w A
Ugsor A% 5 & Aotk pH < 4.090 A¢ 7 &F&HNX9 dE../dpHS}
dlogl,,,.,./dpH 3ol A2 dA gttt 21822 o] % ¢ phosphate &8 HoA dojrf=
Fe A=9] 41318 -3 v A YE -2 phthalate &h58 Ao A2} 22 WAog dojuhs
Ao 2 Wtk ol pH > 4.0 A ol Srol| Al A58 A4 A phosphate 23§ 4 o] 4]
9] dE.o/dpHS} dlogl,,,../dpHE= phthalate $5-8 oA el= F8lo] T2 pH o] &A S
Kol gt} o] phosphate €58 Mol EASt= ]2 7}A] phosphate iongs9] F &<l
Z1 o g Hlt}. Phosphate ionE2] &L 5213 pH 9 &AS Holx Yt} Fig9ojA B
= uke}l o] 4.0 < pH < 7.0 A oA HoPOy, pH > 7.0014 HPO; 7} &0 F A&
o]t} o] 23t phosphate iong-2 FHA o2 HA DI T2 2 & 9oy oA F 2
¥ phosphate ionE & 213l dE,,-/dpHS} dlogl,,,.,./dpH kel pH 2] &3= A o2 Bt}

4
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2. 4 ¥

2E A7gs 48 /AdS AFEEZ A= EG&G PAR model 273 Potentio-
stat/Galvanostat2} PAR model 377A Coulometry Cell System-g ©]-&3}o] ~93}9 2™
¢ 3 AFe] M352 Corrosion software2} M270 Electrochemistry software® AFE-3}A T}
A=ZL % BAS(bioanalytical system)Al Al 22 2 A ZF(WE)2 2 4] 3.0 mm<l ¥
23 78 (Cu-DISK), 7|&2 A TS £3}Ag/AgCl, H 2 A FL Pt-wire2 A S ot wet
B ol BAQ A9t B8 Ag/ArCl 1% AT Bi@ golTh 3717 AAD §
ol (deaerated solution)o A 2] &AL 10& 59 Ar-purging® Ar £ 7oA 33102
™, A&7 231E & B2 A E 1027 purging St F 44 Z9) 710l A 33T Al
ol A Y3 B4 F(AR grade) A S APl A8t on Cu-DISK 5L &4 Ao
No. 12009] emery paper®]] ©]o}A] 0.1 um alumina 2522 E9Ql emery clothZ < u}st

3 ER4E AL bl Agdtgict

:|=_>|:r¥

3. A% 9 23

3.1. Potentiodynamic Polarization (PD) Measurements

Fig.1e Ar, 87], 44 291719 0.5 M NaCl $8 940 A 243 Cu 239 PD 24
ol o}.

il

10° E T T T T T T T
. E under Ar-atm. ]
107 - — — - under Air-atm. 2y - 4
E under O _-atm. /_?“ ERaR- E
gE: 1073 r z L// ;
< E Ar.

- i TRRE © ! E_ =-D2TTV ]
£ 10 ‘\ S Fean - ]
g ', S, =0.97 pAem® 2
T 107 I Air,

g H . ‘,. .. E,,=-D187V 2
E r .o - _ 2z ]
(3 10° | i a 1 L., = 1.7 pAfcm 4

F v o, 3
107 b V E E._ =_DOBTV N
E f i 1. =2.1pAfom® E
10" 1 I I L | 1 L
-0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

Electrade potaential, volts vs AgiAgCl

FIGURE 1. Potentiodynamic polarization curves of copper elec-

trode measured in 0.5 M NaCl solution under various atmosphere.
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Fig.1ol Al H & uie} Zo] A48 w27t 71845 RAAS (B )= 0277 V —
~0.187 V — —0.087 V& positive shiftE Kol glow RAHAF(I4m) DA 0.97 pA/cm?2
— 17 pAfem? — 21 pAfem? 2 Z7H5HE 4TS Btk o] & NaCl 5§90 53] o
S el sk Pele RG] A PR AVL L ALE HolFw Ak

Fig.23} 3= Ar, =& Aka 291719 MZ 2 552 NaCl 8 Ao A emery clothZ
Aupst Cu =S 0.6 VE 60 5 ¢ AFA &4 (prereduction) Al 71 3 102 5 F P A7+
& 5712 chgel 44 Cu A% PD 3480l Fig22) 3¢50 $429 (B, ¥
AT (Leorr), 3RS} SHAE-Gof] B gt Z+7k9] Tafel 71 7] (8,9} )5 T3] table

seofch, G o120l §f sl 54 £ 4 Cu AT TUAA THEH

d

Cu+2Cl" =CuCly +e~ ————————— (1)
2H20 +2¢~ = Hy +20H” — ———— — ——— (2)
O3 +2H;0+4¢  =40H @ ————————— (3)

uhRo] Aravt E34E Aol At Atk OH-9 ol o AA WS (1) ohe}
HES(4)efl o3 AFSL WS = o] WaAte] Aojibt Ao BuH wl ek

o

2Cu+20H" —- CusO + HoO 4+2¢~ @ — — — — — (4)

under Ar-atm.
--- 0.5 M NacCl

10" |
10° |

10° |

Current Density, Alem’

107 |

AL 5 : 3

10° | L L 1 L L 1 1
-0.4 -0.3 0.2 -0.1 0.0 0.1 0.2

Electrode Potential, Volts vs AgfAgCIl

FIGURE 2. Potentiodynamic polarization curves of copper elec-
trode measured in the various concentration of NaCl solution under

Ar atmosphere
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FIGURE 3. Potentiodynamic polarization curves of copper elec-

trode measured in the various concentration of NaCl solution under

O, atmosphere.

