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BAYESIAN VARIATIONAL APPROACH FOR GAUSSIAN MIXTURE
REGRESSION MODELS

SEOKHO LEE!

ABSTRACT. We provide the estimating algorithm for Bayesian mixture regression
models for a potential application in marketing problems. The posterior distribution
of the model parameters and unobserved random variables are found in the variational
approach to maximize the objective function which is a lower bound of the marginal
log likelihood. The distributional forms of the approximated posterior distributions
and corresponding expectations are presented in detail.

1. INTRODUCTION

We introduce Bayesian variational approach for Bayesian mixture regression model
representing market segmentation arising in marketing research, which is our target ap-
plication as a future work. Each mixture component model represents a specific market
segment whose effective covariates are selected in the segment level. Instead of Markov
chain monte carlo (MCMC) stochastic approximation, we use Bayesian variational ap-
proach to approximate the posterior distribution. Some features of this approach are as
following:

e Bayesian variational approximation is the EM-like optimization so that its com-
putation is relatively economic rather than using sampling-based method, like
MCMC, especially when the large-sized covariates are involved.

e In the mixture model, label-switching problem is an issue in monte-carlo sampling
step. This problem is not an issue any longer with Bayesian variational approach.

e Variable selection is done in the segment-level. In some literature, variable se-
lection is done through “split-merge” process (Tran and Nott, 2012). This is a
discrete variable selection process that is known to be unstable (Hastie et al.,
2009). Instead, our variable selection procedure is continuous so that its perfor-
mance is more stable.

2. BAYESIAN FINITE MIXTURE REGRESSION MODEL AND VARIATIONAL APPROACH

2.1. Finite mixture model for market segmentation. Let {y, : n=1,--- ,N} be
the observed response variable and {x,, € R” :n =1,---, N} be the associated D-sized
covariate vectors that potentially affect the response. In the following, we include 1 in
X, for the intercept. Then the size of the covariate vector x,, is D + 1. We consider the
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2 SEOKHO LEE

effect of covariates is not the same across the segments, and some covariates significantly
influence on the response in a particular segment while they do not necessarily explain the
response significantly in other segments. Suppose there are K segments in the market.
The segment-specific regression model is

(1) ynzxgﬂk‘i‘ﬂu nzl)"'7N

if the nth observation belongs to the kth market segment. 3, is the D + 1 dimensional
coefficient vector including the intercept for the kth market segment. We assume ¢, ~
N(0,2%). To denote the individual’s market allocation, we introduce the (unobserved)
indicator variable z,; taking 1 if the nth observation belongs to the kth market segment
and 0 otherwise. Their probabilities are denoted by

K
(2) P(z,) = [ =i
k=1

where z,, = (2p1, "+, 2ni) T, 0 < mp < 1, and Z,If:l m = 1. In the Bayesian formulation
we introduce the prior distribution for the mixing probabilities w = (71,--- ,7x)7 as
Dirichlet distribution

K
(3) P(m) = Clao) [[ mi
k=1
where ag = (g, -+ ,ap)7 is the hyperparameter and C(ay) is the normalizing constant
for Dirichlet distribution. When «q is small, this prior represents no priority on the
specific value of r. We set the same value g for all k since there is no information which
market segment likely includes this observation initially.

For the prior for 8;, we consider the segment-specific prior for variable selection by
combining two normal distributions. To do so, we introduce the indicator variable yiq
taking a value 1 if the dth covariate is included in the covariate set in the kth market
segment, and 0 otherwise. Thus, for d = 0, P(Bko|N\?,07) = N(0,72\%¢3), and for
d=1,...,D,

N(O 7’2)\20’2) if Ykd = 1
4 P(BralX*, 07, Yka) = ’ b
( ) (Bkd| k ’ka) {N(O, VQAQO'I%) if Ykd = O7
where 72 is set by a large value allowing B4 to have nonzero and »? is set by a small

value forcing Siq to be zero. George and McColloch (1993) use this prior in the variable
selection in the single component regression model. When o7v? — 0, this becomes
spike-and-slab prior. In our implement we set 72 = 1000 and v?> = 0.001. Note that
the selection of the dth variable has the difference process across the market segments
because U,% varies across k. If ai is small, the dth variable is stringently selected in the
kth market segment. When no market segmentation (k = 1) and no variable selection
(72 = v? = 1) is considered, this prior becomes the one used in Bayesian linear regression
model by Murphy (2012). For the variable selection indicator yx4 we assume the Bernoulli
distribution with probability P(yxq = 1|wrq) = wrq. For the conjugacy, we assume the
prior distribution of wgq is beta distribution

(5) P(wra) = Blag, bo)wjy " (1 — wrg)™
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with B(ao,bo) is the normalizing constant for beta distribution. And, we assume A2
and o7 follow the inverse-gamma distributions, A? ~ InV—Gamma(r(f,r%) and oF ~
Inv-Gamma(s?, s9).

2.2. Variational approximation to the posterior distribution. Let ® be the enu-
meration of all parameters including unobserved variables, and Y be the all observed
variables. The log marginal likelihood can factor into

6  WmP(Y) = / @) {2} e + [qe)m {92} e
(7) +KL(QHP)

KL(Q)| P) is Kullback-Leibler divergence between Q (@) and the posterior P(©|Y). When
Q(O) is the same as P(®]Y) then KL(Q||P) is 0. In such case £(Q) is the exact marginal
log likelihood. Since KL(Q||P) is nonnegative for any density @, £(Q)) serves as a lower
bound for the marginal log likelihood. Note that minimizing KL(Q||P) (finding Q(©®) as
closest to P(®[Y)) is equivalent to maximizing £(Q) (approximating £(Q) to In P(Y)).
Thus, in Bayesian variational method, we find Q(®) which maximizes £(Q). The ex-
act solution of Q(@®) is easily obtained as P(O[|Y) because £(O®) itself is the negative
Kullback-Leibler divergence between Q(®) and P(®|Y) plus a constant term In P(Y).
However, working directly with the true posterior distribution P(®]Y) is often complex
so that the required integration is practically infeasible.

To obtain the tractable approximation to the posterior distribution, we restrict the
family of distribution @ while it is still rich and flexible enough to find a good approxima-
tion from it. So we impose the minimal restriction on @ such that Q(©) = H}]:1 Q;(9;)
with the relevant grouping of parameters and unobserved random variables. This fac-
torization is widely used in the mean field theory in physics (Parisi, 1988). In this ap-
proximation, the joint posterior distribution of ® assumes independency between some
groups of parameters and random variables. This independence may be induced from
the model/prior specification or intentionally introduced for computational convenience.
In our particular example, we assume

(8) Q(@) = Q(Z)Q(M)Q(m)Q(W)QNQ(B,a?),

where we denote Z = {2nk fn=1,... Nsk=1,... .k, ¥ = {Vkd k=1, ,K;d=1,- ,D> T = { Tk fr=1,... K,
W = {’wkd}k=1,...,]{;d=17...7D, 8= {ﬁk}k:l,m,K; and o2 = {U;%}k=1,~-,K- The factoriza-
tion in (8) is the only assumption for the approximation to the joint posterior distribu-
tion. Each component in (8) has a further factorization induced from the model and
prior specification, not from the convenience for any purpose, as

N K

Qz) = [T I1 @G, H H Q(Vka),
n=1k=1 =1d=1
K ' K kD ’

Qm) =[Tem),  @w) =1] Ik
k=1 k=1 d=1
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Under this factorization we maximize £(Q) by finding the factored distribution @’s in
turn. Note that we do not place any restriction on the specific distributional form of
individual factors @} in the maximizing process, where its functional form is derived
automatically. For example, in the search for the distribution Q(z,x) (the approximated
marginal posterior distribution of the random variable z,y), the lower bound for the log
marginal likelihood is

L£Q) = /Q(@)lnP(Y,@)d@f/Q(G))an(G)dQ
(9) = /Q(Z) InQ(Y,Z)dZ — /Q(Z)an(Z)dZ+const

due to the factorization of Q(®). Here, Q(Z) is a distribution having a form of In Q(Y, Z)
Ee\z [In P(Y, ®)] + constant, where Eg\z [In P(Y, ®)] is the expectation of In P(Y, ®)
with respect to the @ distributions over all parameters and random variables except for
Z. In the virtue of factorization, maximizing £(Q) with respect to all possible forms for
the distribution Q(Z) is equivalent to maximizing (9) with respect to Q(Z). The ap-
parent solution is Q(Z) = Q(Z) because (9) is the negative Kullback-Leibler divergence
between Q(Z) and Q(Z). From this observation, we conclude the optimal solution of

Q(Z) is

M=

N
mQ(Z) = ),

n=1

Znk I ppy + const,

>
Il

1

where

pnk = E[lnm,] — %E[ln 2 — %IE [(yn — %1 B1)%| E [H — %m(zw).

Note that the expectations in the above expression are conducted under the approxi-
mate ) distributions corresponding to the random arguments. This leads to that the
approximate posterior distribution of z, = (2,1, , 2znx)? is multinomial distribution
with parameter r,, = (7,1, ,7nx)? forn = 1,--- | N with 7, = pnk/szzl Pk, in-
dependently. In the similar fashion, other factors can be deduced in the explicit forms,
with the extra assumption that Q(8;,07) = Q(8,)Q(c3), as
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N N K
Q(Z) = H 1t Znarn = 1_[1_[7’;?”C
n=1 n=1k=1
K D K D
QM) = HH Bernoulli(yea; pra) = [ [ Pis'aea ™ with gra =1 = pra
k=1d=1 k=1d=1
K
. ap—1
Q(w) = Dirichlet(m; ) = C’(a)Hwk’“
k=1
K D K D
Qw) = HHBEta(wdeCLkdybkd) = HHB(akdabkd)wkfﬁ_l(l*wkd)b’“rl
k=1d=1 k=1d=1
ey 1\ .
Q(\?) = Inv-Gamma(\%;ry,7m9) = F(j“l) <2> e T2/A
553 1 . 2
Q(c}) = Inv-Gamma(o}; s, So) = F(?skl) 0%) e~ 52K/ %k
_ 1 _
QB) = N(my, Xp) = [2rX] 1/26Xp{_2(18k_mk)Tzkl(ﬁk_mk)}.

We deliberately put the detailed derivations and exact formulae for new notations
in the Appendix for the brevity. Carbonetto and Stephens (2012) assumes the further
decomposition as Q(8;,) = HdD:l Q(Bra), which enables to approximate the posterior of
Brq individually. This assumption is helpful when the size of variables is extremely large
as in their genetics applications, but the loss of information on the dependency structure
between regression coefficients is inevitable from the independence assumption. Instead,
we find the joint posterior distribution of 3, so that the dependency structure is retained.

The approximation process in the Bayesian variational method consists of two steps:
(1) finding @ factors for parameters and random variables by maximizing the lower
bound £(Q), as given in the above, and (2) evaluating expectations of (functions of)
parameters and random variables with respect to the variational approximated posterior
distributions ). These two processes are cycled in turn until convergence is met. This
is similar to the EM algorithm so that we call these two steps as wariational M-step
and variational E-step respectively. Expectations in the variational E-step are used to
evaluate the parameters involved in the approximated posterior parameters in Q. We
also put the exact computations for expectations in the Appendix.

2.3. Variational lower bound for log marginal likelihood. We can also straight-
forwardly evaluate the lower bound £(Q) for the log marginal likelihood. Lower bound
is useful in several aspects. One of them is that the lower bound can serve as a good
approximation to the log marginal likelihood. Thus, we can base the inference on the
lower bound (Carbonetto and Stephens, 2012). Specifically, we use this lower bound for
the selection of the number of mixture components. And, since this lower bound should
not decreasing at each step of the iterative re-estimation procedure, we can monitor the
lower bound in order to test for convergence (Bishop, 2006).
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For the finite mixture regression model, the lower bound is given by

£(Q)

/Q { ‘({ ?)}d@ = E[lnP(Y,0)] —E[nQ(O)]

E [In P(Y|Z,3,)*)] + E[In P(Z|w)] + E [In P(7)] + E [In P(B|A*, 0%, 7)]
+E [In P(A*)] + E [In P(6)] + E [In P(v|w)] + E [In P(w)]
~EnQ(Z)] —~EnQ(v)] - E[nQ(m)] — E[In P(3)]
—E [mQ(\*)] ~E[InQ(s?)] - E[lnQ(w)].

In the Appendix, we provide the detailed calculation of the lower bound.

3. CONCLUSION AND REMARK

The Bayesian variational method for approximating the posterior distribution has
potential merits in various applications where MCMC is hard to be applied due to the
large size of data and/or variables. The performance of the given algorithm will be tested
with monte carlo simulation and real-world data in the future work. This research is the
initial step for this future work.

APPENDIX

Variational M-step. The full joint distribution of observed response variables Y, un-
observed random variables (Z, ~), and model parameters (mw, w, 3, A2, ?) from the
finite mixture regression models and prior distribution specifications becomes

P(Y,Z,m,B,\* 6% ~v,w) = P(Y|Z B, °)P(Z|m)P(m)P(B|)\? a2, v)P(\?)
x P(a?)P(~|w)P(w).

