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Simultaneous current measurements in a 4 4’-bipyridine single

molecular junctions?
Taekyeong Kim?

Abstract

We measured simultaneously the current for 4,4’-bipyridine single molecular junctions using a scanning tunneling
microscope-based break-junction technique (STM-BJ). We also demonstrated the transmission curves of the single
molecular junctions for high and low conductance geometries. We found that the conductance depends on the

bonding geometries for the 4,4’-bipyridine single molecular junctions.

Introduction

The molecular energy alignment relative to the metal Fermi level (Ef) is crucial for
understanding the transport mechanism between molecules and metals in organic-based
devices.[1-4] The electrical or thermal properties of single molecule attached to metal
electrodes have been measured by elongation and breaking the metal-molecule junctions
using mechanically break junction (MCBJ) and scanning tunneling microscope break-
junction (STM-BJ) techniques.[5-7] However, a quantitative determination of the energy
level alignment (E = Eresonance - Er) during the molecular junction elongation is not easily
accomplished.[7-11]

Here, we investigated the E changes during molecular junction elongation by measuring
multi-1V curves based on STM-BJ. The conductance trace for 1,2-bis(4-pyridyl)ethylene

molecule which conduct through the lowest unoccupied molecular orbital (LUMO) has a
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negative slope in the junction elongation, so it is divided into three regions, each having
high, middle, and low conductance, respectively. We determined the energy level alignments
in each region by multi-IV measurements with a temperature gradient. We found that the E
of the molecular junction is getting close to the Au Fermi level with decreasing a
conductance. These results provide the first quantitative E measurements in the molecular

junction elongation and evolution.

Experiments

(a) (b)

s o
‘ Eﬁf 7 tat
.‘-‘:' "t,:
Ay
% ‘ g
& »He
(»L’f»‘J F'L.Ckl—'

Figure 1. (a) 4,4’-bipyridine molecular junction formed with Au electrodes for high geometry.

(b) 4,4°-bipyridine molecular junction formed with Au electrodes for low geometry.

We used Au-film (100 nm) coated SiO substrate and freshly cut Au wire tip (Alfa-Aesar,
99.9985% purity) as metal electrodes for conductance measurements based on a modified
STM-BJ setup. A sharp Au tip is brought in and out of contact with a Au substrate which has
1,2-bis(4-pyridyl)ethylene (Sigma-Aldrich, 99% purity) molecule deposited by thermal
evaporation in ambient conditions. The Au metal point contact with a conductance of ~10 G
is created by moving the tip into the substrate, then tip is withdrawn from the substrate at a

fixed speed of ~25 nm/s with an applied bias voltage, resulting in a conductance versus
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displacement trace.[12-14]
Figure 1(a) shows the molecular junction geometry for high conductance (red) and figure

1(b) shows the molecular junction geometry for low conductance (blue).
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Figure 2. (a) Normalized conductance histogram for a 4,4’-bipyridine molecular junction. (b)

Multi-1V curves with a molecular junction.

Fig. 2(a) shows individual conductance histogram of 4,4’-bipyridine molecular junction
measured with an applied bias voltage of ~50 mV. A clear plateau is seen between 102 Go
and 10* Go due to the formation of stable molecular junctions. The dashed black lines are
linear fits to the molecular steps which have a negative slope during the junction elongation.
To statistically analyze these slopes, the histogram was generated by using over 1,000
consecutively traces without any data selection. Fig. 1(b) shows the normalized histogram of
the conductance slope determined from the linear fits to the molecular step. The black dashed
curve is the Gaussian fit to the histogram. We obtained the most probable slope is around -

1x107 Go /nm from the Gaussian peak.
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Figure 3. (a) single IV curve for high conductance geometry of a 4,4’-bipyridine molecular
junction.
(b) Transmission functions for the high (red) and low (blue) conductance

geometries.

Figure 3(a) shows the single 1V trace of high geometry conductance molecular junction (red)
and the dashed line is the fitting for the trace. Figure 3(b) shows the transmission curves for
the high (red) and low (blue) conductance geometries for the 4,4’-bipyridine molecular
junction. The zero bias conductance values are indicated by the black dashed line, which

means that the red curve has the higher conductance value compared to the blue curve.
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Figure 4. (a) IV curve for high geometry of 4,4’-bipyridine molecular junction. (b) IV curve

for low geometry of 4,4’-bipyridine molecular junction.