TABLE 1. Corrosion parameters obtained from potentiodynamic

curves shown in Fig. 2 and Fig. 3.

Atmosphere | Concentration of NaCl | 0.1 0.3 0.5
Ar-atm. Ecorr, V -0.301 | -0.293 | —0.279
Ar-atm. Leorr, pt A/cm? 0.73 1.4 1.0
Ar-atm. Ba, mV /dec. 35 40 71
Ar-atm. Be, mV/dec. 73 76 113
Oq-atm Ecorry, V -0.065 | —0.078 | —0.088
Os-atm Leorrs pA/cm? 4.0 2.6 2.1
Oz-atm Ba, mV /dec. 24 25 20
Oz-atm B, mV/dec. 387 390 106
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3.2. Cyclic Voltammetry(CV)

Fig.d+ Aro] 23} NaCl 89| 5=2 #3lol wpe} 5743
£ CV+ emery cloth® Antek Cu AFE S8 Halld §HoA 0.6 VE 60X F
AFA 39 (prereduction) Al 71 & 10% 59 3 ) S 20 mV/sec.o] FAM:
% (scan rate) & = A3 Th Figdol A UELE 0.095 V A3 2-9 2 (B, )9 0278 V 7
29 A5 E(Ey)E vHs(1)el &3 & 714 A (quasi reversible) 4F8} 8 RES 02 o]
n] B33 up ok 12
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FIGURE 4. Cyclic voltammograms of copper electrode in the vari-

ous concentration of NaCl solution.

Fig.4(CV)2] Tafel-type plotsZ2HE 4L dAAFA AFAL NaCls® &4
I, A NN AFE NaCls= 2| E4S 247 Fig.59} Fig. 60 YRl ot Fig.59
614 =73t dE/dlog|[NaCl];=-95 mV £} dlogl/dlog[NaCl]g=1.40-2 Tafel 7] & 7], 98}
T 283 F& 5 A(isotherm) ¥ D3 AAE 7HA I ATt ¥-g W 7FUF ol A ThA]
oS AA T 72 AFA Lolrhe Astoles FAE YA Langmuir §2 5L
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FIGURE 5. The graphs of the electrode potential versus the con-

centration of NaCl solution at constant current density.
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FIGURE 6. The graph of the current density versus the concentra-

tion of NaCl solution at constant potential.
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3.3. Chronoamperometry and Chronocoulometry

k

7
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Fig.8ol Ueb ATt obg2lAl Fig.7ol A 1027} AU 53+ A{7H A ‘S H
o olzzlen® 102 o AFE AFIH AF (L) 2, t=02 4T AFE <=7 )
#H o o] A F(transient faradaic current) 2 3+ Tafel plot= Fig.9o] 23t} & 7}4Hk-gof
A B A7 Bokol] 2T 1412 plot O 2 RE 102 9 AHEHE I'=0 o] t}.1415) F
A %= Z}(transient) Tafel 7] &7]2] &3] 125 mV+ A4t g 60/an mV e} ¥ 23 n=1
a=0.5 4 w] 2 XHY oA LAY, HF{FAH Tafel 71€7] 63 mV JA] & 7} 174}
Aololl that Al4gk 3 229 ol A LA
Fig.83} zto] AlZke] AlF2(t'/)oll that A71=H(Q)) 20l Q F2 &2 24, ¢1/252)
Fo] AHE Y w), BA AL Q=(4nFk;/IN)Cyr(t;/*t1/2 — t) 2 Fo] ATHI415) of 7] A
Cue 78 A59 EF=c slgstng 1013 ky= ]9 FANZ| e E0d $=
Agpoleh. mebA] ky = (slope) « 11/ (4nFt;/*) o] B R Geh 71 @719k 259 A (6/*) 2
2HE IS 5 9 k= AFAYY 42 k = kexp{anF(E — Ecopr)/RT}O] B2 Fig.
1034} 22 Tafel & ploto] FojAm FEAAANM Y S, ki(Beorr) & RESELT
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FIGURE 7. Chronoamperometric curves of copper electrode mea-

sured in the various potential step in 0.5 M NaCl solutions.
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FIGURE 8. Chronocoulometric curves obtained from the integra-

tion of Fig. 7

3.4. Anodic dissolution mechanism and adsorption isotherm

Fig.9, 109 A transient Tafel 7] & 7] 7} €k 120 mV ©] 31 A FA e Tafel 712 7] 7} 60 mV ol
Qs Ao wop, To)9l Askaalel] ekl W ()T RAT ANIL Ol 9 F3
S E A6 1A} ol EoHE W (5)% ool 4] ol SEARUAL WL ()22 o
Fo] A Aoz Holt}

Cu+Cl” =CuClygs +e- ————————— (fast)(5)
CuClygs +ClIm - CuCl; ———————— (diss.rds)(6)
A3}o]29] & 2HS Langmuir adsorption® 2 7} 3 ¥H-S-(5)0] o3t =402
0/(1— ) = Ks[Cl Jexp{FE/RT} 7} @} 2] o] 7|04l 0 coverage, Ky W5 (3)°] o
o P4, FE Fadaday 5, RS 714, T 2= E Uit =24
A RES(6)2HE FAARF Lyss = Fks0[ClT |2 2= 5 2™ 22 coverage = ¢