Thus, the corresponding log joint distribution is

nP(Y,Z, 7, B, 0%~w) = InP(Y|Z B, ) +InP(Zlx) +In P(m)
+1In P(B|\?,02,7) + In P(\?) 4+ In P(a?)
+In P(y|w) + In P(w),
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where

WE

T 2
2y _ (Yn — %, 8) 1 o 1
lnP(Y|Z7ﬂa)\ ) - an{_w—an/\ —5111(271') s

M=
RN

In P(Z|7) = Znk In Ty,
n=1 k=1
K
InP(w) = (w—1) Zlnwk + InC(evp),
k=1
g
mP()\) = —({—-1)In)* - ﬁ —InT(d) 4+ 9 In(rY),
K 0
InP(o?) = Z {_( — 1 Inof — Z —InT(sY) + ¢ ln(s2)}
k=1 k
K D
InP(ylw) = Z Z {Vkalnwrg + (1 — yka) In(1 — wia)}
k=1d=1
K D
mP(w) = > > {(ao—1)Inwia + (bo — 1) In(1 — wgq) + In Bao, bo)} ,

£
Il
_
Y
Il

1

and

Mw

InP(BIN?,0%,y) =

5k0 1 2 1 2 1 2 1
{ 27_2)\2 751117— 75111)\ 751110%*5111(27()

e
Il
—

+

M= 11
s 11

B 1, 1, 1,
’ka{ 37N —51117' —§1n)\ —ilnok—iln(%r)

+

Bia Lo 1.5 1.5 1
(1_’ka){_2y2)\20_]%—21nl/ —5111)\ —ilnak—iln(Zﬂ') s

>
Il

1

where By = (Bro, Br1, -+ Bep) T, Claw) = Fasi, and B(ao, bo) = psizeds. Using the
above log joint distribution and the factorization of @ distribution, we obtain all factors
by maximizing £(Q) separately as follows.

For Q(Z), note that

Q@ = 35 s Bl - Lm0l - LB - <88 ] - Lo
n=1k
+const1.

By letting In pn = E[lnm] — $E[In A% — 3E [(y, — x281)%] E [3z] — 3 In(2), the ap-
proximate posterior distributlon is

N K
10 COE 1

n=1k=1 n=1 k=1

Y
Il

1
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with rp = pnk/ Zszl pnj- This implies that z, = (2n1,+ , 2nx)7 follows the multi-
nomial distribution with probabilities (r,1,--- ,7,x)7 independently for n = 1,---  N.
For Q(v),
&8 1 1 11 1
In Q(v ZZ{%d ( [In wq) — TQE [6,3(1] E {)\2] E {Uﬂ —3 lnrz)
k=1d=1 ’

+1 = 2e0) (Bt v - 5B [ E [ 55] B[ 5] - 3 )}

—+const.
By letting In prq = E[ln wrq] — 272 [ﬂkd] [ ] E {U%} — %11172 and In Ggqg = E[ln(1 —
k

U)kd)] 21,2 [ﬁkd] [ ] E [%ﬁ} — 3 IIII/ , we get

K D K D
x H H Pra) " (Gea)' " or Q) = H szqul T
k=1d=1

k=1d=1

where pra = pra/(Pra + Gra) and qra = Gra/(Pka + Gka) = 1 — pra. Thus, the approxi-
mated posterior distribution of 44 is Bernoulli distribution with success probability piq
independently for k=1,--- K and d=1,--- ,D. For Q(m),

K

nQ(w) = Z(ao + Nj — 1) In 7, + const,
k=1
where N, = ZT]:[ 1 E[znk]. We have
K
Q(m) H g0t N op H k!
k=1

with C(a) = (X1, aw)/ Ty T(ew), @ = (ay,--- ,ax)T and ai = ag + Ni. Thus,
the approximated posterior distribution of 7 is Dirichlet distribution with the parameter

a. For Q(w),

In Q(w Z Z{ [Yka] + a0 — 1) Inwig + (1 = Elvka] + bo — 1) In(1 — wkd)}
k=1d=1
+const.
Thus,

K D
) o H H wikt M (1 = wgg)™ ™ or Q(w) =] H (@kas bra)wpy ™ (1 = wra) ™71,
k=1 d=1

k=1d=1

where agq = ag+E[Vrq4] and brg = bp+1—E[yx4]. The approximated posterior distribution
of wyq is Beta distribution with parameters apq and bgg independently for k=1,--- | K



BAYESIAN VARIATIONAL APPROACH FOR GAUSSIAN MIXTURE REGRESSION MODELS 9
and d =1,---,D. For Q(\?),

7"8 + % Zgzl Zszl E [zn1] E [(yn - Xgﬁk)Q]
)2

N
nQ(\?) = - (ﬂf +5 - 1) InA\? —
—+const.

Therefore,

2 1 not T2 2 ’f‘gl 1 m-l Ty
A = -5 A2) = il -5
A« (%) eF o Q- (L) e,
where 71 = ) + ¥ and ry = 19 + E with E = I 3N SV E[2,4] E [(yn — x28,)?].

The approximated marginal posterior distribution of A\? is inverse-Gamma distribution
with parameter r1 and ry. For Q(o?) (k=1,---,K),

2 D _
nQ(o}) = —0_1]% {sg + %]E {)\12] <E[f2k0] + Z (E[Zfd] + ! ;Eghkd]> E[ﬁl%d])}
d=1

D+1
— (3(1) + T—i— - 1) In o} + const.

This leads to

1 s1—1 ) g5t 1 s1—1 )
k k

where 57 = s{ + % and sy, = s + Ej, with E, = 3E|[{z] d{E [ﬂi], E [ﬁﬂ =

(B [83] E[B2)] . E[B2p))T, di = (/72,1621 1/625) ", 1/62, = Elwa] /72 +
(1 — E[yka])/v? for d = 1,...,D. The approximated posterior distribution of o7 is the
inverse-Gamma distribution with parameter s; and sgx independently for k=1,--- | K.
Finauya for Q(ﬂk) (k = 15 e aK)a

nQ(By) = —2% {5%(01@ + D) '8, — Zﬁztk} + const,

where 1/c = E[1/\2], Cy = X0, ElzuilxxD, Dy = E | & | diag(dy), and t, = Y20, Elzilynxn:
k
Then

Q(By) o exp [_;(/Bk - mk)TEIZl(ﬁk - mk)} or
QB = s e |58, - mu) 5 B, )

where my = (Cy + D) 'ty and 3, = ¢(Cy + D). The approximated posterior
distribution of 3,, is Normal distribution with mean my, and covariance ¥y, independently
fork=1,--- K.
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Variational E-step. In the variation M-step, the model parameters in the optimal
posterior distributions involve the expectations of parameters or random variables under
the approximated posterior distributions. Necessary expectations are given as follows:

E [an} = Tk,
Elnm] = oar) - $(C55, ay),
E[InA*] = —t(r1) +In(rs),
1 ™
El—=| = —
{ 2 Ty’
E [ln Uz] = —(s1) + In(s2z),
] - =
O Sok
E [ln wkd] = ’L/)(akd) — ’(/J(ao + by + 1),
E[In(l —wka)] = ¥(bka) — ¥ (ao +bo + 1),
E[vkd] = pPra,
E 8] = Skaa+miy
where 1) is the digamma function such that (x) = % InT(z) = I;((;”)), and X qq is the

dth diagonal element of X; and myq is the dth element of my. And

E [(yn - X?;,gk)Q] = y,QL — 2ynx5mk + X,?;(Ek + mkmg)xn,

K
Z E [an] E [(yn - Xg/@k)z]

1k=1

N N N
2 T T T
TrkYs — 2my Z XnTnkYn + Tr | (Zg + mpm; ) Z TrkXnX,,
1 \n=1 n=1 n=1

eS|
I
N =
WE

m

3

I
N =
]~

k

M=

% {y" Wiy —2m| X" W,y + Tr [(Zk + mm}) X" W, X] },

k=1

where y = (y1,--+,yn)T, X = (x1, -+ ,xn)7, and Wy, = diag(rpi)n=1... n for k =
1, K.

Variational lower bound. We provide the detailed calculation for the expectations
necessary in the evaluation of the lower bound.
E  N(=¢(r1)+1lnry —In2n)

3 .

E[InP(Y|Z,8,))] =

K
ElnP(Z|m)] = > N {w(an) - ()5 )}
k=1
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E[lnP(w)] = (o —1) {Zw ag) ZK aj)} +InT(Kap) — KInT'(ag).
1 & K+P Q
E[InP(BIN?, 0%,v)] = —5. 2 Tr (Di(2k, + mymy)) — In7t? — 51111/2
k=1
+K(D +1 (¢(r1) —Inrg — In2m)

D+1
—|—T (Kw 1) Zln 52k>

where Dy, = diag(dy)/o?, dr, = (1/72,1/63,,...,1/¢2p)T, 1/, = vra/72 + (1 —
Yka)/v?, D =E [Dk} P = Zszl 25:1 Drd, @ = Zszl ZdDzl gra = KD — P.

TOTl
E [lnP()\Q)] = (Y =) {¥(r) —Inry} — 72"T —InT(r9) 4+ sV In s3.
K K
E[lnP(c?)] = (s{-1) Z {4p(s1) — Insgp} — 5951 Z e KInT(s9) + Ks{Ins).
k=1 k=12
K D
EnP(yw)] = Y {pratb(ara) + qeato(bra)} — Kto(ao + by + 1).

K D
E[nP(w)] = Z Z {(ao — D)¢p(aka) + (bo — )Y (bra)}

ag + by — 2)1#((10 + by + 1) + KDlnB(ambo).

N

N

E an ernk Inry,.

n=1k=

K D
E[nQ(y Z (Prka I pra + qran qra) -
k=1d=1
K
ElnQ(w Zak—l { )—¢(ZK_ )}—!-lnF i=15) ZlnF a;).
k=1
KD+1) 1<
EmQ@B)] = ——— —§Zln|2ﬂ'2k|.
k=1

E[mQ\)] = (ri—1w(r)+Inry —ri —InT(ry).
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E [an(UQ)] = Zlnszk + K{(s1 —1t(s1) —s1 —InT'(s1)}.
k=1
E[In Q(w ZZ[akd_l {¥(aka) — ¥ (ao +bo +1)}

=
Il

1d=1

+(bra — 1) {2 (bra) — (ao + bo + 1)} + In B(aga, bkd)]-
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2 F3dag ¢ dLo] AT (Park and Stefanski, 1998). ©] A%, Park ¥
Stefanski (1998)+=

2
. in|vi — flx. 3)
/ i=1 y
olg}= FAMH S =3 Best Relative Error Predictor & FA3 4+ 9$&
AQEsE AL, Park #} Shin (2006) AGAIAIE ARIMA AFzollA HAEQAHE

~ 1
Vi1 = ————
e ovE,

2R FdY £ Yees He FALL YA CV+DE o+l A9

W= A= (coefficient of variation)o] ™, Flye B) = ¢ A AR ] Y & o] &3

OLS e]=gkolth. ol= 7]Z9 OLS mop VO+CVA ) w Zol= deojmwm
Shrinked Forecast a1 A&7§% a2 9dt} (Park and Shin, 2006)
i, mEsA Howgyern dgE wb gl Jones 9 e

(2008)+= kernel smoothing < ©]-83}4] local constant estimator 74-%-

2 SUKR(X - a)Y !
fla) = MUK (X - 2)Y,]?

T




A QRS o g8 RPN Gel T 21 15

oF o] AT F A& HAFAUY (Jones, ef, al., 2008)
ady, FEMAIE o] B AF7F AdexE o83 oSt

Hn
[‘0

S gFa QloA, RddgRAe] dg Aoy A+ gl B o=

of o] Adexs FTaAshE Agdd EIMYRFES FAbsta o,
71&¢] FARA A Wo] AFR3E= Root Mean Square Error (RMSE) U}
Adjusted R-Square ¢ 73S &3t FdoA Ha]l 2 A}t (Draper and

Smith, 1998)

=8

|AEH mEXEe BE F-AA (partial F-test)S £33 AFAA
9], forward selection, backward elimination, “L2] 3l stepwise regression ¥}
7o daglZd o WHEY Mallow's Cp EA o]y} RMSE, Adjusted
Rsquare®t #2 EAIF <93t WHE=Z Yo Zt}. (Draper and Smith,
1998). 23 d8E g Aderise  tid JHHd ds=7F AZARE
3992 RMSE ¢}
Z= RMSE <}

(o3

flo

A
it o g 71 wol o7k i HA T F e
Adjusted Rsquare © 93t #HAHAL ojxdo] §l& Holr} of
Adjusted Rsquare ©l th3l A ejo]r},

4

n

> (i — f(wi, 8))?

n—p
F i=1

RMSE =vVMSE = \J

2 SSE/(n —p)
AdjR* =1 — m
-1 — E:}(yl f(rz Pj)) /(n —p)

Sy —9)?/(n—1)

