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CE 5-1> A9 B2 A AFE o] §F T FIHSEEAR)

. SRS v =4

BIAS MSE | RRMSE BIAS MSE | RRMSE

7}4 | 511500 |6.51E13| 0.028 | 451470 6.18E13 | 0.027

53 | 476083 |6.15E13 | 0.190 | 454358 6.07E13 | 0.188

0% 2 9| 1102776 |2.61E14| 0.091 | 957827 2.51E14 | 0.089

&7 | 696786 |1.29E14| 0.022 | 621218 1.24E14 | 0.022

743 | 472606 | 4.82E13| 0.024 | -138427 3.54E13 | 0.023

34 | 8941 3.62E13 | 0.145 | -75165 3.60E13 | 0.154

% =2 9)| 2184325 | 1.50E14| 0.069 | 1794939 1.50E14 | 0.053

&7 | 888624 |7.83E13| 0.017 | 527115 7.40E13 | 0.004

<E 5-2> 7AE A Ee)A dulHe o] &% Tt AIEEEA)

SRS v 4
FE854x
BIAS MSE  |RRMSE BIAS MSE  RRMSE
7}4 | -8280 235154156 0.039 | -55 65283329 | 0.020
38| -75 11828807 | 0.130 | 844 16114279/ 0.152
o =1 S| =551 114673650 0.051 |-1249 51800225 | 0.034
A | -4702 120552204| 0.017 | -153 44399278 | 0.010
b4 |-18668  [4301541730.05297-19529 4171591720.05217
54| -759 7422482 (0.10342| -557 8410453 0.11008
o 1 91| -9626 1354841950.05617| -9682 1201224720.05289
A | -9684 1910202830.02211| -9923 1818973650.02158
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Sas | e SSW H-S
BIAS MSE RRMSE BIAS MSE RRMSE
7+4 |-6239061| 9.14E13 | 0.033 |-6190604| 9.08E13 | 0.033
stg] | -716998 | 4.27E13 | 0.158 |-558202 | 4.33E13 | 0.159
0% I 9 |-7268541| 1.81E14 | 0.076 |-7094913| 1.79E14 | 0.076
2A |-4741533| 1.05E14 | 0.020 |-4614573| 1.04E14 | 0.020
7F4 |-6978212| 8.71E13 | 0.032 |-6932407| 8.65E13 | 0.032
3l |-1513007| 3.04E13 | 0.133 |-1346034| 2.97E13 | 0.132
o I 9] |-8095858| 1.91E14 | 0.078 |-7952742| 1.88E14 | 0.077
g4 |-5529026| 1.02E14 | 0.020 |-5410394| 1.01E14 | 0.019
CE 54> AW BolFA RN BoIFS o &8 23 ANCANH)
SSW H-S
72885
BIAS MSE | RRMSE BIAS MSE |RRMSE
7174 | -11874634 | 1.99E14 | 0.049 | -11795523 | 1.97E14 | 0.048
83 | -507025 |4.04E13| 0.154 -155807 | 3.99E13 | 0.153
% 2 9| -4730003 |1.39E14 | 0.066 | -4564925 | 1.37E14 | 0.066
@A | -5703887 | 1.26E14 | 0.022 | -5505418 |1.25E14 | 0.022
7}4 | 12286658 | 1.85E14 | 0.047 | -12203435 | 1.83E14 | 0.047
83 529 2.92E13 | 0.131 310485 2.97E13| 0.132
o 19| -2894266 |7.21E13| 0.048 | -2696303 |7.09E13 | 0.047
A | -5060131 [9.56E13 | 0.019 | -4863084 |9.47E13| 0.019
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<E 5-5> A¥ w|lFAEIA

gegelss AT A8 )

228 | 4= o
BIAS MSE RRMSE
7+ -844548 2.94E14 0.05977
34 -1210396 5.02E13 0.17180
20%
2k -1212634 3.20E14 0.10142
gHA -1089193 2.21E14 0.02949
7+ 1987864 2.02E14 0.04959
4] 724803 4.44E13 0.16161
25%
a9 580243 2.41E14 0.08802
A 1097637 1.62E14 0.02527
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Improving nonlinear convex optimization for robust penalized

logistic regression1

Seokho Lee”

ABSTRACT : A new algorithm for the truncated logistic regression is proposed. This algorithm is developed under
MM algorithm framework, which turns the nonlinear convex optimization in each iteration into quadratic
minimization problem. We implemented it using FORTRAN language which allows the fast computation even when
large samples and high dimensional data is used. We tested the proposed algorithm using Monte Carlo simulation
and demonstrated that the new algorithm is faster and more reliable than other existing nonlinear convex
optimization techniques. Especially, this algorithm has a merit when we deal with classification of high-dimensional

data.