ZGI‘Ooﬂ ﬁ%@l— oT Idisslwf ‘1(7)01 %D}'

Liiss = FkeK5[Cl™?exp{FE/RT} — — ——— — - (fast)(7)
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Chloride effects on anodic dissolution of Cu in neutral aqueous NaCl solutions
(5)C 27) Ao A ¥] 7} ukg 0 2 7h= B4 AR 1y, = Fks[Cl- |exp{FE/2RT} 7}
Hw 7ol A Do = Tafel 71=71(8.)= 120 mV °|B2 o] HA] Adgdxtet 2 <
st Pk 2y Cl 9 o] dFL (NyezHE dE/dlogNaCll;=-120 mV,
dlogl /dlog[NaCl] p=2.0¢] ¥ 0101: 3hu}, Fig.59}F 60141 ZHzE -95 mVe} 14008 SA % Q)
EA5Ae Ak ezt gdo] Btk
EHo FFo] FE = o] oBnR ¢ —>0‘l A7k otdd FHE Clr e A=
AGO+r9° 7 o]2 2 Frumkin
_,_H(H/(l —0)=
diss = FkgO[Cl™Jexp{a 16/RT} o] B2, o]

$4-2 e (10)410] Loj Ak

=T
a

t}. o]+ Langmuir

Cr=a%

=z}
=

1)ellA] (9) Aol

I—(

Lyiss = FkeK2[C1™ ] F ¥ exp{aFE/RT}

21(10)ll logE # 3l AFzlshd 4(11)°] Ak

loglyiss = const. + (1 + a)log[Cl™] + aE/0.0592

aZ 058 7F38HE HkS 24 dlogl/dlogNaCllp=1.5 A A9 NaCl 55 &%
= dE/dlog[NaCl];=-79 mV 7} F 1 =7 ghol] Wo] ZASIA W 2 A9 & Hojyitiy &
= glok FHEA oA 2o iAGE At £ 8t aF 0458 HH uke Ao A
AHAE 1450] 31 ALY 55 o EE+E 9l mVE AT o] zhzhe] A3k 149495
mVol v we uff @ XPHS oA Aot 2o E HArh



122 AR, AAt
10° T T T T T E
" u ]
| f,--E’ /I 4
. o'k {dEidiogh =125mv P J
- o - 3
5§ : o /_/ ]
E 5 ‘\/,/'f’ / 4
- [ == 1
£ 10° | / 4
7] F 3
g F :
= [ ]
= i // M 1
§ 10" | ,/ {dE/dlogl} , = 63 mV J
3] : 3
1072 N 1 N 1 L 1 L 1 L 1
0.25 0.20 0.15 -0.10 -0.05 0.00
Electrode potential, Volts vs Ag/AqCI
FIGURE 9. . I-E plots of the transient and the steady state re-
sponses of current density for each potential step in Fig.7.
10" T T T T T T T T W T 3
» 1
E 4
]
g |
S jo0r dE/dlogk,=132 mV (R*=0.997} J
= 3
£ 3
o ]
g ]
]
[V -
g
o 10" =
2 i ]
& "~ logk=logk’ + {anFi2.3RTHE-E__ } = -5.03 +7.55E 1
o]
e i 1
a L 4
I
105 L 1 L 1 N 1 L 1 L | L 1 N 1 N
030 025 -0.20 045 010 -0.05 000 005 0.10
Electrode Potential, Volts vs Ag/AgClI
FIGURE 10. Tafel plot of heterogeneous corrosion rate constant of
copper electrode in 0.5 M NaCl.
4. A =

%4 CI° 58904 Cul 48 3532 BF 934 [Cu+ 201 CuCly + o] o]
whel Qojubr, Cu EHo] CI-7h H25He o] & B 5242 Tomkin F 2524



Chloride effects on anodic dissolution of Cu in neutral aqueous NaCl solutions 123

ot Cuzt 48l & J o) AR 102 B2 AF A7 1HLS
9 A FAE Tafel plot 2 Shol= %4 Yt ARE Agom SA 27D S

=78 % Ak

5. FuEd

1 M. Pourbaix, ” Atlas of Electrochemical Equilibria (English Ed. By J.A. Franklin),”
NACE, Houston, pp384~398 (1974).

2. U. Bertocci, ”An EQMB examination of Cu surface oxides in borate buffer”, Elec-
trochim. Acta, , 49, 1831 (2004).

3. J-K. Chon and Y. Kim, "Hydrodynamic effects on corrosion and passivation of
copper in borate buffer solution”, J. Kor. Electrochem. Soc., 10(1), 14 (2007).

4. H. Otmacic, J. Telegdi, K.Papp and E. Stupnis—Lisac, ”Protective properties of
an inhibitor layer formed on copper in neutral chloride solution”, J. Appl. Elec-
trochem., 34, 545 (2004).

5. E.M. Sherif and S.-M. Park, ”2-amino—5-ethyl-1,3,4-thiazole as a corrosion in-
hibitor for copper in 3.0% NaCl solutions”, Corr. Sci., 48,4065 (2006).

6. E.M. Sherif, R.M. Erasmus and J.D. Comins, ” Corrosion of copper in aerated syn-
thethic sew water solutions and its inhibition by 3—amino-1,2,4-triazole”, J.Coll.
Interf. Sci., 309, 470 (2007).

7. E.M. Sherif, A.M.E. Shamy, M.M. Ramla and A.O.H.E. Nazhawy, ”5—(Phenyl)—
4H-1,2,4—triazole-3—thiol as a corrosion inhibitor for copper in 3.5% NaCl solu-
tions”, Mat. Chem. Phys., 102, 231 (2007).