A AE o] &3t g9 A, Parkd} Stefanski (1998)7F A<kt
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RN

.8 = gm”E(LW)

3 i=1 y

S aY3IE, ole 7|EY IEHAAFFEHEF(Weighted Least Square
estimator: WLS)¢] ®&og 71542 L/uie 258 A9e & & . o

7%, RMSE®} Adjusted-Rsquared] 245 they o] Ao=E 4+ r},

n ~ 2
RMSE = VMSE = J ! (y = (-’*hﬁ))
) 1

ol5 AA Az AH&str] Yl 2003d o ZA&v] AAIAQl Meddicorplne. 9
EAs (@90 vt E)E ARgsElth mlse] 257] 4l wiEd ()
SAE 2003 FaE 2vd S99 ADV (9] mEE), Busz AEH
= BONUS (&h9]: wghdls) zejar o1 oA 3Ake] AldAf&
MKTSHR (291 HAE) 3 AA3|ALe] vfEd COMPET (&9]: mstdE)E
ZHA AL vhge] 15744 RES aels] B

Model 1: ADV

e Model 2: BONUS

e Model 3: COMPET

e Model 4: MKTSHR

e Model 5: ADV, BONUS

e Model 6: ADV, MKTSHR

e Model 7: ADV, COMPET

e Model 8: BONUS, COMPET
e Model 9: BONUS, MKTSHR



Bl LA o] 8% g abgel ek 4o

Model 10: MKTSHR, COMPET

Model 11: ADV, BONUS, MKTSHR

Model 12: ADV, BONUS, COMPET

Model 13: ADV, MKTSHR, COMPET

Model 14: BONUS, MKTSHR, COMPET
Model 15: ADV, BONUS, MKTSHR, COMPET

g olgd mPNARA Hujoxs

Ty A3 v (3 D-(F 299 22 2%

Model RMSE Rsquare AdjRsquare
1 101.42 0.811 0.802
2 191.76 0.323 0.293
3 215.83 0.142 0.105
4 232.97 0.001 -0.043
5 90.75 0.855 0.841
6 103.23 0.812 0.795
7 103.38 0.812 0.795
8 186.51 0.387 0.332
9 195.33 0.328 0.267
10 218.25 0.161 0.085
11 91.75 0.858 0.838
12 92.26 0.857 0.836
13 105.52 0.813 0.786
14 187.48 0.409 0.325
15 93.77 0.859 0.831
<% 1: Meddicorp "l&x}5.0] thdt OLS =& A el x}

A

>

17



(GE DollA A &
RMSE (90.75)% 7FAa 714
RMSE#te] 71H¢ #th
ojm| gk Fojr},

, AA A 22 Model 5 (ADV, BONUS)7} 7} 22
= AdjRsquare (0.841D)%<S 7FAa1 9l
& AdjRsquare #ko] AEAHo=w 7P AteE
Model 11 (ADV, BONUS,

5
1—_0_/\

RN

209} 2 @ Aoleh

St H4de Rdows
7} RMSE 75)% g, aey, e

1) flg mEAe AEddu

Model RMSE Rsquare AdjRsquare
1 0.080 0.799 0.791
2 0.142 0.371 0.344
3 0.169 0.117 0.078
4 0.180 0.001 -0.042
5 0.072 0.847 0.833
6 0.082 0.801 0.783
7 0.082 0.801 0.783
8 0.142 0.401 0.347
9 0.145 0.372 0.315
10 0.172 0.124 0.045
11 0.073 0.850 0.829
12 0.073 0.851 0.830
13 0.083 0.802 0.773
14 0.144 0.409 0.325
15 0.074 0.852 0.823

<% 2: Meddicorp "l&A%

oA =

BONUS) o] 7} 2 RMSE (0.072)% 7+

A A

o cht doh oA

°] &

A

R4

& ©
e

= AdjRsquare (0.833) #=

i
rt

o

W wa
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zr31 9u), a8y F WA 3= Model 119] o Model 12 (ADV, BONUS,
COMPET)7} Hw, o] Axx= 7]£9 OLS 3ARIEY v=2vsE AS o4 5

o]
PR

AL ARE o8 FAMY FAL Tolntt Fad Aot 1yt
Susst Be A9, Wadded o maAEe HAd FAUE Fad
Agel @ Aotk 53 Emgwsst #ESAFRT we o (mult-

3
S = AHEHS RMSES AdjRsquare &
ko

71Eo 2 AT, o] A= FF Mallow's Cp Y StepwiseRegression =}
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(a)

VLLLLL L LT T

a9 1 FellA 2 2] BY

EWEe Ao v a7 14y HuEgo] ol Wt YS dla gtk E &
el uw) A5A FHoAE la) HH ARSI A BRYORE FES HA5H =
ol5m A ZWdA= 1b) Ad EWge] 7] HF e AL gkolAH
=ojenh. fEle A58 Egol=IHtaE AMEEIglon® 1b) o RYoR
Zo) B9t Eefolmgels flo Wojxl Epgo] Twaly] Altshd Fabgk 4=
717 EE e dom wFE7 Hol upgE 9] vapor pressure’t S {HHETH

&
StolA A f), 2EgA g Ee] SHEwrt o wep A Ha Ax a9 247
s o ® outflow?b AA =Wz vi2i Yy Bro g dejd njA d7ols
ol gl wefE2 Zo| coffee-rings WEA Hrh 2] 74A] AFrelA o
27 ngZo s ey sl #EH gton I v £E7F 9

AUA wEB A= A= #ZEHo] ‘power law increase’, ‘order—of-magnitude

=
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AYelM = BRs At 2ARE YoE vholaw Hbmol os) Wanm
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Gl X 5ol v|HA olw| x4t JAYES S oF
suppressor tRNA FARE ztE= Hux Hg AZH

o|gAa

JEE

’ z—]‘-z

89 WA ZYAE o] gt TlAE AR Al EAYA ] HHA olviAbs EYEtE 7]Eol
W=tk aminoacyl-tRNA synthetase(ARS)2] E<¢Wo] lo]H g Z2HE B|HA ofu] =it
gt BolAds zte WEgHE ARS & sy, o]Ae] AARE HHA ofmnibs RISEe THE

Se1sl7] 918 wIA W pGSTam & 94 AZetedth o] ApelAi of wWee] ulAmey

i)

A8 =o]7] Y3 suppressor tRNA ¢l EdWo] tRNAM | frnfMT2:A71/T35A36/G72 (Mam
tRNA) F4AZ 4 7] BA3 pGSTam-4fMamtRNA & A 23R}, A 2Hel WE = Saccharomyces
cerevisiea TyrRS & Wdste Fet2v|= #HE e} A gidqte] AT A9 Az Ao

o3 GST wulde] A4kE S SDS-PAGE #4& &3t &3kt

AEGA AR okye, mrbdE 22 A2 gAlE AECA HHe

Aukd 02 in vivo oA Wl HHA olm|=Ate] 49| endogenous
tRNA/ARS o 9d|A= 93-S WA ¢+ orthogonal suppressor tRNA <}

aminoacyl-tRNA synthetase (ARS) &o] AFEEHM &7 A7l

Do) g 20148hA% @aelatoltjetal Sh4 el Aol oJte] o] Foll 7).
2 g
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Methanococcus jannaschii (M) TyrRS/tRNATY & w9 g 314 ¢l orthogonal
How ggHo]l 50 oF oo HIHA opnwAtS AFdlete WE" ARS 7t
HuEPRYg (2-5). T ©E  orthogonal suppressor tRNA/ARS #o=
Saccharomyces cerevisiea (Sc) TyrRS ¢+ E. coli 9 initiator tRNA =
EAWol g (RNALM | trnfMT2:A71/T35A36/G72 (fMam tRNA) o] o] 475
sttt (6). el A Sc TyrRS ghelBelglE AFedal (7), 44 =

SRR A2 AESAT (}). B o5& B WA opuwAt o-

R

I
il
>
_O|L
52
H
il
x
i

Methyl-L-tyrosineMeTyr)S A¥Y3st= TyrRS Edwo
MeTyrRS 7} el a Yo MeTyr 9 AYS FE=XE Felstaxl Wz}
ZgZl~u = pGSTam (glutathione S-transferase (GST)9] 52 ¥ Z7|S amber
FEor FAWoAIaL C-2ddl 6 7§ Histidine 715 AFAZ GST
Ha)S Aste] Adsd A3 MeTyr 9 =Y €40 A Yeiwo. &
Ao A= o]2 HE7] Y3l pGSTam N E o] suppressor tRNA -F# =42l
fMam tRNA #3172 4 71E d&HEHoz2 APAA Iz d d4de £4d

A2 Buxt WS A #sgih

ddAs 2 ¥

58 2 Oligonucleotides

2 ATl AFEE et DH10B= LB A & adduiA|el A wjFataict.
Sc TyrRS 23 WE] pKK-TyrRS+ ampicilin A3 FAXE, Mam tRNA 2
@ pACamGi= tetracycline A&Y FAAES 7HAaL 9low, ol HHE7}
FAASE S vfH o] 100 ug/ml ampicillin 2 25 ug/ml tetracycline<
HA7stE T 2 e AFS Y AFEE oligonucleotides® HFo] 2 L oA}
(&=p)ell M 5= Alztekltt (Table 1).
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Table 1. The primers and their sequences used in this study

Primer name Sequence (5" to 37

GSTam-F GAATTGGGTTTGGAGTAGCCCAATCTTCCTT
GSTam-R AAGGAAGATTGGGCTACTCCAAACCCAATTC

GxHis-F AATTCCCATCACCATCACCATCACTAA

ExHis-R GGCCTTAGTGATGETGATGETGATGE

miRNA-1 GACCCAGTCCCCATCAARAAAAATATTGACAACATAAAAAACTITGTGTTATACTTGTAACGCTACTCCGC
miRNA-2 CTTCGGGTTITAGAGCCCGACGAGCTACCAGGCTGCTCCACCCCGAGATGGTAGCGGAGTAGCGTTACAAG
fmtRNA-2 COAGCTCOTTCAATAATTGGTCTCGGGGGCCOGATTTGAACCGACGACCTTCGGGTTTAGAGCCCG
fmiRNA-4 GATCATGACCCAGTCCCCATCAAAAALATATTG

mRNA-S GATGATCGAGCTCGTTCAATAATTGGTCTC

fmtRNA-G GAGCTCGATCATCCCGCTACCATCTCGGGGTGGAGCAGCCTGGTAGCTCGTCGGGCTCTAAACCCGAAGS
ftRNA-T GATCTCTAGAAATCGTTCAATAATTGGTCTCGGGGGCCGGATTTGAACCGACGACCTTCGGGTTTAGAGCCC
miRNA-8 GATCTCTAGACCGCTACCATCTCGGGGTGGAGCAGCCTGGTAGCTCOTCGGGCTCTAAACCCGAAGGTCG
mtRNA-2 GATCAAGCTTGCATGTTCAATAATTGGTCTCGGGGGCCGGATT T GAACCGACGACCTTCGGETTTAGAGC
fmtRMA-10 GACTATGAGCTCGATCATCCCGCTACCATC
fmtRMNA-11 GATCAAGCTTGCATGTTCAATAATTG
fmtRMA-12 ATGCAAGCTTCCGCTACCATCTCGGGGETGGAGCAGCCTGETAGCTCGTCGGECTCTAAACCCGAAGGTCGTCGGTTC
fmtRMA-13 CTAAAAAAAATCCTTAGCTTTCGCTAAGGATGTTCAATAATTGGTCTCGGGGGCCEGATTTGAACCGACGACCTTCGGEG
fmtRMA-14 ATGCAAGCTTCCGCTACCATC
IMIRMNA-15 GATCATGACGTCTAAAAAAAATCCTTAGCTTTCGCTTTCGC

pGSTam-3tRNA #& A2}

%A A A pGSTam WE Q] AL de] €3 GST BHAZFS T7HA7]
93] suppressor tRNA FHAE 37 Ugs] wjdste] Adstd . WA fMam
tRNA F325 wE7] 913 Table 16 FAE primerE who] QUobgel] &
AArergith. AlE= DNA 23S 3709 7oz o] Adddds 5-dd
of A|dg A Tthllll site, lpp promoter, fMam tRNA 522} 170, 18]31 Sac/
site7} E3E A A7IALE S FASIE L B AHo| = 5 -Ueho] Xpal site, fMam
tRNA §-2+ 170, Hindll site®] AR FAsklon; CEARNS Hindll site,

fMam tRNA A%} 170, rrnC terminator, Aat/l site©] YX|st== J7|A- L&
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TSR (Fig, 1). A 282 169 bpR o] Fojx weto] M2 A1 A<l 3719
oligonucleotides & o] A&ttt A A fmtRNA-13 -28 Z€ molar
ratio® e ¥, 85 TE 107 7FEe tha 30l 2A F&o 2 443
228 "ojrmy R AT o] o]Fo XA dgltl. o] 7]e T4 DNA polymerase
(Promega, USA)$t ANTPE 71§ § A AA MR o= DNA F3pihe3
Feste] o]FuhaS DNA HH& Aiksigivh. 97]el fmtRNA-3E #H7tshe]
Al 22 B O 2 gnnealing® fill-in FA S A% &, A Ao & o]
AVNMEE 44 7HA 2 JdE fmtRNA-4¢9F -5& primer® FA7}ske]  pfu
polymeraseE AF83le] PCRE F3dle HFHoz A A DNAE | C
2-1_1:]4 A@/\]—E ‘IT/‘]’O]'}H zO]—oﬂ )\]-E_ 4?_ }\310:1_% 7].;] 01‘— fmtRNA- lzﬂ, —
135 =33s}e annealing® fill-in}4 S AXS, ImtRNA-149} -15S #H7}s)h
o PCRE Fdsto] HFA9 C 292 43tk BE¥2 fmtRNA-83 -9&5 &
&etol annealing 3 fill-in#4 & F3ste] AJrh. AikE Z42be] DNA As
pBluescript ¥lE ol cloning 3}$laL, Z}7te] S22 HEH Asairs AFE3o]
shitel wlE e Rox= HAS F383lth pBluescript #E o Robxl 371 A
AE HAFTAORE TthllllAadl AdErE Zep #2e §, o5 pGSTame| 2
S Agai Ao AYste HEFH R pGSTam-3tRNA & A28ttt