Figure 4(a) shows the IV traces in high conductance geometry. The most probable
conductance value obtained from the Gaussian fits (black curves) is ~0.43 Go for region “1”
and ~0.28 G for region ‘“2” and ~0.19 Gy for region “3”, which decrease during the junction
elongation as shown in the inset. Figure 4(b) shows IV traces for the low conductance

geometry. The blue curve is the fitting line for the histogram.

Conclusion

We have simultaneously measured current for the high and low conductance geometries for
4,4’-bipyridine junctions using an 1V based-method. We obtained the histograms and multi-
IV curves for high and low conductance of bipyridine which have a Lorentzian shaped

transmission function.
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ABSTRACT: The genus Pseudomonas, belonging to the phylum Gamma-proteobacteria, was described as gram-
staining-negative, rod shaped and motile. The memebers of the genus Pseudomonas have been isolated from various
environments, including soil, plant, animal, water and air. In this study, 8 bacterial strains were isolated from
Pleurotus ostreatus. The isolated strains were designated as HMF3872, HMF3877, HMF3881, HMF3880,
HMF3885, HMF3892, HMF3893 and HMF3897, and identified by using 16S rRNA gene sequences. Phylogenetic
tree based on 16S rRNA gene sequences showed that eight strains formed a lineage within the genus Pseudomonas
(>99.7% sequence similarities). The isolated strains grew optimally at 30°C and pH7. The major fatty acids were Cis,
summed feature 3 (comprising Ci61 w7¢ and/or Ci1 w6c), Ciz, cyclo and summed feature 8 (comprising Cigaw7¢
and/or Cyg1m6c). 7 strains (except HMF3885) were protease activity positive, and 6 strains (except HMF3880 and
HMF3885) were esterase activity positive. This study suggests that these results can be used as basic information for
understanding the genus Pseudomonas strains ability.
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Pseudomonas <4< Gamma-proteobacteria ol 43l IFoZ 1% 24,
3714 2t FEjolw FA Holw Zol EAHolth. Aaw7kA &Il type
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cyclohexane ™} xylene, toluene, heptanol©] EAjaj %= AEo] 7hssh A o= e zlal
P. putida S12%= xylene ¥} toluene, heptanol, dimethyl phthalateol] th3le] W/do] 9=
AoR HuHEJH. 2 {F7]E&w A AdE /18 Wd 54AE
Aste FAANAE Pseudomonas ol Foh= wECl AEI ATk (Joo,
2015).

LR oY ESoERY od #a Airs Ak HAA wHdE P
simiae G1-109} P. taiwanensis Y1-4, P. koreensis Gwa2+= total petroleum hydrocarbon
(TPH)oll &

EdoA #EE Mt FolA A Pseudomonase] UH-i=  antibiotics<t
biosurfactant 7]%5S &}+= Cyclic lipopeptides (CLP)S AAtal= Aoz oelx] vk
CLP &= F7F 2 1 5o g Ad4E &3HA Pseudomonas 7}
Aiket= CLPY F79F 7lsol Al 7FA19 biotypeol] ot A= UElntt
(Nielsen et al., 2002).

Fe BileS Hole Ao ® HiuHEAYt (Phametal., 2014).

o]9]o = Pseudomonas TT= ©]&3 AE AFAY T el HAAME=
o]Fo] =31 )t} Pseudomonas 2] TFF3E 5= WAlo] Ao Fo3dk JEIS

gdaslar o, 1 FolA % P putida®t P. tolaasiis= mycelium colonization<
7hestAl dvtar BauE iy =ehe] WAl st vhddt AldA AW
F2 HAAS 714 dFA Pseudomonas ol o8] dojuw, 1 Fo A, 71
AZEeE Aul MdA ZAFHHS Pootolaasii®t P oreactans ©] 9o &= Uhek3dk
Pseudomonas ol ¢]a] Yojtttar ® ¥ ¢ltl (Mohammad and Sabaa, 2015; Mu
et al., 2015). Z4 FYHS 19159 Tolaase]l 9Jdte] ASo® HuE o,
ek WA Qelx FFo], A WA FexxE wHEn. A
Pseudomonas & ©]&3 ®Alel] yEl= A FHBES WA s A, Al
Qs X8 nAEY A7 W QT (Lee et al., 2014a; Lee et al.,
2014b; Zaenejad et al., 2012). ©]* ¥ Pseudomonas %5 ©]-&3 A7} &4t
AegPFolm 1 &&E 3 & FoE 7