Introduction

The penalized logistic regression (PLR) is commonly used for classification problems in
various application fields. This is a generalization of the logistic regression with a penalty
imposed on the coefficient vector, so that the possible over-fitting is prevented and a good
generalization is guaranteed. PLR is often solved by minimizing the penalized loss function
of (loss) + (penalty). The conventional PLR uses the negative Bernoulli log likelihood as a
loss function. This loss function is unbounded, so the final solution is likely susceptible to

the existence of outlying observations. (Hastie et al., 2009)

Various approaches for robust penalized logistic regression (RPLR) have been proposed
(Krasker and Welsch, 1982; Pregibon, 1982; Stefanski et al., 1986; Copas, 1988; Kiinsch et
al., 1989; Morgenthaler, 1992; Carroll and Pederson, 1993; Bianco and Yohai, 1996; Bondell,
2005; Park and Liu, 2011). Most of them achieve the robustness by downweighing
observations which are far from the majority of the data. Park and Liu (2011) proposed
RPLR with the truncated loss function, where the loss function is bounded by truncation.

! This work was supported by Hankuk University of Foreign Studies Research Fund of 2012.
* Assistant professor, Department of Statistics, College of Science, Hankuk University of Foreign Studies
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This bounded loss function lessens the unwanted effect on the estimation due to outliers.
Since the bounded loss function is not convex, the conventional convéx optimization is not
applicable. Park and Liu (2011) suggested to use DC algorithm (An and Tao, 1997) to this
optimization problem. DC algorithm is a special case of MM algorithm (Lange et al., 2000),
where the complicated non-convex minimization is solved by minimizing intermediate
upper-bound nonlinear convex function. The upper-bound function is expressed as the
difference of two convex functions, so that the minimizer of the intermediate function is

uniquely defined in each iteration step.

Park and Liu (2011) provided the algorithm but it needs nonlinear convex optimization
technique in each iteration. This has the potential problem when we deal with high-
dimensional data. High-dimensional data often appears in many areas. Under the recent
development of technologies, bio-medical sciences produce massive sized data having vast
attributes (For example, gene-expression data, single nucleotide polymorphism data, new
generation sequencing data, etc..). Economy, Finance, and Environmental science often
observe the functional data. The functional data observed at the finely-discretized time points
are essentially high-dimensional. When we apply the current method of Park and Liu (2011),
large-sized dimension makes the nonlinear convex optimization time-consuming, so that the
application is not feasible. Since the-state-of-art solutions of the nonlinear convex
optimization often require many (proportional to the dimension size) internal parameters to
be optimized, the convergence often fails and the resulting solution is unstable and

untrustworthy.

In this article, we propose a new estimating algorithm based on MM algorithm. In the
proposed algorithm, the nonlinear convex optimization turns into the quadratic upper-bound
optimization (so, linear convex optimization). The solution at each iteration has the closed
form solution. We compared this new algorithm with the existing algorithms. The price for
the easy optimization is the increase of time to convergence. To make it feasible in the high-
dimensional case, we implemented it with FORTRAN language. We observed that our
algorithm works well and performs fast in the high-dimensional case, while the existing

nonlinear convex optimization technique are often unstable. The purpose of this work is to
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provide the fast implementation of Park and Liu (2011), to evaluate its stable performance,
and to convince its usability in the high-dimensional data. The robustness and statistical
properties of the corresponding solution are not of our current interest. Thus, we will not
explore the relating issues (optimizing penalty parameter, generalization using test dataset,
comparison with Bayes classifier, etc..) in this article. For this, we refer to Park and Liu
(2011). This work is the preliminary study of our future work on the robust classification of

functional data.

Method

In this section we briefly describe the algorithm in Park and Liu (2011) and provide the new

algorithm using MM framework.

The standard PLR is equivalent to finding » and w which solves

n

mle(ylf(x )+ A ()

i=1
where F = {f:f(x) =w'x + b}, l(w) =log(1 +e™™), J(f) =1/2||lw||%,and 1 >0 isa
tuning parameter. Once the classification function f is obtained, one can use sign(f(x)) to
estimate the dichotomous label of x, thatis, ¥ = +1 if f(x) = 0, and ¥ = —1 otherwise.
If we pursue the nonlinear classification, the theory of reproducing kernel Hilbert spaces can
be applied and then the kernel PLR has F = {f:f(x) =r(x) + b, r(x) € Hx} and
J(f) = ||r||3°:[K where r(x) = 35, ;K(x;, x) and K is the kernel function (Wahba, 1999).
Properties of the reproducing kernel and representer theorem imply that ”T'";[K =v'Kv

where v = (vq,...,7,)7 and K is an n x n positive definite matrix with its (iy,i;)th

element K(x;,x;,) (Kimeldorfand Wahba, 1971).