)

of

ol

pGSTam-3tRNA®] 2|3+ GST o3& <l

pGSTam-3tRNA®} pkk-TyrRSE th#+ DHI0Bo| FA g & S22
dol o]F 2 ml LBujA oA 16A1ZF wikst & Feigitt. 38 Mds

GMML ®iA = 13] M &3 & A2 GMML viX|ol A 24A)3F vl k3Tt Al
TS 435F9] SDS-PAGE sample buffer® 338} 12% polyacrylamide &
ol 4] SDS-PAGE <33} Coomassie blue 948 3 5}% T},
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pGSTam-3tRNA #HE 9| AA 2 4
UM HIHA opw] b IS &lsty] % Bt WE® GST F47 52
Phezl7]o] =S dWzmEo =z X3kstn C-Uuto 67§19 histidine tagE
Az GST @M AS Hdst= pGSTame AZHsATE (9). dHANE o] Bz}
2o LB HiA o= A Zg el s GST wuas z
sk YA HAwfAl GMML Aol A= AW A e doll o3 GST o
ol Fgo] wig- GHAl vreEbstvh HAm A A A Zy el o)gk GSTo ¥
d 8485 Fol7] #18 pGSTam WE ] IMA LA tRNA 125 370 A4
sle] A Z#A tRNAQ] &S moluzl 19lth o]2 Fig. 1AE pGSTam-
3tRNA WE X =S Yelfa 9o, 1BE W 4% 3719 AZ# A tRNA
£ 39t e A7IAEES dEhla dvh (RNA 2dS 93 ZRRHE

fl

N

rr

constitutive promoter?! Ipp promoterE AF&3}81 3, rrnC terminatorE 3 -

o] Yol AALS WEA ST (RNA f7e] g2 FWdE 12k AALA 23
E] tRNA processing 9&3HAl o|FoJ A 3t7] fa] 2] initiator tRNA,
tRNA™Me, 0] flanking sequenceZ 4ttt w3k f-dxE Alolo] Agas
7| ES Fol] Fao] wal tRNA FAAS 7h3E = A st
Az B el AFe vkek o] AlEl DNA H-918 3719 g o R 1ol
7+o] dHE A3 oligonucleotidesE annealing dFal fill-indt+ Wi
Atk ol FA e 3o 2EHE HAV]GEste Bels Ay of
R 2A A o dEE Ao ol FdE st (Fig 10). 7M7) A¥AS
pBluescript WElol] W7 F24e §F, o]& 3tho] pBluescript WEd] ThA] &
dom, O|ERE Trhlllle} Aatll AFEAE AHEste] A DNA HHAS
pGSTam #Ee] Fz29Y3dle] HF W pGSTam-3tRNAES A&t e

A Fehavme] @149 NS se] AFHoR 2eYE AL FARYTH

Ris



32 ojld, ME+
Thrombin
|Lzu Val Pro Argl Gly Se(l Pro Asn = Gj lle Val Thr
CTG GTT CCG CGT GGA TCC,CCG AAT I bxHis IG C CG% ATC GIG ACT GA GAC TGA
BamHI  EcoR| Not | " Stop codons

F52(TAG)

Thitl Sact/xoal Hinam

Lo
promoter
Ao tRNA Mam RNA Mam RNA

C

B

Multiple fMam tRNA expression genes: C
GACCCAGTOCCCA T CAARAARAT ATT GACAACAT AAAARACT TTGI GITATACT T GTAACGCTACTCC 123 & 5§57
Tehiasl ipp proroter

GCTACCATCTCGOGATCEAGCAGCCTGETAGCTICGT COGECTCTARRCCCGRRGGTCSTCOGTICARA
fMam tRNA
TOC e COG A ACCAAT TATT GAACGAGC TCT CTAGACCGCT ACCAT CICGEG T GRAGCAGCC

SacI Xval

TGCTAGCT COT CoGLCTCTARARCCOGAAG ST COT COGTT CAART CCOGCCOCCEAGACCARTTA.

Dan tNRA

TIGAACAT GCAAGCTTCCGCT ACCAT CTCGRGGT GoAGCAGCCT GO TAGCTOGTCGRACTCTA

Hind3 fMam tHRA

ASRCCCGAAGGT ST COGT TCAM T CCGECCCCOGAGACCART TATIGARCATCCT TAGCGARA
GCTAAGGATTTITTITIAGACSTC

rmC terminazor AaslI

Fig. 1. pGSTam-3tRNA #& A|Z. (A) pGSTam-3tRNAS] 32+ A %=, (B) 374

o] MM Z A F72F fMam tRNAS ¥§35H= DNA dHe] d7A4d, (O) &

23S 93 DNA dAE 3709 @Az Yol AlZFslglon, 7 2dHol

xEskal = F-9 panel Aol 3A]E o] T} Lanes: 1= Ipp promoter %1,
R

2=, 3,4=B &8, 5=C &4¥, 6=C 249 9] PCR =

pGSTam-3tRNA®]| 2|3+ GST &3 <l
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pKK-TyrRS #Eje} A thgatol ddd&sto] IPTG
induction ofF-o w& GST @ Aol A4S #zsk A3 IPTG induction ¥
Zo Al GST M=E A= + vk (Fig. 2). o]+ pGSTamoe] GMML ujj #] of A
Az el gk GST el i W Aol e 25 Fdd das B
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A2%3 A B3 Mucilaginibacter sp.2] EA Q!

289, Asks, FHE

ABSTRACT : A gram-staining-negative, aerobic, round, convex and reddish-pigmented, strain HME8677, was
isolated from Lake Soyang in Korea. The DNA G+C content was 46.1 mol%. Phylogenetic tree based on 16S rRNA
gene sequence showed that strain HME8677 formed a lineage within the genus Mucilaginibacter. The strain
HMEB8677 was closely related to Mucilaginibacter lutimaris (94.8 % sequence similarity), Mucilaginibacter litoreus
(94.6 %) and Mucilaginibacter soli (94.5%). The major fatty acids were summed feature 3 (comprising Cig.1 w7c
and/or Cig:1 w6cC; 36.4 %), is0-Cyso (26.7 %) and Cie1 w5C (6.6 %). On the basis of the evidence presented in this
study, strain HMEB8677 represents a novel species of the genus Mucilaginibacter. (= KACC 17311 = CECT 8292).

b A H A (Suck et al, 2001). 53], MAEL F4 AN A
Faed o g, 7l BAA o 98-S AT wEed 2YEE
des mdE A7k ol FofAaL gtk (Kim et al, 1989; Kim et al., 2012a).

Steyn et al(1998)o] <] W™
ol &3l 97 How FAEHO Qv 1 FXNXE  Mucilaginibacter,

Pedobacter, Sphigobacterium 4:°0] & o]F 1 U}, Pankratov et al(2007)¢]

¥ Sphingobacteriaceae¥}= Bacteroidetes

o &) RWAE Mucilaginibacter < - M. auburnensis(Kampfer et al, 2014),

M. defluvilHwang et al, 2014), M. flavus(Joung et al, 2014a), M.
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polytrichastriChen et al, 2014), M. soyangensis(Joung et al, 2014b)7}
REWA XF7A 309 Aol BuEHAQTt. Mucilaginibacter 49 &3+
Ade dutd oz rod FElS Gram negative©]il spore A3 FA 0]
ELA] ket £3], extracellular polymeric substanceZE AgAsteE EAL
7}t Chen et al., 2014). A =& =X, Auv], EA E, fresh water 54
w2 = ActUJoung et al., 2014b).

AT AdE AGFdA mAES Eesidler, =y
Al HMES677¢] =it o #5& o= A%
A gtsta] Sl tiete] Ao E A E78HA A tiete] olr izt ghrt

Az YA LAYz REEH YFHS olgd ARE AFSH. AH
NREE 2314 FAUHSE o]8&3te] R2A agar (R2A; Difco)d E23 %

30TCoNA wFate] #+5 =5 EEshith

2. AHE 9] 16SrRNA #7149 4]

87 #5F= R2ACA 293 30C= wjgdt & 2 colonyE o] -&38te] 16S
rRNA ZZ & 93 colony PCRE F839tt. 759 A71A<9L EzTaxon-e
server (http://eztaxon—e.ezbiocloud.net; Kim et al, 2012b)o] uwz} 9
T AsA 1L, GenBank (http://ncbi.nlm.nih.gov)®] databaseolA] A7|ALEES
gelstalnt. 7o dHX dFE EeE dFY AT dadAE
solalr] €8sl MEGA version 5 program< 38t F st 1L (Tamura et al,
2011), neighbor-joining method (Saitou and Nei, 1987)9} maximum-
likelihood (Felsenstein, 1981), maximum-parsimony (Fitch, 1971)&

Agatel ABEE 44590,
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3. FH 9 AYsetA 54

*Fo FHy EALE Udolnr] Yl Gram stainings 33 tH(Hucker,
1921). HHe A AS Yolry] Hste] 2%, pH, dEs=e =U&
zAdste] w5 AS AEE AT 2=+ 4, 10, 15, 20, 25, 30, 37,
42C% 7tz geleto] wistlal, pHE WA 9] pHE 242+ 4, 5, 6, 7, 8, 9,
1002 Zeste] vttt g% s %% 0, 0.5, 1, 1.5, 2, 3, 4%% Z434
_ZF.E_ HHO]:O],oﬂrjr

e AEsets 5EAS dotrr] fske] API 20NE, API ZYM kit
(bioMrieux)?} MicroPlate GN2 (BIOLOG)E A}-&3F%t}l. Catalase® oxidase
244 Aok AdS [aystt (MacFaddin, 1980).

= 0

o
e

4, Fatty acid®} polar lipid ¥4
el 59 fatty acid®t polar lipi S S A==
fatty acide= AAHE 3 5 AYE F53 § MIDI/Heulett Packard

Microbial Identification Systems ©]&3lo A8}t (Sasser, 1990).