BooAgto| = Elg] WAoA E2]ld Pseudomonas ol &3tE T 8%
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Yoz olfe ABWANA wAT BAHm, ALy 54 2 o
al

1 7 9
“Elg WAL 05% NaCl £o] Wil 3%7F vortex 3F¢Ith o] & 100%-E
10744 =242 3] AW S o] 83Fo] Tryptic soy agar (TSA; Difco)ol] =23 %

30°Coll A wigFste] g = Eleklh

2. B89 79 16SrRNA 7144 2 AlE &4

23 7= TSAolA 287 30°CZ v gdt & A&k colonyE o] &3t 16S
RNA %5 9138 colony PCRS F3alalqlth. 52 7|4 Y-S EzTaxon-e server
(http://eztaxon-e.ezbiocloud.net; Kim et al., 2012)o w&} TS 543313, GenBank
(http:/incbi.nim.nih.gov)2] databaseol Al P71 LS Qs 7]Eo] LA
HFFEN FEE dFY ATEAEA ARRAE 9etetr] 9@ MEGA version 6
programS- 53Fo] HE3} I (Tamura et al., 2013), neighbor-joining method (Saitou

and Nei, 1987)5 Al&3le] AE=ZS AT

3. Fe) B AEstetA 54

#59 FHa EAS dotr 7] 9ete] Gram stainingS A8 TE (Hucker,

1921). 2l 77 HA AY A dolry] flte] L&, pH, FEEE

2718 24 #59 AF ALE FAEITL 225 4°C, 10°C, 15°C, 20°C,

25°C, 30°C, 37°C, 42°C= Z}7}t hejsto] wieFabalaL, pHe wiF o] pHA-pH107H]

pH1% Zpol5 ol viFsigivh ®oh, dF §k 0-2% oAM= 05% HAo=,
E
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Catalase®} oxidase &3-S SAsh= A¥S WSt (MacFaddin, 1980). Urease
g918t7] s urea$t phenol red7t H7bE agar WiAIE AFESFQITH
(Christensen, 1946). Bl #|oll & HF3FaL 30°C 247t v g3te] A Fwo]l HA
H3l= o= urease 4 oF-E stk &3 A2 (Fluorescent pigment)E

Egeta gleA HeA5h] fskel, Ve EAbsel Baslth
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Pseudomonas #E¢] A FaleS FolR7IHSA The 2 o
Hj A & o] &3t

A (protein) w3 TE -2 Skim milk agar WA E AL&ElItE TSAS
7B A2 &to] Skim milkE 3% FHriste]l 1t Had ¥ oHEZU
F-F35he] AL&3st T (Alnahdi, 2012). ¥l Aol & HEakaL 30°Co A 2 w3k

it (starch) &3l 58 HALS TSAE 7|E2HIX]Z 3}o] soluble starchE 1%
A7rel]l A E HEdrk wiAel 7 AEskal 30°Cel A 2 vl ¥FE F Lugol’s

iodines %2 u Mo wWaE #FAsSTh. Starch7t EAEE a2 g

A 2 7hedE ZobEI] 918 Tween 80& 1% F7bste] wWiAlE whEAL,

AL T agste] oA Fo] BAAA WE= SR esterases] A AHE

A& 2 2 (Cellulose) w3 58S AA37] $15Fe] CMC (carboxymethyl cellulose)
agar WiX|E A|Z3}Th (Ariffin et al., 2006; Sazci et al., 1986). TH= CMC agar
Hj Ao #FE FHEFste] 30°CollA] 5UzE wiYsilon el A 0.1% Congo

red= 2087+ 233 G T 1M NaCl fdo=zm 1587+ A=At
AZZ A7 FalE 79 T dAHE TS s
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719 (chitin)e] &3 TS #HAst7] <S4 Chitin agar #iAE AR&SESATH
Chitin agar WA= 1LE 7] S = Yeast extract 0.2 g, colloidal chitin 2 g, agar 20 g,
(NH4);S0s 3 g& #H7lsle]l pH 72 ZAsu uy "3 = HAELHUH
F-F35}o] A3}t Colloidal chitin Tanaka et al. (1999)¥} Sandhya et al. (2004)°]
AN WS wEt Axzsgih wHEe(X Chitin agar wWiAdl & HEHA
30°Co A 5UzE HjFatglon, FRld AGE= T3S 2l