8. H.P. Lee, and K. Nobe, ”Kinetics and mechanisms of Cu electrodissolution in
chloride media”, J. Electrochem. Soc., 133, 2035 (1986).

9. . F. King, C.D. Litke, M.J. Quinn, and D.M. LeNeveu, ”The measurement and
prediction of the corrosion potential of copper in chloride solutions as a function of
oxygen concentration and mass-transfer coeflicient”, Corros. Sci., 37, 833 (1995).

10. G. Kear, B.D. Barker, and F.C. Walsh, ”Electrochemical corrosion of unalloyed
copper in chloride media-a critical review”, Corros. Sci., 46, 109 (2004).

11. E.M. Sherif, and S-M. Park, ”Inhibition of copper corrosion in acidic pickling solu-
tions by N—phenyl-1,4-phenylenediammine”, Electrochim. Acta, 51, 4665 (2006).



124

12.

13.

14.

15.

16.

237, 4AT

J-K. Chon and Y. Kim, ”Corrosion and passivation of copper in artificial sea
water”, J. Kor. Chem. Soc., 51, in press (2007).

L. Leroy, P. Girault, J.L. Grosseau—Poussard, and J.F. Dinhut,” Ionimplantation
reinforcement of the protective efficiency of nickel in artificial sea-water”, Nucl.
Instr. And Meth. B. 198, 49 (2002)

R. Greef, R. Peat, L.M. Peter, D. Pletcher,. And J. Robanson, ”Instrumental
methods in electrochemistry”, Ellis Horwood, Chichester, chap.2 (1985).

A.J. Bard. And L.R. Faulkner, ” Electrochemical methods, fundamental and ap-
plications”, John Wiley and Son, New York, Chap.5(2001).

E. Gileadi, ”Electrode kinetics for chemists, chemical engineers, and materials
scientists”, VCH Pub., New York, pp261~274 (1993)



J. Basic Sci. HUFS 24 (2007), pp

AEHE QFE d7)stsers 72 ASEFEHT Aidsl7|

Young Rock Kim!

A
JEAR PAe ATs
o M A AR A HAR ABT L el SIEEE A8
sho] Balth 53], AL LA AL ASEFEARS 4

= he A A=

S
ol tisl o8 A4 &8 & (Macaulay 2,
Singular, Maple) &< ©]&

stof Alsbsl B oket.

2~

T
As
[<)

1. INTRODUCTION

H 2ol AEHEFoFE AFehed o] £8A A4 o] Fasithe
Ard el i3k S50] Wol 2oA gttt A AS 7 tistee e
s = Bolo] A% 78S ZAA 7] Y3t e w88 7207 Yt}
azu, o3 Yo E 275 B RS2 ofHE A= Fof
of thgt 55te] Aol tisl SAle zra A fkon, A= BE
gho] A AP NA B FA| #4l= Erh7t T Foketar A 75t
7hAl gtk kst AESE Fofoll A £ ok MER AEE olE
of ¥l 4 AR sk o Fol A7IFHIL A7 wWFoltk o] o F-2

2000 Mathematics Subject Classification. 68R10, 05C05, 68Q25, 92D15.
Key words and phrases. DNA, 5 AR, AS&EFul47|3te, A, ASERE

=¥ g

O

22

Department of Mathematics Education, Graduate School of Education, Hankuk Uni-
versity of foreign Studies?.

This research was supported by the research fund of Hankuk University of Foreign
Studies, 2007



2 Young Rock Kim

2009d Aof Gian-Carlo RotaZ} t}&3} e Exo g2 733l “The

lack of real contact between mathematics and biology is either a tragedy, a

—

scandal, or a challenge, it is hard to decide which” [7].
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A7t T 53 FEUEN ARAA AHA IFHS & 5 US o Lo
g Atk B 5 Utk A E S0 282 FEAEA £ BF0
Holgal, 7 Fofe] FAES AEE EFSH 2 77 FF AW gTh
3], #38to] 7]etgtolut 91 Ete] 8T 2ol &, AR, ¢4
o FAe ou|E AT Y AE 7k AR wFI Qlo] gt

t}. 2ol & Coheno] thg3} Zo] Y& 33t 525-319] B o]

T TF “Mathematics is biology’s next microscope, only better;

3

Sk 12
ot
2y
Y
o{' S

=
=3
S}
0o
<

5

27

fil o
E

athematics’ next physics, only better” [3].
sAlo] 201 7] W2 ZA AT 21M 71 & =2 et A
37+ FAAY Aojgt el = o] F A 7T AHEE fls ZAeolth
A A (Genome)ol] Tt AF7F w2 A X85 o) o whet A4 A
7 & (Phylogenomics) o] W2 A S8 FoF2 thF5 L . o] &of
§-3 8ol A 77 2 oF, A g Genomics) 2} FAHA &
Phylogenetics)e] Z23to 2 o]F oA t}h &3} 1009 2t
stejet AARE FHA Aol o] ZA e Ad-F5HA % 7
Z9 st 582 7IREC R &1l AFH OB S
3H(Bioinformatics) 9] 2 olg} & 4= At}
A AEEL FAA A ek SAAA AFE S
F22 U ERH A F(Sequence)of o] gk ¥ 1 o}y
iz 2 B 2 Y 2 (Proteomics), @ 2 2] 2D, 3D £+ A+
ijﬂ@}(Functlonal genomlcs) 75"% 5 A7 A Mxs)
seolth A