D_.
M
1%
o
Ho
rot
1t
-
m[o

Sherlock softwareE ©]-83te] 4% chromatogram¥ datas HA 2L A
EX3tar, o]Z libraryet thEske] WA ettt Polar lipid F&&
Minnikin et a/ (1984)] ulz} S35 oW, two-dimensional thin-layer

chromatography W& A}&3te] A7) BAs1g )

HME8677& gram-negatived] rod HE]E R2A9A] 30CE 2dU%F vfkst 29

BEZAe] colonys #A3TH 16S rRNA FAze] 471449S #4243

i
A=)

Mucilaginibacter Ilutimaris®t 94.8% -AY8lil, Mucilaginibacter litoreus ¢+
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94.6%, Mucilaginibacter soli 9= 94.5% A3+ Ao 2 YHEWL, ASES 5
A Mucilaginibacter < &3t A& AT 4 Yot (Fig. 1). #FE
15~30ColA A% 7hsst HH o] 2 25~30Ce|th pH7~84A A% 7t
Tatal, pH7olA #H el AFS o) NaCl 0%oA 5 Ao] 7hs3s Bt
Oxidase®} catalaseo] &AL A4S YERNUT. API 20NEAA  esculin
hydrolysis ¢ PNPG(B-galactosidase)x= EHAS YEFN R 1L, nitrate reduction,
indole production, glucose fermentation, arginine dihydrolase, urease,
gelatinase®] @A A4S W BT APL ZYM  kitelAE  alkaline
phosphatase, esterase (C4), leucine arylamidase, valine arylamidase, acid
phosphatase, [B-galactosidase, a-glucosidase, PB-glucosidase, N-acetyl-B-
glucosaminidase ¢ A2 YA o2 YUEW O™ esterase lipase (C8), lipase
(C14), cystine arylamidase, trypsin, a-chymotrypsin, naphthol-AS-BI-
phosphohydrolase, a-galactosidase, B-glucuronidase, a-mannosidase, a-
fucosidase?] &A4& &Aooz Vet (Table. 1). MicroPlate GN2& o] &3}
carbon ©°]& oXE 3 A}, a-cyclodextrin, dextrin, glycogen, N-
acetyl-D-glucosamine, D-cellobiose, D-fructose, D-galactose, gentiobiose,
a-D-glucose, a—D-lactose, lactulose, maltose, D-mannose, D-melibiose, -
methyl-D-glucoside, sucrose, D-trehalose, turanose, pyruvic acid methyl
ester, a—-keto butyric acid, a-keto glutaric acid, a-keto valeric acid, D,L-
lactic acid, succinic acid, bromosuccinic acid, L—alanine, L-alanyl-glycine, L-
aspartic acid, L-glutamic acid, glycyl-L-glutamic acid, L-histidine, L-proline,
L-serine, L-threonine, uridine, a-D-glucose-1-phosphate, D-glucose-6-
phosphateE ©] &3}, Tween 40, tween 80, AN-acetyl-D-galactosamine,
adonitol, L-arabinose, D-arabitol, /~erythritol, L-fucose , mr-inositol, D-

mannitol, D-psicose, D-raffinose, L-rhamnose, D—Sorbitol, Xylitol, Succinic

acid mono-methyl-ester, acetic acid, c¢is—aconitic acid, cCitric acid, formic
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acid, D-galactonic acid lactone, D-galacturonic acid, D-gluconic acid, D-
glucosaminic acid, D-glucuronic acid, a- hydroxybutyric acid, B-
hydroxybutyric acid, y— hydroxybutyric acid, p-~hydroxy phenlyacetic acid,
ltaconic acid, malonic acid, propionic acid, quinic acid, D-Saccharic acid,
Sebacic acid, Succinamic acid, glucuronamide, L—-alaninamide , D-alanine, L-
asparagine, glycyl-L-aspartic acid, hydroxy-L-proline, L-leucine, L-
ornithine, L-phenylalanine, L-pyroglutamic acid, D-Serine, D,L—Carnitine, y
—amino butyric acid, urocanic acid, inosine, thymidine, phenylethyl-amine,
putrescine, 2-aminoethanol, 2,3-butanediol, glycerol, D,L,a-glycerol
phosphatex o] &3}%] Eal= Aoz Yelygt, 2 A HAFe summed feature
3 (comprising Ci:1 @7c¢ and/or Cig1 @6¢)3 iso-Cis0, Cis:1 @bc ©] A3}
(Table 2). Polar lipid¥= phosphatidylethanolamine®} 3712} unidentified

phospholipid, 271 2] unidentified aminolipid, 1719 unidentified

aminophospholipid, 270 ¢] unidentified lipid7} A3t Ao 2 YEST}

waba A%z Eeld HMES6779 16S rRNA FHdzte]l A714ds
BAE AFEAsH x5 Felsta A, ALl EAS wugk A3

Mucilaginibacter %9 43t #7US &1sk3ITh.
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Table 1. Phenotypic characteristics differentiating strain HME8677 and related members of
the genus Mucilaginibacter.

Strains: 1, HMES8677; 2, Mucilaginibacter lutimaris KCTC 23461T; 3, Mucilaginibacter
litoreus KCTC 236977; Mucilaginibacter soli KCTC 32028". Data of 1 to 4 were obtained

from in this study under the same experimental conditions. +, Positive; -, negative reaction.

Characteristics 1 2 3 4
Colony color 00N ight-pink  light-pink  pale-pink
orange
API 20NE
PNPG (B-galactosidase) + + + -
APl ZYM
Esterase (C4) + - - +
Esterase lipase (C8) - - - +
Naphthol-AS-BI-phosphohydrolase - - + +
a-galactosidase - + + -
B-galactosidase + + + -
B-glucosidase + + + -
BIOLOG GN2
a-cyclodextrin + - + +
Dextrin + + + .
Glycogen + - + -
N-acetyl-D-glucosamine + + + -
D-cellobiose + + + -
Gentiobiose + + + -
a-D-lactose + + + -
Lactulose + + + -
D-melibiose + + + -
-methyl-D-glucoside + + + -

D-raffinose - + + -



g5 A 8 g Mucilaginibacter

D-trehalose

Pyruvic acid methyl ester
D-gluconic acid

a-keto butyric acid
a-keto glutaric acid
a-keto valeric acid
D,L-lactic acid

Succinic acid
Bromosuccinic acid
L-alanine
L-alanyl-glycine
L-aspartic acid
Glycyl-L-glutamic acid
L-histidine

L-ornithine

L-serine

Uridine
a-D-glucose-1-phosphate
D-glucose-6-phosphate

3

lo
Jm
o,
re
-+

41

+ + -
+ + -
- + -
- - +
- - +
- - +
+ - -
- + -
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Table 2. Cellular fatty acid composition (%) of strain HME8677 and related members of the
genus Mucilaginibacter.

Strains: 1, HME8677; 2, Mucilaginibacter lutimaris KCTC 23461T; 3, Mucilaginibacter
litoreus KCTC 236977; Mucilaginibacter soli KCTC 32028". Only fatty acids amounting to
at least 1.0 % of the total cellular fatty acids of at least one of the strains are shown. tr,
Trace(<1.0 %); nd, not detected.

Fatty acid 1 2 3 4
Cuao 11 tr 1.1 nd
i50-Cis:0 26.7 27.8 314 25.7
anteiso-Cis:o 11 11 nd Nd
Cis:1 wbC 5.3 18 nd tr
i50-Ci6:0 1.2 15 nd nd
Ci6:1 w5C 6.6 5.3 2.4 5.6
Cas0 1.6 3.6 8.5 3.6
i50-C1s5:0 30H 1.6 1.6 nd 1.9
Ci50 20H 2 2 nd tr
iso-C170 tr tr nd 2.4
Ci71 w8cC tr 11 nd 1.6
Ci7:1 @wbC 18 tr nd nd
Ci6:0 30H 15 1.1 15 tr
is0-C17:0 30OH 5.2 5.2 5.7 9.5
Summed feature 3* 36.4 38.9 46.1 355
Summed feature 9 1.8 2.3 3.3 104

* Summed feature represents two or three fatty acids that cannot be separated by the

Microbial ldentification System. Summed feature 3 comprised Ci6:1 @ 7¢ and/or Cis:1 @ 6C.

Summed feature 9 comprised Cis:0 10-methyl and/or Cy7.1 @ 9c.
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Mucilaginibacter lappiensis ANILI2T (DQ234446)
Mucilaginibacter dorajii DR-f4T (GU139697)
Mucilaginibacter composti TR6-03T (AB267719)
Mucilaginibacter mallensis MP1X4" (FN400859)
Mucilaginibacter gynuensis YC7003T (KC247157)
Mucilaginibacter boryungensis BDR-9T (HM061614)
Mucilaginibacter ximonensis XM-003T (EU729366)
Mucilaginibacter myungsuensis HMD10561 (GQ144415)
Mucilaginibacter angelicae GG-w14T (HM627214)
Mucilaginibacter polysacchareus DRP28T (HM748604)
Mucilaginibacter orvzae B9T (EU109722)
Mucilaginibacter gossypii Gh-677 (EU672804)
Mucilaginibacter kameinonensis SCKT (AB330392)
64 Mucilaginibacter gossypiicola Gh-487 (EU672805)
Mucilaginibacter frigoritolerans FT227 (FN400860)
@ci!aginibacter paludis TPT56T (AM490402)

99 Mucilaginibacter gracilis TPT18T (AM490403)
Mucilaginibacter jinjuensis YC7004T (JQ765855)
Mucilaginibacter daejeonensis Jip 107 (AB267717)
Mucilaginibacter soli R9-65T (JF701183)

Mucilaginibacter litoreus BR-187 (JF999998)
(— Mucilaginibacter lutimaris BR-3T (HQ455786)
Mucilaginibacter rigui WPCB1337 (EU747841)

Mucilaginibacter sp. HME8677" (KC690146)
Flavobacterium aquatile ATCC 119477 (M62797)

99

0.02

Fig. 1. Neighbour-joining phylogenetic tree. Phylogenetic position of strain HME8677
within the group genus Mucilaginibacter based on 16S rRNA gene sequences.
Flavobacterium aquatile ATCC 119477 (M62797) was used as outgroup. Bar, 0.02

substitutions per nucleotide position.

Fig. 2. Two-dimensional TLC of total polar lipid extract obtained from strain HME8677.
Abbreviations: PE, phosphatidylethanolamine; PL, unidentified phospholipid; L, unidentified
lipids; AL, unidentified aminolipid; APL, unidentified aminophospholipid.
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Agst7] dEh dA AEE gl Fx AAHS ARd ol #E
SAb AE Sl A WA FEHEJHE o] g3 WMo FEEZ o2

now, 1 e MEE 34 stelA o] AEHCIAS TF AFH AMS
ol-gal Alx dwiHol Fx AL d5E TSk el At

°17ke] ol Zol= Precursor Protein(hAPP)E= <Q13Fe]l o}l =
amyloid beta, hAR) FElo]=2o] A Ao]al, hAR = L =3}o]wH (Alzheimer
disease)®] Wl gAQl HA E#p1o] FAFoE dHA vk AT hAR
Eohaes A AEY o FAHERAN 2 54 tigk Fx2Al 7Nk & A
KA k1] 2

4 olde] ofdrol= wwdo] wix Alxut @ HAE AEe] L
NS FAhsto] Axel S FAAANA AE B5A4S seve 7R
AA = ATt olwf hAPP o] o}v]
transmembrane %3 & (hAR-TM)S A3t Aoz BHuxth[2,3] o] AFor=
AFE ALHS S8 hAR-TM 9] 3 2 x5 F8ta, Azvrs A gste] Mz
ake] Frxeb wigke]l diE ANS AP HFHow ALkE FI ezl
TE= LAY WA FEEFUE ol&aE dolxl hAR-TM o AlEur wjgk

23}

2 M E 692-723 W AFYL o] A Ad9

b
:
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il
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o
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43R 2%

hAR-TM 29| #H5FE 7A4HS Discovery Studio 3.1 Z 2138 ARE-df A
s gict. Discovery Studiow #h2 EAHFH AWigh wujdo] o
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On the symmetry of annular minimal surfaces with con-
stant contact angles

SUNG-HO PARK

ABSTRACT : We show that a compact immersed annular minimal surface in R?
meeting two parallel planes in constant contact angles is rotational.

Catenoid is the first example of minimal surface in R3, except for the trivial
example plane, discovered by Euler. Euler obtained it by rotation the catenary
x = coshy around the y-axis. In fact, catenoid is the only nonplanar minimal
surface of rotation in R3. Therefore the contact angle between catenoid and a plane
perpendicular to the axis of rotation is constant. Conversely, if a compact embedded
minimal surface in R? meets two parallel planes in constant contact angles, then the
surface is part of a catenoid. One can easily prove this fact by using the Alexandrov’s
moving plane argument [4], [9] to planes perpendicular to the parallel planes. In
the immersed surface case, Pyo showed that a compact immersed minimal annulus
meeting two parallel planes in constant contact angles is part of a catenoid [8]:

Theorem 0.1. A compact immersed minimal surface in R® meeting two parallel

planes in constant contact angles is part of a catenoid.

However, similar result is not true constant mean curvature surface case. In fact,
Wente constructed examples of immersed constant mean curvature annuli in a slab
or in a ball meeting the boundary planes or the boundary sphere perpendicularly
[10].

In this paper, we prove Pyo’s result in two different ways using the Enneper-
Weierstrass representation formula (EWRF) for minimal surfaces in R3. Shiffman
showed that an annular minimal surface with convex boundaries on parallel planes
has convex level curves. Our first proof uses Shiffman’s argument and results. Our
second proof uses complex analysis and the Alexandrov’s reflection argument.

1. This work was supported by Hankuk University of Foreign Studies Research Fund of
2014
2. Professor of Major in Mathematics, Graduate School of Education, Hankuk University

of Foreign Studies
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Bryant surface in the hyperbolic space H? is a surface of cmc 1. Bryant rep-
resentation formula (BRF) is similar to the EWRF for minimal surfaces in R? [2].
The author used BRF to show that a annular Bryant surface in H? meeting two
parallel horospheres in constant contact angle is rotational [7].

1 Enneper-Weierstrass representation formula

A surface X : M — R3 is minimal if the mean curvature H of M is 0. For the
intrinsic Laplacian Ajp; of M and a unit normal N of M, we have Ay, X = 2HN.
Therefore, the coordinate functions of a minimal surface in R? are harmonic. Let
o : S? — C be the stereographic projection. We define g = o o N, where N is the
Gauss map of M.

Now let X : M — R3 be minimal. For each local isothermal coordinate z =
x 44y on M, g is meromorphic. We define a holomorphic function

0X 0X 09X

=% oy " Yo

Then ¢d z gives a globally defined vector valued holomorphic 1-form
w = (w1, w2,w3) = (¢1, P2, ¢3)d 2 = ¢d 2.