FelE Al dd A A FAE Baver-Kirby Tl ikl #3514
2 A8t} (Baver et al., 1966). #7273 TSA plateo] =23t 5 zhzbo] &84 7}
e "aaE SEwal 30°CelA 24A1F wiFE & oAt AAES
=A3s Ak A A Fel AFRE B A] U] 2= (pg/dise, Liofilchem): ampicillin
(10), chloramphenicol (30), erythromycin (15), gentamycin (10), kanamycin (30), penicillin
G (10 IU), rifampicin (30), streptomycin (10), tetracycline (30), vancomycin (30) <
1074 & A3kl

BalE g0 A uAkS BAE7] YslA tryptic soy agar (TSA)oll A Hl &3} o
WA v)¥3h, wWEst @ 333 5 MIDI/Hulett Packard Microbial Identification

o

SystemS- o] &3}o] 293} t} (Sasser, 1990). Sherlock softwareS ©]-&3}o] 24
chromatogram¥} data® 44 2 A= 43131, ol & librarys} tzxshe] 2| Waks

EEL TS
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=ehe] AN R #FE E2g § 16S IRNA f7|Adel 78t ST
A3} 8% w57} Pseudomonas ol Fdh= Ao® YER A AHEE A
71l Aol 1469-1478bpE. T ek ZHolo] A7IA o] EAlel AREETH
HMF3872 5+ P.simiae OLi"®} 99.9%¢] frAFEE H.§lil, HMF38773 HMF3881
< P. azotoformans 1AM 1603"%} 99.7%°] FAF=E eI HMF38802 P.
costantinii CFBP 57057¢} 99.7%, HMF3885-> P. putida NBRC 141647} 99.9%,

rr

HMF3892, HMF3893, HMF3897-& P. yamanorum 8H1T¥} 99.9%°2] HA=Z 7FA ).
16S RNA Q7IAES 7|22 Aess #Aste ®g¥ #5759 7]E9
Pseudomonas %S 2 HIH type strains3 AIAIAAE EASISY (Fig 1).
HMF3885+= 16S rRNA 72k 9714 Do] #AFS P. putida NBRC 141647} A &2
Asta Aol E=A uEbSal, HMF38773 HMF3881< P. azotoformans IAM
1603", 1] 3 HMF3892, HMF3893, HMF3897-2 P. yamanorum 8H1™#} 7}7} =& o
WAdol yEbgth wbE, HMF38803 HMF3872% @714 <dol 714 7178 type
strain®] o} P. lurida DSM 158357, P. extremorienalis KMM 34477=} Z}Z} A 34 o]
o Ao Yt

g 8F] FFolA I A4 Mt FEHE s, A 5SS

H| 13} th(Table 1). &34 HMF38729F HMF38500] A7t Uvel w53 &3S

i

=9t} HMF38859] AL 10°C-37°CE 3¢5 3 HMF3892% 4°C-37°CE

UElRtth o] 7 775 ALg 659 FTollA T 4°C-30°CE FRlE o, A
2L 8% EF 30°CYS Xl pHE HMF3872%F pH7-pH8ol A A4&bar, of
2 7E°] T pHT-pHO M sl Ao R YEhdth disiel ne A%
< EE TF7F 0%-3%°lA Skl API 20EE ©] 83k Ay arginine

dihydrolase$} citrate utilization< 3% % © & positived & 221549 1L, B-glactosidase,
lysine decarboxylase, ornithine decarboxylase, H.S production, urease, tryptophane

deaminase, indole production, acetoin protein, D-mannitol, inositol, D-sorbitol, D-sucrose,
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D-melibiose, amygdalin, L-arabinose™= ¥ &% 2.2 negativeZ2 75 YEFSITE 1 9] 2]
nitrate reduction, gelatinase, D-glucose, L-rhamnose] Z23}= =}o]& X It} Gelatinase
+ HMF38850 4 negative 235 K AARF HMF38855 A9ldk 759 ol A
positiveS YEFN 3L, D-glucose= HMF38729} HMF3885, HMF3892¢l 4 positive 2
= gArh, g2 55E negativeE K Tl L-rhamnose™= HMF3893%F o] &3}
Ao 2 et} nitrate reductione HMF3872, HMF3877, HMF38819l 4] postiveS
Uehn, o 5% A negative 23S ®.th Oxidase$} catalase A|&oA:E &
T FTEoRZ positive A}E YERNSUE UreaEs ol 83t=AE Qe Ay
HMF3885%F HMF3892 5%+ ureas ©|&at= 21 o= UEb%Eal, CM-celluloset
chitin, starch”} ¥Hir¥l WA & o]&sto] 1 Ealse AP A3 9 859
TFoA B F3sA] = O R A cellulase2} chitinase, amylase2] &4do] §l&
S Felatlth W, HMF3885E5 A9l dk 759 = caseing Walstol TR