A

=

r

2 4

rd :‘m
&Hﬂ
M=
@)
o
(@)
=3
&)
=]

od. rlu (i
o

o,

-

%

i

o

zf” ipf

z 19 e

LN
ke Jo o

2 o 4o
o> e =

N

N

o
of o X I 2

N
b oofr [k

o 4
o
K
re
-14
O
5
0
O
o2
rol
M
Toﬁ
[o
Fl
i)
o
rlr

oX, i o o
>

f
)
rlo
Ne
o
L
=
o
£
4z
2
e
©
fo o
1 re r
X
rO
S
Jo
rN
i
S
>
2
o
o
B
o)
B
P!
D
B
o
=
D



AEAR NHES BT FRsh ABEFERT AL 3
FAAE A2 VERA A D (Sequence) o o 3t Ao A sRAIE o] %]
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22, A QAA BE YBL 41 1E 0 ol e
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A9 FRACITh BEAR T 271 oF 200 obvl 4k Fool 1,
Ackd SHAEL 1000 opv] 4t AEAAE Ak REY HEEL
A 2 FAEARA, AT Ak ol s XA SHA Ak A2 A
zo B 728 AW o] HEAX T2 oj 8L A B
DA o i T2 =Tl

7Ptk 2z}

Do B 728 e, U A% 722
I Z (primary struc-

Hojdrh W 29l ofulak Ade RAA
ture) 2} BT} o] Ao The RESL 24
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EERE R
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218k BA @ F= A WAl 2 ESH A thE B A1 2 o3
T35 doldth gl F7HA FR77F ok e #AA7F O
HF A=z W3E o= Zo| 2 stuelnt. o]2lgh M3t st
A2 Yol Al dojubar shue] JA X5 HPA 7| RE oyt &
W olE =¥ ol (point mutation) ]2} gtet. ThE FF 1

s gAY Bdwo] mx = 22 GAAL ok A
o ] 3]

ol= AP Eo 2 A o] AL (translocation) 2}l

o}
& (duplication) - & 3t} o
o

o2 3 QA EAu o] o

ST WE DI Q= {A,C,C,TI99 3242 Hoj e 24
Sol A gsteld Fa3 AFL D). PN HpEo] o TAS
S FEO|BT BT FA HolE E 2074 $7Y opujxsloz BE
3 4 Slth 64719 TESZHE 207]9 obu] e abo 2 A Fot WAL
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£ synonymousghal FE2t}h o g 79 ofn e XS F /Y
x| | A QX 3= synonymousQ ZE=so|th o]HI ZEEY AMH A H
2 & & four-fold degeneratez}al -2t} dF}o] FAR A A =
So] Molshe AL 344 Bl Eolck

FEEY BPL 5ATHN By o A2 02 64709 D4
ot BR¥EE 12 AL QoA &F distributions p = (prjx) < T
A3kake Aolth. 27ke) 28 distribution p = (prssc) = FHAA 10] 5
E57F obd ALE9] 4 x4 x4 HolEolth Vst orE, IESS
distribution2 632} &5 ©A| Aol e A o)t}

Ay ={peR”: 3 pux =1 pux >0, VIJK € O},

IJKeQ3

Zol7k 3m m7je] A%H < FE o :L—EXMXJ DNA 592 42t
B2 @4 uyes 58S ZE [JK7F e+ Sl o3 1

2o HlolE=4x4x4 HolE u=uyro Bl o]# 3 g o

BEL go] ofd AfEolu, 44 YEES meR U &E o
Ag3®] stte] Ml A EL HolE A =)
ML 187)9) Af W4E AT HeusEe] WY 1849 BE o
HA, =

Y —_' )

P = A15 X Ag
o] At} 7| A A= EE distribution a = (o) 2 o] F R 15214
9] oA (simplex)©] a1, Az2 & distribution 3 = ()& o] F o] F AL

Aolth 89 23 M2 thx3 Zol vi/iEd T4
¢: P — Ag3, o((a, B))1sx = a1y - Pr

ol t}.
2B R, M = image(¢)E 6379 DA o] Q= 18749 th5H R
o] - ‘%‘ E
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7] 915to] o] Blo]Bg 168 492 2449 B Y2 Lhehd 5 9ok

PAAA PAAC PAAG DPAAT
bPaca PAacc PACG PACT
PAaGA PAGC PAGG PAGT
P = | PATA DPATC PATG DPATT

bPcaa PcAc PcAG DPcAT

PrrAa Prrc Prrc PriT

AP 5 A4S Agotel e 2L ANRE 9L 4 Uk
p€ Aol Bi3te] e B o]},

distribution pb 23y Mo o]t

16 x 4 & p'2 A4=(rank) 10|t}

EE P9 2x2 43 H 245 (minors)< EF (0]t}
2 FEELE= 1, J K, L, M,N°| t3}4

Prjk * PLMN = PIJN ' PLMK-

=W =

71 A 4715k 712 M9 AFAS AFE S B8 ML Segre TF}
A7 Ark= AL & 4 9ok A2 ML PP x PR2] PYo) A 2] Segre vl
o}

2.8. §72F 37] DNA FEoA FRAAES 27 AL F32 4
o] obd ZAENA FAR LS T & 5 e T2 AN EATR 4
o] 545 ok= Aol 244 O] . FRAAE 78 (genome) 2] A5
FRggol obyel, akete] JEE(intron) 3} & (exon)E 2 WFo] Xtk
g 5tk E/\}(t]fanscmpt10][1).»}7g Zo EREL dolA Yrtn
HAA A dEvto]l MoE o] Xti(translation). Z2ju A& Fof] B
T Ohe Mg oAl= Aol oidth ARZH ZRZY dEsS HAH
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: HMM)2 Zo]7} ndl
DNA 2= o A] 71;&.&0 5/\] 283 = 6]—9-‘6}_7_’_ o] _/1\_0‘_201 A E