From this we have the following [3]

Theorem 1.1 (Enneper-Weierstrass representation formula (EWRF)). Suppose &
is a minimal surface in R3, M its Riemann surface. Then ¥ may be represented
(up to a translation) by the conformal immersion

Xtp)=re [

Po

1 )
—(1—9¢%n,=(1 +4* )
<2( 97, 5 +9)777977>
where n = wy — iws.

Then g satisfies
w3

o w1 — iLUQ '
Let n = f(z)dz, then (f, g) is called the Weierstrass data for ¥. Then X is conformal
and the first fundamental form is given by
g12 =0
1 2
gi1 = go2 = 1|f|2 (1+1g1%)".

The Gaussian curvature K is given by

K:‘[mﬁ%r'
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Figure 1: Catenoid

Let h;; be the coefficients of the second fundamental form of X. The Hopf differ-
ential is a quadratic differential is defined by

P de = (h11 — h22 — 2ih12) de.

Hopf differential is globally holomorphic on a constant mean curvature surface [4].
On a minimal surface with Weierstrass data (f, g), we have

b = 2(h11 — ihlz) = —2fg,.

Catenoid. Let M = C\ {0}, g(w) = w, n = %% The Enneper-Weierstrass
representation of the catenoid is given by the three 1-forms:

wy = %%(1 —w?)dw, wy = %#(1 +w?)dw, ws = %dw.

Note that catenoid is foliated by circles.

Another example of circle-foliated nonplanar minimal surface is the Riemann’s
minimal surface.
Riemann’s minimal surface. Riemann’s minimal surface is foliated by circles
and lines. It is conformally diffeomorphic to C\ {...,—3,—2,-1,0,1,2,3,...}. (cf.
Figure 2.) Soap films are physical models of minimal surfaces. A soap film spanning
a wire frame of two coaxial circles is the catenoid. Riemann’s minimal surfaces is
obtained from the catenoid by slightly moving the top circle horizontally.

2 Proofs of Theorem 1

Now we consider minimal annulus A given by X : Ag — 8, where 8 is a slab
bounded by P, = {(z1,22,73) € R® : 23 = 1} and P_; = {(z1,72,73) € R3 : 23 =
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Figure 2: Riemann’s minimal surface

—1} and Ag = {z =z +iy: 1/R < |z| < R}. Since the third coordinate function
X3 is harmonic, it satisfies

{ AXg =0 in int(AR)
Xslzj=1/ry = =1, Xsl{z1=ry = 1.

Therefore X3 = (1/log R) log |z| and

0 1 1
=29 Xydo = ——~d
ws 9, 3% log R z =
and f(z) = @#(Z). Then the immersion is given by

1 P11 1 (1 1
(21) X(p)—logRRe/l (2—2 (§—g>,5<§+g>,;> d,Z—f'C'7

where C' = (a,b,0) € R3.

We note that N stays away from the north pole (0,0, 1). Otherwise, there is a
point p € A with N(p) = (0,0, 1), and T), A is horizontal. Since A is minimal, ANT, A
consists of more than two curves , which is equiangular at p. Since (ANT,A)N0A =
0, the preimage of ANT,A in Ar bounds a simply-connected region. This implies
that a simple planar curve of ANT,A bounds a compact simply connected minimal
surface, which is impossible. Therefore 4; = AN P;, —1 <t < 1, is smooth and
simple. Since N stays away from (0,0,1), |g| is bounded and does not attain 0.
At any point of Ay, let ¥ be the angle between the tangent vector of A; and the
positive x-axis. Letting n be the normal vector of A; on P, it is straightforward
tho see that n = % € C = R2. Since ¢ = argg + 7/2 = Im(logg) + 7/2, ¥ is
harmonic.

Let s be the arc length parameter of A;. Since X3 = (1/logR)log|z|,
X~YAy) = {z:|z| = r = R*}. Writing z = re’’, we have

dz

0= ire’?, and ds = A|dz| = Ard#,
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where A is the conformal factor of A satisfying

1 1 2
2.9 A2:(+ ) .
22) iog B7F \Jgl 719

We sue these to compute the curvature x of A; as follows:

d d d
(2.3) k=1 = Ts (Im(logg)) = Im (dz loggdz>

/d de / /
(2.4) =Im (LE2) = (Lizr A~ ) =+ A Re (22 ).
g df ds g g
Now suppose that A meets P; and P_; in constant contact angles.

Lemma 2.1. Let A be a minimal annulus in a slab S meeting the parallel planes
of 0S in constant contact angles. There is a global isothermal coordinate z = x + iy

on A with the coefficient function ¥ of the Hopf differential is a real constant.

Proof. Let A be parametrized by (2.1). We define Y by Y = X o exp on the strip
B ={(z,y) € R?: —log R < x < log R}. Then Y is periodic with period 27. Let
z =z +iy and A\? := |V, |? = |V, |* with A > 0.

Let 0A = v1U~ys. The theorem of Joachimstahl says that v, and 7, are curvature
lines of A. Hence his = 0 on 9B, that is, x = —log R and = = log R. Since his
is harmonic and periodic on B, we have hio = 0 on B. Since ® is holomorphic, it

follows that z is a conformal curvature coordinate and h1; — hoo is a real constant

[6]. O

Now we give two proofs of Theorem 0.1.

First Proof of Theorem 0.1. Let A be a minimal annulus A given by Y : B — 8§,
and the contact angle between A and the boundary planes of 8§ are constant. Let
z = x + iy be the global isothermal coordinate on A given by Lemma 1. Since A
makes constant contact angle with horizontal planes, the image of 7;, i = 1,2, under
N in $? is a horizontal circle and, in turn, |g| is constant on each ~;, i = 1,2. Since
|g| does not vanish and is bounded, the meromorphicity of g implies that log |g| is
a bounded harmonic function on B. Therefore

log |g| = alogr + b,
where a, b are real constants. It follows that

_ n
g—CZ,
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where ¢ is a constant and n € Z. Since
p
X = Re [ f()gl2)d:
Po

is harmonic and constant along each 7;, i = 1,2, we have fg = co/z. Hence
f = c3/2""1. We note that |f| and |g| depends only on r = |z|. From (2.2) and
(2.3), it follows that x is constant along |z| = r. Riemann showed that the nonplanar
cyclic minimal surface in R? is either a catenoid or a Riemann’s minimal surface.
While catenoid is a surface of rotation, Riemann’s minimal surface is foliated by
circles in parallel (horizontal) planes with center lying on a plane. The contact
angle between catenoid and the horizontal plane is constant. On the contrary, the
contact angle between the Riemann’s minimal surface and the horizontal planes is
not constant. This completes the proof. O

Second proof is analytic and make use of holomorphicity of the Hopf differential
on cmc surfaces.

Second Proof of Theorem 0.1. Let A be a minimal annulus A given by the Enneper-
Weierstrass representation formula (2.1) on B, and the contact angle between A and
the boundary planes of 8§ are constant. Let z = x + iy be the isothermal coordinate
on A given by Lemma 1. From the holomorphicity of the Hopf differential, it follows
that fg¢’ is holomorphic on Ag. Since the contact angle is constant, Joachimsthal’s
theorem implies that the boundary curves are lines of curvature, and his = 0 along
0S. Hence fg¢' is a real constant on B.

Note that X3 is a linear function of x on B. Therefore f - g is also a real
constant. This implies that g = aexp(pz) and f = Sexp(—pz) (a, B, p are real
constant). Since g is the stereographic projection of the Gauss map N of A, we
have golog = cz, where c is a constant. Hence golog is a conformal diffeomorphism
from A, to an annulus in C, and A is embedded. One may apply the Alexandrov
reflection argument to conclude that A is rotational.

Acknowlegements : This work was supported by Hankuk University of Foreign
Studies Research Fund of 2014
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The Quasi-Uniformizable Topological Spaces by the
System of Quasi-Metrices

Seungwook Kim *1#8

Abstract

The quasi-uniform space is a uniform space without the symmnetry
property. The quasi-uniformizable spaces can be generated by the
system of quasi-metrices whereas uniform spaces is generated by a
system of metric systems.

1 Introduction

It is well known that a topological space is uniformizable if and only if
it is T3, space ([1]). The pseudo-metric is a crucial method to find out the
property of toplogical space generated by a uniform space, because a uniform
structure can be defined by a system of pseudo-metrices ([1],[2]). On the
other hand, it turns out that the symmetry property of a uniform structure
is not a necessary condition to generate a topology, hence in this paper
we introduce a more generalized space than the uniform space, namely, the
quasi-uniform space which does not satisfy the symmetric property of the
uniform spaces. The quasi-uniform space generates a topology in the exactly
same way as the unifom space does. Hence it is natural to guess that the
ideas about the uniformization of a topological space can be transformed
without special difficulties into the survey of a quasi-uniformizable space.

It is to note that every topological space is generated by a quasi-uniform
strcture ([3]).
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66 Seungwook Kim

Throughout this paper X is always a set. For subsets A, B C X x X, we
define A7 := {(z,y) |7,y € X, (y,x) € A}, BA := {(2,9) |7,y € X, there
exists z € X such that (z,2) € A, (z,y) € B}) and Ay := {(z,2) |z € X}.

If A= A~', then A is said to be symmeteric.

2 The Quasi-Fundamental System of a Quasi-Uniform
Space

Remark 2.1. If A C X x X is symmetric, then A™ also for each n € N.

Proof. Induction’s begining: n = 1. By A = A™!, it is obvious.

n+ n+ 1. Assume A" = (A")~! and let (z,y) € A" = A"A. Then
There exists z € X such that (z,z) € A, (z,y) € A". By symmeteric
property of A and induction’s assumption, (z,z) € A1 (z,y) € (A")~L.
Hence (7,y) € (A")"1A~1 = (An+h)~L, O

Definition 2.2. (a)The quasi-uniform structure Q on a set X is a subset
of powerset of X x X with the following properties.

(QU1) IfAC X x X and Q C A for Q € Q, then A € Q.

(QU2) If Q1,Q2€ Q, Q1N Q2 € Q

(QUS3) For every Q € Q, Q O Ax

(QU4) There exists V € Q such that V2 C Q for each Q € Q.

(b) If a quasi-uniform structure Q is defined on X, the pair (X, Q)
1s called a quasi-uniform space and every element of Q is called a quasi-
neighbor of quasi-uniform structure Q or quasi-uniform space (X, Q).

In fact the quasi-uniform structure is a uniform structure without sym-
metric property (U € Q — U~! € Q). Hence every uniform structure is
a quasi-uniform structure, but the inverse does not hold as the following
example shows. If X = {1,2} and Q = {X x X, {(1,2)} UAx}, then Qisa
quasi-uniform structure but it is not a uniform structure.

Definition 2.3. Let Q be a quasi-uniform structure on X. If B C Q and
to each @ € Q there exists B € B such that B C @, B is said to be a
quasi-fundamental system of Q.

Theorem 2.1. Let B be a quasi-fundamental system of a quasi-uniform
structure Q on X, then By, := {B"|B € B} is also quasi-fundamental system
of Q for each n € N.



The Quasi-Uniformizable Topological Spaces by the System of... 67

Proof. Let n € N and Q € Q. It is to show that there exists B" €
B, such that B C Q. Let k € N such that 2 > n. Then by (QU4) there
exists V € Q such that V? C Q. Since B is a quasi-fundamental system of
Q, there exists B; € B such that By C V.Then B% CV?cC Q. In this way
we obtaine B; € B,i =1,--- ,k — 1 such that

B% ngBiQ+1 QBZ,(Z:L 7k_1)'
Hence sz C Q. Since

B = BB C B2B;" ' = B;"*! for each m € N,

Br C B C Q.
0

Definition 2.4. Let B be a set of subsets of X x X with the following
conditions
(QUB1) If By, By € B, then there exists B € B such that B C By N Bs.
(QUB2) Ax C B for each B € B.
(QUBS3) There exists V € B such that V2 C B for each B € B.
Then

Qp:={U|U C X x X, there exists B € B such that B C U.}

s a quasi-uniform structure on X having B as a quasi-fundamental system
and called o quasi-uniform structure generated by B.

Example 1. Let n € N, P = (F;)icq1,.. n} be a finite partition on X, and
put

Vp ={(z,y)|z,y € X, thereisi€ {1, --- ,n} such that x,y € P;.}.

Then B := {Vp | P is a finite partition on X} is satisfying (QUB1,2,3)
of the definition above and called a quasi-fundamental system of finite par-
tition on X.

Proof. (QUB1) Let P, R be finite partitions on X. Then there exists n,m €
N such that P = (Pi)i:l,n-,n’ R = (Qj)jzl,...7m. Define

S={PNRj|PeP, RjeR,i=1,---,n, j=1,--- ,m}.

It is obvious that § is a partition on X.