Notice that the loss function I{w) is a decreasing function, which grows rapidly as « goes to
negative infinity. As a result, the coefficient estimates of the PLR can be affected by outliers

far from their own classes. To reduce the effect of outliers, Park and Liu (2011) proposed a
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robust version of the PLR (RPLR), which truncates the loss function of the PLR. Specifically,
Park and Liu (2011) proposed to use the truncated logistic loss function
g (1) = min(l(w), I(s)) instead of I(u). Here s < 0 represents the location of truncation.
For outliers located further away from the boundary satisfying yf(x) < s, the loss stays ata
constant [(s) so that the outliers cannot further influence the classification boundary. Note
that s determines the level of truncation. When s = —oo, no truncation occurs, thus the loss
is the same as the original logistic loss. As s gets closer to 0, we have more truncation on the
loss which may further reduce the effect of outliers. Park and Liu (2011) provided many
properties related with the RPLR, including the probabilistic interpretation, Fisher

consistency, the connection with other existing robust classification methods.

Since the loss function g, is not convex, the RPLR necessarily requires non-convex
minimization. Park and Liu (2011) provided the computationally simple algorithm using the
DC algorithm (An and Tao, 1997). Specifically, in the linear learning with f(x) = wix+b,
the objective function is
min go(yif () +3lIwli3
Using the fact that go(w) =1(w) —I(w) with [(u) =log(l+e™) and [ (u)=
[log(1 +e™*) —log(1 + e™*)],, the above objective function is the difference of two
convex functions as
min Q(6) = min 0;(6) - 0;()
where O = (b,w), Q;(0) =2lwll} + X, l(y:f(x)) and Q;(0) = Xi, L(yif (x1)) -
Then, at the (m+1)th iteration, the DC algorithm minimizes
2 a
Ql(em) - (_QZ(@m): W) - b%QZ(em)
- e —Yifm(xq)
= 3liwllg - Z gl e R = Zﬁl T3 e W X+ D)
where f,(x) =whx+b, and B; =1 if y; =1 and f(x;) <s, —1 if y;=-1 and
f(x;) > —s, 0 otherwise. This can then be solved using nonlinear convex minimization

techniques.
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In most statistical softwares, various general nonlinear convex minimization techniques are
provided. In R program, package ‘optimx’ provides various versions of the-state-of-art
optimization methods, including Nelder-Mead, BFGS, CG, NLM, SPG, RCGMIN,
UOBYQA, NEWUOA, etc.. In our personal studies, they generally work well when the
dimension size p is comparatively smaller than the sample size n. However, when p is large
such general optimization methods often stop quickly without reaching the full convergence
and give the warning message that the final results are unreliable. Thus, more reliable
solution is needed when we consider the high dimensional data, such as functional data,

gene-expression data, SNP data, etc., in the future research.

Instead of the algorithm provided in Park and Liu (2011) we propose the simple iterative
algorithm using MM algorithm. We find the quadratic upper-bound for Q,(0,,,) as

ACBEE. IWIlz——Z(yf(xJ Yefin() + 4L = T (D))’

+ Z{i(yifm(xf)) - 201~ nOfn(x)))?)
i=1

Then, at the (#+1)th iteration, the MM algorithm minimizes
01(0m) — (202(0), W) — b2-0(0,,)
= %g (w, b|wy, by,) + constant
2 .
where g(W, |y, b)) =TI (f(x) = tin)” + 4AIWII5 with £, = fin () + 4ayn (1 —
Tim)s Wim = T(Yifm (1)), and

0 0.W.
=l Yi= _1me(xi) <5

This new objective function at each iteration step yields an easy quadratic optimizer, which

01[’,m

[ 1 y=L1fnx)=s

is the closed-form ridge-type solution. To be more specific, the new objective function

g(w, b) is written as

n
g(w,blwy, by,) = Z (wix; +b— tl-,m)2 + 4awTw
i=1
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1 2
= Z (a"z;—t;m) +a"Da

i=1
with a=W",b)T, z;=(x!,1)T, and D, = diag(44,...,44,0). The minimizer of

g(a) = g(w,b) is given as

n
a=(Y" st +0)
i=1

with Z = (24, .., 2,)" and tm = (tym o tum) . This solution is obtained cheaply

-1

n
(Z ti'mzi) = (ZTZ + DA)_lthm
i=1

because the matrix inversion is calculated only once in the first iteration and reused it by
caching. Only t,, is sequentially evaluated in each iteration step. We implemented this
algorithm using R and FORTRAN, and compared the computing time with the other existing

nonlinear convex optimization methods in the following section.