% Q= {ACGT) 43
AAE 597 HAH AL B
Uelex k=203 £AH AHEL

HMMe] 1183t E4-2 distribution ¥; 5 X,-oﬂ ° —:?f—;} XZ%% u}
238 AAdL olFth AL BETFAEL DNA S22 53+ Hl
HMME< ©]§3ttt. 1 8 ofoltol= th33 &k 34 27 &
A A= 53 HMMG o] o]&5 o] A=, o] A Yu]+= X; — Xy
FE Holg2 v T2 hkxk P8 S = (s)012 X; — Y, Aol

x4 ¥ (tij)olth. AA71AA s+ = AR ZE oA =

= T=

AR B j2] Aol &ES UEdth &, wheF kb =200 4,5 € © =

{exon,intron}. W t,;+= FEN i
)

— 1
Bt =S oS A5 HEol7] o)

o] 4 gt olHF LA Tl thEF AHE E& F Utk

Proposition 1. The homogeneous HMM is the image of a map ¢ : CFE+D
C'", where each coordinate of ¢ is a bi-homogeneous polynomial of degree
n—1 in the transition probabilities s;; and degree n in the output probabilities
ti;.

O

W 5 DNA 4 o € Q" tf
T4 o LT FES VeI T
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H
%—‘% dij = dji Z 0 du - O dzk < dz] +d3kﬂ‘ E'\O:' %ﬁ]A]ﬁ ?l_"'z—:'_'q

] = {1,2,-- ,n}9e) el AgF D RE)e & Hoj sigdch
olg) 3t A B s Aee REYo) 9= A4 92 B2y =9l
o 252 o] A8 Z(metric cone)©] 2} St}

7 8] 2 (metric cone)®] BE A D B2}k PD _(zcR":
r; > di¥Vi, j1 2 fAEH AL 5 Ak weF Dy, .-+ Dol AR Z L= o]—r
Dy + -+ D& T3 Ag]g7to| et

PD1+"'+PDk CPD1+...+Dk.

9 AolA T4 e] A=+ A%, AA D+ -+ D& D 25 o] (coherent)
ATk gt shue] B (split) [n]o] A2 FFFEo] flv 35 Tl
obd F FEHT A% (o, 8),aUf = [n]e= Aol 189, 7
T (a, )2 o3 22 & A2 (split metric)E BT = At
DO‘B—O {1, ]}Ca T={ij}tCp
D=1 ©& 7
& Ag DPE e & Ppast 31 F33 ZA 2 & 71A]

R
T Y BARL o, ol th&H T 3] A2 DE ofH® A > 09 thst
D*P < ADE WE35tE B8 (a,()°] 2 o &4 4 (split-prime) 2}

2%
.

2] o]
A

Dress-Bandelt Split Decomposition). 2+ -7 3}
= 793 U2 2IF D =D+ + D+ D'Z JE}Y

=
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HEZ o]2o]A 9} o] AL 247153 AZ e A (complex)o] L Az
&7+ D9 tight span T+ mJective hulle]2}al 283tk Ag D7} U7 A
2] (tree metric)©] 7] Y13t B FEZ AL Bd(Pp)7F 1A ZAo|th o]
%ol Bd(Pp)= thE otd D& H¥ ZH 5 o] X = A 54 (phylogenetic
tree) ©] t}.

F/] o g+2] A~ 2 (Bernard Sturmfels)
Ao g ol AP Aok AF
Fi 4718k Fokoll thst A ofelyol= 2z AEAY FHAESTY

HAAEER o]Foj3 AR R Eo] HAFAA A E ol &
= AN A2 T S, 4 7H7'<]%Z}9/] AU AsEFES
B e AMSE AAL dFASA E7E AL T 5 Aok (1]
T3t A% 4 (Phylogenetic tree) T7} F9] X]Uﬂ ol2HE AAHE X,=
toric TF4¥A 7} = =4, homogeneous prime ideal of X7+ 2AAl &2 o] F
o] 7 Groebner 7| A& Zt=The 21 Seth Sullivant7} =4 $H-E
stttk o 7)o A XpE AESAEL Jukes-Cantor o]kl F=211
e AEH g2 AFE o St [11]-

TFA o7 o] Hofo]| A H7IA] A A FA| =0l tf 3] Macaulay 2, singu-
lar 5 #& -‘?Lr B AL 2239 o] §35to] sfso] AT Eg, A

L 49 AL 7R = AlE5 4 (Phylogenetic tree) 7} o] @ A o 5=t} A 7}
He AE & 7 AL, o)HE A AdR A § ATERE

¥ #F(Phylogenetic invariants) ol o] §F W2 3-8 g 5o] oA} (6],
8. H2olle A% o] E AsEFEHTFE e 229 ALELE
Qa2 v} QA

F

olgd AT EREHTFES Aot Adie th=d 22 Md==
AT 87t Yok AL Q%?}—fvj—iﬂ (probability simplex) 23 9] ujj /)
h2 ksl wHl ol

A54o) 22 99 Belol o W o oint
probabilities) 5 & Fo] x| =], Z+7te] FE-2 o] BP9 wjAHSEol o



off DL > pob Lok

AEAE BAEY B8 s TR ASRFRAY AL 19
taaolt. o} 7oA £ 7l BESo] FANE AL 1 59 A4
Ao E2The oujolt. o) d SABAC o SAFE A7
Stk @9, ANSL Foho] ole @ HYMANE A2 e AE
s8l(Fe)o] HEA)oR A%D 4 Ak o] FEANAE o7
e 593 & 4 Ak ole @ T ARAEL o §3te] T3 22 A
EREAgse AN 5 o,

(1) D: The dimension of the model.