Now let (z,y) € Vs. It is to show that (x,y) € Vp, Vg iff there exists
ie{l,---,n}, je{l,--- ,m} such that (z,y) € P, x P;, (z,y) € R; x Rj.
Then there exist i € {1,---,n}, j € {1,--- ,m} such that (z,y) € (P,NR;)x
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(PN Rj). Hence x € PN Rj, y € PN Ry, so that (z,y) € P, x P;, (x,y) €
R; x Rj. Therefore (x,y) € Vp N Vg.

(QUB2) For all z € X there exists i € {1, -+ ,n} such that (z,z) €
Pi X Pl Thus AX - Vp

(QUB3) We show that Vp? C Vp for every finite partition P = (P,)i=1.... »
on X. Let (z,y) € Vp2. Then there exists z € X such that (z, 2), (z,y) € Vp.
Hence there exists i < n such that (z, 2), (z,y) € P; X P; so that x,y, z € P;.
Then we have (z,y) € P; x P;, therefore (z,y) € Vp O

Example 2. Let X be a set, (Y, Qy) be a quasi-uniform space, and F(X,Y)
be a set of all functions X into Y. For V € Qy, we put

WX, V):={(f.9)| f,9€ F(X)Y), (f(z),9(x)) € V V& € X},
then {W(X,V) |V € Qy} is satisfying (QUB1,2,3)

Proof. (QUBL1) Let U,V € Qy. It is to show that there exists Q € Qy
such that W(X,Q) C W(X,U) N W(X,V). Since Qy is a quasi-uniform
structure on Y, UNV € Qy by (QU2). Put @ = U NV. We have to show
that

(f,9) e W(X,U)nW(X,V) for all (f,g) € W(X,Q).

Let (f,g) € W(X,Q). Then (f(z),g(x)) € Q for all z € X. By Q C
unv, (f(z),g(x)) e UNV forallz € X. Hence (f,g) € W(X,U)NW (X, V).

(QUB2) Let V € Qy. We show that Ax C W(X,V). Let f € F(X,Y).
By (QU3), (f(z), f(x)) € V for all x € X, hence (f, f) € W(X,V).

(QUB3) Let V € Qy. We show that there exists € Qy such that
W(X,Q)? C W(X,V). Let V € Qy. By (QU4) there exists Q € Qy such
that Q> C V. Let (f,g) € W(X,Q)?. Then there exists h € F(X,Y) such
that

(f,h) e W(X,Q), (h,g9) € W(X,Q)
which implies
(f(z),h(x)) € Q, (h(x),g(x)) € Q for all x € X.

Hence (f(x),g(z)) € Q? for all x € X so that (f(z),g(x)) € Q* CV for
all z € X. Therefore (f,g) € W(X,V). O
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3 The Relationships between the Quasi-Metrices
and the Quasi-Uniform Structures

Definition 3.1. A functiond: X x X — Rxq :={r|r € R, r > 0} is called
a quasi-metric on X if it satisfies the following conditions:

(QM1) d(z,y) =01if and only if x =y for all x,y € X
(QM2) d(z,z) < d(z,y) +d(y,z) for all x,y,z € X

It is obvious that a metric is a quasi metric whereas the inverse does not
hold as the following counterexample shows.
y—ax ifzx<y
d: RxR—-R — .
>0, (2, Y) { 0 otherwise

Next we inroduce a theorem showing that a gausi-metric is generating a
quasi-uniform space without proof.

Theorem 3.1. Let d be a quasi-metric on X. Let U := {(z,y)|z,y €
X, d(z,y) < e} fore > 0. Then B := {U.|e > 0} is satisfying (QUB1,2,3)

Definition 3.2. The quasi-uniform structure Qga is called a quasi-uniform
structure generated by a quasi-metric d.

Definition 3.3. Let (X, Q) be a quasi-uniform structure. If there is a a
quasi-metric space (X, d) such that @ = Qga, then (X, Q) is called a quasi-
metrizable quasi-uniform space.

In following we introduce the well known theorems without proofs about
the topological space defined by the neighborhood systems.

Theorem 3.2. A set {U(z) |z € X} of all neighborhood systems on a topo-
logical space (X, T) satisfies the following properties.

(o) U eU(z) andU CU' C X — U’ e U(x).

(b) Ui,Us € Z/[(l‘) —U1NU; € U(l’)

(c)U elU(x) —xel.

(d) For allU € U(x) there is V € U(x) such that U € U(y) for ally € V.

Theorem 3.3. The topology on X of which every point x € X has a
neighborhood system U(z) satisfing (a),(b),(c), and (d) of theorem above
1s uniquely determined.

Theorem 3.4. Let Q be a quasi-uniform structure defined on X. For
Ve zelX, putViz) = {yly € X, (z,y) € V}. Then a system
(U(x))zex == {V(x)|V € Q})zex satisfies the properties of theorem 3.2
and defines a topology 7 on X by theorem 3.3.



70 Seungwook Kim

Proof. (a)-(c) of theorem 3.2 hold by (QU1)-(QU3) of definition 2.2. Tt
remaines to show (d). Let V(z) € U(z) (V € Q). Choose W € Q such
that W2 C V, and let y € W(x). Let 2 € W(y). Then (y,2) € W. By
(z,y) €W, (x,2) € W2 CV holds. Hence z € V(z) i.e. W(y) C V(z). O

Definition 3.4. 79 is said to be a topology generated by a quasi uniform
structure Q.

Example 3. If X is infinite, then the quasi-uniform structure Q of example
1 has the following properties.

(a) Q is not a discrete quasi-uniform structure.

(b) The topology generated by Q is discrete.

Proof. (a) If Q is discrete, there exists a finite partition P on X such that
Ax = Vp that is contradiction.

(b) It is to show that {z} is open for all x € X. There should be a finite
partition P such that Vp(z) = {x}. Choose P = {{z}, X\{z}}. O

4 Uniform Continuity

Definition 4.1. Let f : X — Y be function from a uniform space X to a
uniform space Y. If to each neighbor W of Y there is a neighbor V. of X
such that (f x f)(V) C W ie. if (x,y) € V, (f(x), f(y)) € W, then f is
called a uniformly continuous function.

Remark 4.2. (a) A uniformly continuous function f : X —'Y is continuous
relative the topologies generated by the uniform spaces X andY , respectively.

(b) To prove the uniform continuity, it is sufficient to show about the
fundamental system of a quasi-uniform structure of Y instead of the whole
structure.

Proof. (a) Let W be an element of the fundamental system of Y. Then there
is an element V' of the quasi-uniform structure of X satisfing (fx f)(V) C W.
Hence y € V(x) implies f(y) € W(f(x)) which means the continuity of the
function.

(b) It is obvious. O

Example 4. The function cos : R — R, x — cosz is uniformly continuous
relative to the quasi-uniform structure generated by a metric on R

Proof. Tt follows from |cosx — cosy| < |x — y| for all z,y € R. O
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Theorem 4.1. Let X,Y, Z be uniform spaces and f : X - Y andg : Y —
Z be uniformly continuous functions. Then go f : X — Z also is uniformly
continuous.

Proof. For every neighbor W of Z, there is a neighbor V' of Y such that
(9 x g)(V) C W. And for the neighbor V of Y, there is a neighbor U of X
such that (f x f)(U) C V. Hence for every neighbor W of Z, there is U of
X such that (go f x go f)(U) C W, ie. go f is uniformly continuous. [J

Definition 4.3. If every meighbor of Qo is a neighbor of Q1 for quasi-
uniform spaces Q1 and Qs defined on X, then we say that O is finer than
Qs or Qg is coarser than Q.

Remark 4.4. The finest structure is the discrete quasi-uniform structure
and the coarsest structure is the indiscrete quasi-uniform structure.

Theorem 4.2.

(a) The quasi-uniform space Qi is finer than Qs iff the identity function
id @ (X, Q1) — (X, Q2) is quasi-uniformly continuous.

(b) If a quasi-uniform space Q; is finer than Qa, then the topology generated
by Q1 is finer than the topology generated by Q.

(c) The set of all quasi-uniform structures defined on X is a complete lattice
relative to ' C’, i.e. every monempty set of quasi-uniform structures on X
has a supremum and infimum.

Proof. We show only (c). Let (Q;)icr be a colletion of non empty quasi-
uniform structures defined on X.
To obtain the supremum of (Q;);cr let

B:={ (N Ugx|FE CI,E finite and U € Qx}.
keE

First we show that B satisfies (QUBL,2,3) of definition 2.4.

(QUBL1) Let By, By € B. Then there are finite subsets F; and Es of

such that By = () Uy, B2 = () Vj. It is obvious that By N By has the
kEE; JEEy
required form.

(QUB2) Let B € B. Then there is finite subset E of I such that B =

() Ug. Since Ax € Uy, for each k € E, Ax C (| Uy = B.
keE keE
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(QUB3) Let B € B. Then there is a finite subset E of I such that
B = (Ug. By (QU4), to each k € E there exists V; € Qp such that
keE

Vk2 C U;. Hence

(ﬂVk)Qg ﬂV,fg ﬂUkWhere ﬂVkEB
keE keE keE keE

Now, it is obvious Op D Q, for all ¢ € I. If Q@ D Q); for all i € I, then

Q O |JQi, so that Q@ O Qp. Hence Qp is the desired supremum of (Q;)cr.
i€l

The infimum of (Q;);es is given by
Q={V|V C X x X, there is (V)ren such that V; C V| Vk2+1 C Vg,
ke Nand Vj € Q; for all i € T}.

We will prove that Q satisfies (QU1),(Q2),(Q3) and (QU4).
(QU1) It is obvious.

(QU2) Let V,U € Q. Then there is (Vj)ren such that V4 C V| VkQJrl C
Vi, k € Nand Vi, € Q; for all i € I, and there is (Uy)ren such that
Uy CU, U2, CUy, keNand Uy € Q for all i € I.

The sequence (Vi N Uy)ken satisfies

VinUy CVNU, (Vigr NUkg1)* S VA NUZ, S Vi Uk, k€N
and V, NU, € Q; for all i € I. Hence VNU € Q.
(QU3) It is also obvious.

(QU4) Let V € Q. Then there is (Vi)ren such that V3 C V, Vk2+1 C
Vi, k € Nand V,, € Q; for all i € I. Since V3 C V2 C Vi, the sequence
(Vi)k>3 ken satisfies

Vs C Vs, Vk2+1QVk, k>3,keNand V} € Q; for alli € I.
Hence V5 € Q. Therefore by V22 cwvCv, V22 CcV. O
Theorem 4.3. Let X be a set, (Y;, Q;)ier be a collection of quasi-uniform

spaces and f; : X —Y; (i € I) be functions.
(a) The set

{(fix f)7'(V)]iel, Ve i}
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s a quasi-fundamental system B on X. Then Op is said to be a initial
quasi-structure of (fi)ier-

(b) Qp is the coarsest quasi-uniform structure on X for which every f;
s quasi-uniformly continuous relative to Qp.

(¢c) Let Z be a quasi-uniform space. Then a function h : Z — X is
quasi-uniformly continuous. iff every functions fioh : Z —Y; (i € I) is
quasi-uniformly continuous.

(d) The initial structure Q of (fi)ier defined on X generates a initial
topology, i.e. the coarsest topology of all topologies for which every function
fi (i € I) is continuous.

Proof. (a) Note that every element B of B is of the following form. B :=

N (fi x f;)"1(V;) where E is a finite subset of I, V; € Q;.
i€ECT
We prove that B satisfies (QUB1,2,3).
(QUBL1) Let U,V € B. We have to show that U NV € B. Then there

are finite Fy, By C I such that

U= N (fix fi)7'U)and V.= ) (f; x f;)7(V})-

i€Ey JEEV
Since
(fi < fi) "HU) N(fi x fi) (Vi) = (fs x fi) " HUs N V)
hold for all U;,V; € Q;, UNV has the required form.

(QUB2) Since (fi(x), fi(x)) € V; for all x € X,i € I, Ax C (f; X
f)7H (V).

(QUB3) Let V € B. We have to show that there is W € B such that
W2 C V. Then there is a finite set E C I such that V = () (fi x f;)"1(Vi).
S
To each i € FE there is W; € Q; such that I/VZ-2 CVi. Let W= N(fi x
icE
fl)_l(Wl) Then

W= (N (fi x f)7 (W) S N (fi x fi) HWP) €

i€ER el
N (fix fi)= (Vi) =V.
i€eE
b) It is obvious that every f; is quasi-uniformly continuous for the initial
Yy Yy

structure. Every quasi-uniform structure @ on X where every f; is quasi-
uniformly continuous contains the quasi-fundamental system B.
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(c) Because f; is quasi-uniformly continuous, when h is quasi-uniformly
continuous, then f;oh is also quasi-uniformly continuous for all ¢ by theorem
4.3(c). Let every f; o h be quasi-uniformly continuous. We have to show
that A is quasi-uniformly continuous.

Let V := () (fox fe)"1(Ve) be a neighbor of X where E is a finite subset

eckE
of I. By assumption there is a neighbor W, of Z such that

(fo X fo)o (h x h)(W,) C V, for all e € E.