Results

In this Section, we compare the computing time of R and FORTARN implementation with
the other existing nonlinear convex optimizations developed in R under simulation studies.
We emphasize that our objective in this simulation studies is twofold: (1) how reliable
solution is obtained by MM algorithm implementation comparing other optimization solution
and, more importantly, (2) how faster the proposed algorithm implementation is than other
optimization methods are. To this end, we only compare the misclassification rate and
computing time, ignoring other important issues related the RPLR, such as the parameter

tuning, robustness properties, Fisher consistency, etc..

We consider two-group classification problem. Two grouped data were generated from
Gaussian distribution with the diagonal covariance structure whose variance is proportional
to the dimension p. Mean vectors have the same elements -1 and +1 for the Group 1 and
Group 2 respectively. For the situation of large samples with moderate dimensionality, we
considered #=100, 200, 400, 800, and 1600 with p=20. In this simulation, we applied MM
algorithm with R (MM_R) and FORTRAN (MM_F) implementations and 3 nonlinear
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convex optimizations: Nelder-Mead (NM), BGGS, CG. For the situation of high-dimensional
data, we considered p=100, 200, 400, 800, and 1600 with »=100. In such case, we only
applied MM_R and MM _F because 3 nonlinear convex optimizations yield unstable fitting
and abrupt stop without reaching full convergence. We replicated cach simulation scenario
100 times. In each optimization, penalty parameter is set by A = 0.1 X p without tuning
procedure. Another parameter for the RPLR « is —log3 as suggested by Park and Liu
(2011).

Figures 1 shows the misclassification rates from 100 Monte Carlo simulation results. All
methods yield the similar results, which indicate all methods produce the reliable estimation
under the same model. The different misclassification rates across m are not surprising
because the same penalty parameter were used while, theoretically, the optimal penalty
parameter usually depends on the number of samples. Table 1 summarizes the computation
times in seconds by providing the average (ave) and standard deviation (sd) from 100
replications. BFGS and CG converge faster than Nelder-Mead and MM_R, but they are still
slow. FORTRAN implementation of MM algorithm (MM F) is fastest among other
candidates and, thus, this can be used with a reasonably fast computation (mostly less than
0.5 seconds for each optimization) when multiple optimizations are required in the search of

penalty parameter.

Table 2 shows the average and standard deviation from 100 replicated simulations for high-
dimensional cases. Here we omit the results from Nelder-Mead, BFGS, CG because they
often produced the unreliable solutions with warning signs. FORTRAN implementation is
around 20 times faster than R implementation. Table 2 shows much faster than Table 1
results because in the high-dimension data the smaller number of iterations (around 10~300
iterations) is required than in the large sample data (more than 1,000 iterations). This fact is
encouraging in that when we deal with classification problem of high-dimensional data MM
algorithm is feasible in computation and works reliably other than the existing nonlinear

convex optimization.



78 Seokho Lee

Conclusion

In this article, we propose MM algorithm for the truncated logistic regression in the RPLR.
FORTRAN implementation of MM algorithm is provided and compared with its R
implementation and other existing nonlinear convex optimization techniques in computing
time. Results are promising that FORTRAN implementation of MM algorithm is much faster
than other competitors, and is, more importantly, feasible in the high-dimensional situation.
As a preliminary study for high-dimensional robust classification, this study is meaningful.

For the future research, we will develop the robust classification for functional data.
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Figure 1 Misclassification rates
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n MM R MM_F NM BFGS G
ave 0.9413 0.1050 7.2251 0.8349 1.2834

100
sd 0.1706 0.0381 64199 0.1984 0.2887
ave 3.0091 0.1668 7.9831 1.7823 2.7985

200
sd 0.2156 0.0459 25535 0.3685 0.5737
ave 6.9400 0.2289 15.8578 37199 5.9781

400
sd 0.5349 0.0515 5.8874 0.6808 12338
ave 17.7997 03218 27.8796 8.6757 14.0338

800
sd 1.6533 0.0618 54372 1.8460 3.1478
ave 50.5401 03273 59.8102 19.5294 31.3695

1600
sd 6.7053 0.0451 12.5410 4.1467 7.2455

Table 1 Computing times for p=20

) MM_R MM_F
ave 1.0679 0.0838

100
sd 0.1152 0.0322
ave 1.0631 0.0495

200
sd 0.1405 0.0255
ave 1.2625 0.0713

400
sd 0.0605 0.0199
ave 2.3803 0.1674

800
sd 0.0950 0.0255
ave 8.3421 03128

1600
sd 0.6499 0.0287

Table 2 Computing times for #=100
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