(2) d: The degree of the model.

(3) E: The largest degree of a generator in the degree reverse lexico-
graphic reduced Grobner basis.

(4) e: The largest degree of an element in a minimal generating set for
the ideal of phylogenetic invariants. (complexity of the model).

(5) M: The cardinality of the degree reverse lexicographic reduced
Grobner basis of the ideal of phylogenetic invariants.

(6) mld: The maximum likelihood degree of the model.

(7) p: The cardinality of the smallest set of generators that define the
ideal of phylogenetic invariants.

(8) np: Number of equivalences classes of the probability coordinates.

(9) ng: Number of equivalence classes of Fourier coordinates without
counting class 0. This is also the dimension of the smallest linear
space that contains the model.

(10) p;: The sum of all probability coordinates in the ith equivalence
class. These indeterminates form a set of sufficient statistics for the
given model.

(11) g;: The average of all Fourier coordinates in the jth equivalence
class.

(12) sD: The dimension of the set of singular points of the model.

(13) sd: The algebraic degree of the set of singular points of the model.
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t}S FIGURE 2,340 YEhY e SR
+ A& (Phylogenetic tree) ¥ o] Ale L FEHF=ol et 22 AL 2
Fsolth ol& Fol|l UEhte o 7HA AASE AVE, &, &9 MC,
NMC, comb, fork, giraffe, claw, crane 5ol tf3F AHL2 o] =R A=
2k}, o]of] #3F AFA 3 W8-S Garcial}l Porter”
ZHA 8] drE ol A Qlemg Fastr] vpgtt [6]. ©
3= o= Singular, Macaulay 2 == Maple 5 °o}F S8 2% < AA &
aElEEo] Atk 7oA * ZA= X]:L AL AL el 3
b A A k2 AE Y ARt ES B, 7 A= 71]4‘} U=
ZF REAY ok ™ A4t A7} V‘“‘f} A= ‘/}E}Wt‘r TS NT1, JC,

o -
o
o

o
ok

I
=
)
o
£
—+
I
=2

K2, K3-2 Felsenstein hierarachy®l] &3t A4 2 d 9 %—%% EFWA
o} o] ol hehd A} o] Aol A5t 577 AT A TlS)A
€ met ARSo] mowl, 99 A5t 67) ol 4el AT sl thelAE
A ATE oy A4 =8 Foltt
topology | cl |np|nqg| D | d |sD|sd| pule|M|E|mld
NT71 41411 -1-10]|-10]- 1
NMC JC | 5 4 1312 |3 ]1|3[1]3] 23
K2 10|10 7 |12]| 4 |22 9 (4| 9 |4 ]| *
K3 (1616|1096 | * | * |34 (4|34 |4 | *
N71| 3 3 -l -101]1-10]- 1
MC JC 3 2 1111 (3]1]3)| 11
comb | K2 | 7|75 3 (10| 4 (4| 4|4]| *
K3 10|10 7 |12| 4 |22 9 (4| 9 |4 ]| *
N7t 22 (2|1} -1]-]0|-10]- 1
MC JC| 3|32 (3|1 21|31 [3] 5
claw K2 |4 |4 3[3|2|1]1|3[1]3] *
K3|/5|5(4 3|2 |3]1|3]1|3] *

FIGURE 2. 37]¢] ¥ & 7}A AlFo st AT EFEHHE



topology | cl |np|nqg| D wolel M | E|mld

N71| 8 | 8 | 6 4 2 12| 2 2| 14
NMC JC | 1513 |6 34 33 |3 33 | 3] 7
4tet K2 |36 |34 [11| 2536 | 795 | 4| 847 | 4 | *
K3 | 64|64 |16 | 689920 | 8002 | 4|9124| 5 | *

N71| 8 | 8 | 5 8 3 12| 3 2| 92
NMC JC |15 12| 5 20 21 |3] 30 | 5| 7
d-4tet | K2 |36 33| 9 832 193 [ 4] 437 | 5| *
K3 | 64|64 13| 70784 | 1096 | 4| 4706 | 5 | *

N71| 3 |3 |2 2 1 /2] 1 2| 3

MC JC 2 4 2 12| 2 2| 17
claw K2 3 8 T2 7 |2 *
K3 11|11 4 16 21 |2 21 | 2| *

N71| 6 4 2 1 /2] 1 2| 17
MC JC | 11 4 14 15 |3 17 [ 4| ?
comb | K2 2420 7 129 111 [4] 163 | 6 | *
K3 [40 |34 11| 1560 | 373 |5| 756 |11 | *
N71 3 2 1 12 1 2|1 5
MC JC | 716 |3 5 5 [3] 6 31 7
crane | K2 |13 12| 5 18 18 |3 30 | 4| *
K3 [20{20] 7 80 52 3] 104 | 5| *
N71| 5 4 2 1 ]2 1 2] 1
MC JC 4 14 13 (3] 13 | 3| 7
fork K2 [ 18|17 ] 7 108 107 (4| 112 | 4 | *
K3 [ 2828 |10| 944 396 |4 446 | 5 | *