Then (h x h)(W.) C (fe x fo)~*(V.). Therefore, putting W = (| W,
ecl

(hx B)(W) S () (fex fo) ' (Ve) =V.

eckE

(d) Let U be a neighborhood of x € X relative to the initial topology.

Then there is an open B := () f-}(Q.) where Q. € 7. and E is a finite
eckE
subset of I such that z € B C U. Since Q). is a neighborhood of f.(z), there

is Ve € Q. such that Q. = Ve(fe(x)). Thus U is a neighborhood of z relative
to the topology generated by the initial structure B.

Conversly, for every ¢ € I W;(fi(x)) (W; € Q;) is a neighborhood of
fi(z), there is an open V;(fi(z)) (Vi € Q;) such that V;(fi(x)) C W;(fi(x)).
Then

z € f7H(Vi(fi())) C £7H (Wil fi(2))).

Since f; is continuous, f; ' (Vi(fi(x))) is open. Hence fH(We(fe(x))) is a
neighborhood of z relative to a initial topology and also () fo 1 (We(fe())).
eck
By (a) a neighborhood basis of z relative to a topology generated by a initial
structure is a set of elements of the form U := ( [ (fe X fo) "t (We))(w). Next
eck

we show U = ) fo 1 (We(fe())). The following sentences are equivalent to
eck
each other.

y € U; (2,y) € (fe X fe) H(We) for all e € E;

(fe(x)ufe(y)) € We; fe(y) € We(f(x)) for all e € F;
y € foY(We(f(2))) for all e € E.

Therefore U is neighborhood of x relative to the initial topology. O
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5 The Quasi-Uniformizable Space

The next theorem is very well known as a necessary and sufficient condition
to be a uniformazable space of a topological space.

Theorem 5.1. A topological space is uniformable iff a topological space is
T3, -space. Hence

a Hausdorff space is uniformable iff the topological space is a completely
regular space.

Definition 5.1. Let (d;)icr be a set of quasi-metric functions. Then a
supremum of uniform structures generated by d;s is called a uniform struc-

ture defined by (d;)icr-

Lemma 5.2. If a quasi-uniform structure of a quasi-uniform apace X has a
countable quasi-fundamental system, the quasi-uniform structure is defined
by a quasi-metric.

Proof. Let (Vi,)nen be a countable quasi-fundamental system of the quasi-
uniform structure. Let (Uy,)nen be satisfied that Uy C V7, U,?;H cCU,NV,.
We define

e (z.9) ¢ 1)
g(x,y) = { inf{27% | (z,y) € Us} ((z,y) € 1)

and construct a quasi-metric from g.

Let M be a set of all finite sequence on X of which a first point is x and
a last point is y.

Let

n—1
d(z,y) == inf{d_ 9(zi, zi41) | (20)iz0,1, 0 € My, 021, 20 =2, 20 = y}.
=1

Since g(x,z) = 0 for all z € X, d satisfies the reflexive property. We show
that d satisfies the triangle inequality.
For this we show that

1
29(@,y) < d(z,y) < g(z,y).
The right inequality holds from the definition of d. Since the left in-
1 n—1
equality is equivalent to §g(m,y) < > 9(zi, zip1) for all (2)i=0,1,..n € M,

=1
we will prove it by the mathematical induction about n.
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It is obvious for n = 1. Let © = 20, -+ ,2p+1 = y (n > 1) be a finite

n
sequence and a := Y g(zi, zit1).
i=1

1 1
Ifa> 37 it is obvious by g(z,y) < 1. Let 0 < a < 3 and m be the

m—1 a m a
greatest index such that > g(z;,zi41) < 5 Then by > g(zi,zit1) > 5
i=1 i=1
n
9(zi, zir1) < E' By induction’s assumption, it holds that
+ <
i=m-+1 2
m—1 a
9(x,2m) < 32 9z, 2i01) < 3,
1791 a
9(zmt1,9) < X2 9(ziszi41) < 5
i=m+1

1
and by the definition of a, 5 9(Zm, Zm+1) < %. If k is the least number such
that 27F < a,

(@, 2m), (2ms 2m+1)s (2m+1,y) € Uk.
1 1
Hence by (z,y) € U} C Uy_1, §g(a:,y) < 52_(’“_1) <a.
For the last case a = 0,
Yoo 9(ziy zig1) = 0 iff
(2iy2i41) € Uppp (for alll €N, 4=0,1,--- ,n) and

(20, 2n+1) € Upyy (for all [ € N) iff

1
59(1‘, y) = 0.

We have to show that d generates Q. It is obvious that (U;)en is a
quasi-fundamental system of Q. By the inequality above,

U, Cd1([0,27%]) C Uy_1.

(z,y) € Uy implies 27% > g(x,y) > d(z,y) so that (z,y) € d~*([0,27F]),
and the following hold sequentially.
1
(w,y) € d71([0,275]); 278 > d(x,y) > Sg(x, ) g(w,y) <27

(CC, y) € Uk—l-
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Theorem 5.3. Every quasi-uniform structure is defined by a system of
quasi-metrices.

Proof. For every neighbor V' of the quasi-uniform structure, there is a se-
quence of U,, such that

U, CV, U3, CU, (n>1).

The each sequence is a quasi-fundamental system of Uy defined by dy

by the lemma above Uy C U for all V € U and |J Uy = U hold. U is the
Veu
coarsest quasi-uniform structure of all finer quasi-uniform structures than

Uy. U
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FUNCTION FIELDS OF MODULAR CURVES

DONG HWA SHIN!

ABSTRACT. Let C(X(N)) be the field of meromorphic functions on the
modular curve X (N) for the principal congruence subgroup of level N.
We construct generators of C(X(N)) over C in terms of Siegel functions
together with the elliptic modular function j(7).

1. INTRODUCTION

For a positive integer N let
I'(N)={y€SLy(Z) | y=1, (mod N)}

be the principal congruence subgroup of level N in SLy(Z). Then the group
T(N) = (I'(N),+1I,)/{£1,} acts on the complex upper half-plane H = {r €
C | Im(7) > 0} as fractional linear transformations. It is well-known that
the right orbit space

X(N) = T(N\HUQU {icc})
can be equipped with the structure of a compact Riemann surface, called
the modular curve of level N [5, Chapter 1]. Let C(X(N)) be the field
of all meromorphic functions on the modular curve X(/N), which can be
generated at most by two functions. In particular, the modular curve X (1)
of level 1 is of genus zero and its function field C(X (1)) is generated by the
elliptic modular function

1
J(T) = = + 744 + 196884q + 21493760¢> + - - -
q
where ¢ = ¢*™™ [5, Theorem 2.9]. Furthermore, since the canonical map
X(N) — X(1) is a branched covering map, C(X(N)) is a Galois extension
of C(X(1)) whose Galois group is naturally isomorphic to I'(1)/I'(N) =~
SLy(Z/NZ) {1},
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2014.
79
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Let N > 2. In §2 we shall define the Siegel function g[r](T) for a given

vector Z € (1/N)Z? —Z? whose 12N-th power belongs to C(X(N)). And,

we shall show that if m and n are any positive integers such that m > n,
then C(X (IV)) is generated by

g[ 0 ] (7_>12Nm

12Nn
1N 9

over C(X (1)) (Theorem 3.1).

2. PROPERTIES OF SIEGEL FUNCTIONS

In this section we shall introduce Siegel functions and review their basic
properties.

Let A be a lattice in C. The Weierstrass g@-function relative to A is
defined by

=5+ ¥ (o) GO

This is a meromorphic function on z which is periodic with respect to A.
The Weierstrass o-function relative to A is defined by

VA 2
A = _ 2 ) pplwt(1/2)(2/w)
o(z;A) =z H (1 w)e (z € C).
weA—{0}
Taking logarithmic derivative we come up with the Weierstrass -function

as
o d(mA) ] 1 1 =z
Gz 4) = o(zA) P Z (z—w+w+w2)'
weA—{0}

Since ('(z;A) = —p(z; A) is periodic with respect to A, for a given w € A
there is a constant n(w; A) so that

C(z+wi ) = (5 A) =n(w; A)
Let N (> 2) be a positive integer and {ﬂ € (1/N)Z? — Z?. Now we define

the Siegel function gm(T) by

9[r] (1) = e—(1/2)(m(r;[T,l])+sn(1;[7,1]))(r7+s)U(TT + s;[r, 1)n(7)* (7 € H),

S
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where

7](7-) _ /27T€m'/4q1/24 H(l _ qn>

n=1
is the Dedekind n-function. By the product formula of the Weierstrass o-
function we get the ¢g-product expression

g['r] (,7_) — _67ris(r—1)q(1/2)B2(r)<1 . qr€27ris) H(l . qn+r627ris)(1 . qn—r6—27ris)’

n=1

where By(X) = X?— X +1/6 is the second Bernoulli polynomial [4, Chapter
18, Theorem 4 and Chapter 19, §2].

For X € R we denote by (X) the fractional part of X in the interval
[0, 1).

PROPOSITION 2.1. The Siegel function 917 (1) satisfies the following prop-
erties:

(i) g (r)'2" depends only on = m (mod Z2).

(ii) gm(T)lQN belongs to C(X(N)).
(i) If v € SLo(Z), then we get the transformation formula

n 3

12N

9[2}(7)12]\[07:9157[2](7') ;

where 'y stands for the transpose of 7.
(iv) We have the g-order formula

ord, g(7)(7) = 3 Bal(r)).
(V) g

Proof. (i
(ii) See [3,

(1) is integral over Z[j(T)].

W
) See [3, p.28, K2 and p.29].
3, Chapter 3, Theorems 5.2 and 5.3].

(iii) See [3 Chapter 2, Proposition 1.3].
(iv) See [3, p.31].
(v) See [2, §3]. O

3. GENERATORS OF C(X(N))

Now we shall give a primitive generator of C(X(N)) over C(X (1)) =
C(j(7)) in terms of Siegel functions.
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THEOREM 3.1. Let N > 2. Ifm and n are any positive integers such that
m > n, then we get

C(X(N)) = C(X(l))(g[l;JN] (T)mng[%N] (7)124).
Proof. Let
g(1) = Q[I/ON] (7)12Nm9[1/0N] (r)tm,

which belongs to C(X(NN)) by Proposition 2.1 (ii). We first note that
Gal(C(X (N))/C(X (1)) ~ SLy(Z/NZ)/{£1L}.

Suppose that v = [CCL Z] € SLy(Z) fixes g(7). We then obtain that

ord, g(t) = 12Nm-ord, g[l/oN] (1) +12Nn - ord, g[l/N] (1)
0

= 6NmB3(0) +6NnBy(1/N) by Proposition 2.1 (iv)

= ord, g(7)"

_ ) 12N ' 12N

= m OI‘dq gt’y[l/oN] (T) +n Ordq gt,y[l{)N] (T)
by Proposition 2.1 (iii)

= 6NmBy((c/N)) + 6NnBy({a/N)) by Proposition 2.1 (iv).

Considering the shape of the graph Y = By(X) and the fact m > n, we
deduce that ¢ = 0 (mod N) and a = 1 (mod N). Here we may assume
that @ = 1 (mod N) because v and —v represent the same element in
Gal(C(X(N))/C(X(1))). Then we get from det(y) = ad — bc = 1 that
d=1 (mod N). We further observe that

0—1]

ord, ()1 0l = m o, (g[ 0 ](r)m)[?‘ol] +n-ord, (g[l/ON](T)HN)[

1/N

= mond, grup (Y oy g g ()

by Proposition 2.1 (iii)
= 6NmBy(1/N)+ 6NnB2(0) by Proposition 2.1 (iv)
= ord, (g1 o]

= Ol"dq g(T)[Z :g]

0
1

o]
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= m-ord, (g[I?N] (7‘)12N)[ ‘] +n-ord, (g [%N] (T)lQN)[d )
by Proposition 2.1 (iii)

= 6NmBy((d/N)) +6NnBy({b/N)) by Proposition 2.1 (iv)

= 6NmBy(1/N)+ 6NnBy((b/N)),

from which we deduce that b = 0 (mod N). Hence v represents the iden-
tity elements of Gal(C(X (V))/C(X(1))). Therefore, we conclude by Galois
theory that g(7) generates C(X(N)) over C(X(1)). O

REMARK 3.2. (i) Since g(1) = 97,9 ](7)12ng[1/N](T)12N” is inte-
1/N

gral over Z[j(7)] by Proposition 2.1 (v), g(7) an(él J(T) give rise to
an affine singular model of the modular curve X (N) over Z.

(ii) On the other hand, Ishida presented in [?] that if N > 6 and ey =
(3+ (=1)N)/2, then

CX(N)) = C(Xa(7)™, X3(7))
where

N— 19{2/%]( 7)
Xy(r) = ™= N)/2NH o~

o 9™
N1 9133 1(7)
X3(1) = emU=N/N {t/N} '
=0 QMH(T)

He further showed that X3(7) is integral over Q[Xo(7)V].
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