N71 3 2 1 12 1 2| 15
MC JC 19|73 11 10 |3 12 [ 4| 7
giraffe | K2 |18 |14 | 5 45 37 [4| 52 | 5| *
K3 [28(23] 7 227 100 4] 192 | 6 | *

NG
=
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Ko,
o
N
™,
)
of
B
=
=
<
)
of
e
=l
e
2
ofi
il

FIGURE 3.
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topology | ¢l | np | nqg | D d w o |le|l M | E|mld
N71| 16 | 16 | 6 52 30 |2 37 | 4| *
NMC | JC | 51 | 27 | 6 115 33 3| 33 | 3| *
1st K2 [ 136 | 106 | 11 | 49516 | 2920 |4 | 9276 | 5 | *
K3 X b % * [ % % X [
N71 |16 | 16 | 7 44 24 |2| 28 3 *
NMC | JC |51 |31 | 7| 315 272 |3] 345 | 5| *
2nd K2 [ 136 | 112 | 12 | 365808 | 10853 | 4 | 22168 | 5 | *
K3 X * X % * * X X *
N71| 16 | 16 | 8 34 20 |2 24 3 *
NMC | JC | 51 | 34 | 8 | 813 512 | 3] 613 | 5 | *
Brd K2 S * % % [ k % % LS
K3 | * S * * * * * | *
NT71 3 | 2 1 2 1 2 3
MC JC| 6 | 5 |2 5 2| 5 2| 7
claw K210 9 | 3 11 17 (2] 21 4 *
K3 |14 |14 | 4 23 44 12| 60 | 4| *
N71 |11 | 8 | 5 ) 5 2 ) 2 ?
MC JC |13 |21 ]5 87 133 |3 171 | 4 | 7
comb | K2 |8 | 58 | 9 | 5024 | 1770 |4 | 4000 | 10| *
K3 * * * * % % * * %
N71| 9 | 8 | 5 5 5 2] 6 31 7
MC JC 125119 |5 87 117 |3 152 | 4 | 7
fork K2 | 58 | 50 | 9 | 4763 | 1714 | 4| 5112 |21 | *
K3 % * * * % k % % %
N71| 9 | 8 |5 5 5 2] 5 2| 7
MC JC | 25|18 | 5 87 115 | 3| 131 | 4 ?
giraffe | K2 | 58 | 47 | 9 | 4208 | 1818 |4 | 2668 | 8 | *
K3 % b S % % * k % X LS

FIGURE 4. 571¢] 9 7 AlF 5o vt ASEFEHES
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Carbon nanotube®} GaAs ¢z} R A%t

o ) = ) =) 1
Aol g, 724 B4 £
o] 432

ABSTRACT. Molecular beam epitaxy B2 AF-83}o] GaAs WL A oF
2} £Z & carbon nanotube (CNT) 9o A3ttt Ramand} Xfray
diffraction spectrum= £3lo] WIE A layer7t A2&H oz AT AL
glatdtt. CNT7F seed2 o] g5 o] HtEx] FAF 2= HEY 2%&
FRETG YA 7L =L 1399 RS FA 5P 22 photoluminescence
spectrumo| Al Z15kgiTh o] WEE A&} CNTO 2A3-g ot MEL &
Zke] 7hRto] 7hEd A o)t

IRE

Carbon nanotube (CNT) 2} nanowireZ thE5+= 1 AH9 Uk 72+ Yk Alo]=9] Al
A, 32 5 o ok O]ﬁﬂ: nanoelectronic 2 A< 7F53HA & ol F83F A&
o|th. 53] CNT array5 & 7] 910 Bohah Iaro e AU 4 9 71%o] Ao A
A £A 28l 5 8ol 7ol TR SITRD ST BT MR 98 S 1A AR
ONT g o] 83hof A W5 S 97 WA 293} o] 2= olobet AT} GaMnAsE
CNT 510 4 eto] 148 EHAH o832 E vl BA7HA L1 3 ek~

£ Ao A= GaAsel AlGaAsE ©]-8 3t nanostructure layer 52 molecular beam epi-
taxy (MBE) 92 ol &8ko] CNT7} 91 712 910] 4453 7 724, 3542 542 2
A, 77stel =gk,

Yo L 20078 §59) Folthsta & A7 u] A Yol 5ol o] Fol A A
25159] ol th kil AA S S AA-E S} 3

71
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2. 4 ¥

Single-walled CNT suspension= SiO2/Si 7] 2 9] o] Bz & & solventE T =2
Y S E 7}A]= CONT layer7} w502t} o] 7132 MBE chambero] &7 10710 torr 9
R Zo A 450°CE 1087}, 2 ©]F As-rich 10710 torr o] 4] 600°CE 527+ A8 3ttt
o] 71 9ol GaAs ¥FAF & T 27} pn junction Alolo]] E7IEE A5 & AFSHA
3, 2 T2} ZlayerE2] A 20| Fig.lol] HoyAt) CONTe o4& Lolr 7] 3}
o control sampleZ CNT7} §l= Al 57} Zo] A& g th

n-GaAs (Si doping, T, =6007C) 10ML{~3nm}
Alp 4sGag s5As (T=620°C) 100ML{(~28nm)
GaAs (T,=600°C) 20ML{~6nm)
Alg 45Gag 55As (T,=620C) 100ML{~28nm)

p-GaAs (Be doping, T,,,=620C) 20 ML(~6nm)
~6nm
© 000 090 ©
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