UEH A caseing Bt §47F 980 g% 93, HMF38802 HMF3885

o

s

Tween80s AF8-31A] kAR T2 652 esterases 7HAaL & o= &
ol Hdtt. A #FeAS &<1s A3} ampicillin, chloramphenicol, erythromycin,
penicillin G, rifampicin, streptomycin, vancomycinol| A 2]+ 8% =% WA S 7FHA
Gentamicin< HMF3877, HMF3881, HMF3885, HMF3893, HMF3897°] 42 715 4]
T OgE 3F9 #FdAE Z5AS 7HEY Kanamycin® S, HMF3872,
HMF3877, HMF3880, HMF3881, HMF3893, HMF3897¢l| 4 WA o] yElytar, o 2
%21 HMF3885, HMF3892%F 7H=AS K. It} Tetracyclin> HMF3872, HMF3877,
HMF3885, HMF3892, HMF3893, HMF3897°14 WAS eI, HMF38773%
HMF3880°l 4] #+4d5 <2l gith
T8 Ak B8E 8% EF Cieo, Ci7o cyclo, summed feature 3 (comprising Ciea
o7c and/or Cie:1 w6c), summed feature 8 (comprising Cis1 w7c¢ and/or Cig1 06¢)©] <=3}
AT} (Table 2).
oAl AFEE 8F ] W e FHlel AEed 54 E A 248 oA
el

A
Aoz FASAIRE, HHo] Ao A= xto]lE H Y. 53] P. putida HMF3885+%



02 759 475 ARz W Aoz FRIEal, 4°Col| A= AHEkA
grom, 37°Co|A AFsE 5AS W T3 caseing HasHA] Estal
gelatinase &A4do] etz fowid & 733 Frod AolHE wYth
HMF3885¢} 7l A et4 o2 717he P. putidai= 2] B3] 259 A4S =
AAZIAY WS WAlsle B vAE R B35 tH(Glick et al., 1997; Roca et
al., 2013). WE3H HAl9 A FAATIE AAEE ML e slewm u
A TH(Cho et al., 2003; Zarenejad et al., 2012). wehA], HMF38859} 21 &, WAl 79| %
2HgS iyl 9 FrEAQ A Zestt 2 ATE Sl ASEAs
, AEEE SAS g@lsidla, F7HAS drE EFEiA fietA AreE S
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Table 1. Differential characteristics of Pseudomonas spp. isolated from mushroom.
Strains: 1, HMF3885; 2, HMF3880; 3, HMF3872; 4, HMF3877; 5, HMF3881; 6,
HMF3892; 7, HMF3893; 8, HMF3897. All data fromin this study under the same

experimental conditions. +, Positive; -, negative; R, resistant; S, susceptible.

Characteristics 1 2 3 4 5 6 7 8
Growth at 4°C - + + + + + + +
Growth at 37°C + - - - - + _ _
Growth with pH9 + + - + + + + +
Fluorescent + - + - - - - -
Hydrolysis of

Casein - + + + + + + +

Tween 80 - - + + + + + +

Urea + - - - - + - -

API 20E results

Gelatin liquefaction - + + + + + + +
Nitrate reduction - - + + + - - -
D-glucose + - + - - + - -
L-rhamnose - - - - - - + -
Antibiotics
Gentamicin (10 pg) R S S R R S R R
Kanamycin (30 pg) S R R R R S R R
Tetracycline (30 pg) R S R R S R R R
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Table 2. Cellular fatty acid composition (%) of Pseudomonas spp. isolated from mushroom.
Strains: 1, HMF3885; 2, HMF3880; 3, HMF3872; 4, HMF3877; 5, HMF3881; 6,
HMF3892; 7, HMF3893; 8, HMF3897. Data were obtained in this study under the same
experimental conditions. Only fatty acids amounting to at least 0.5 % of the total cellular

fatty acids of at least one of the strains are shown. tr, Trace(<0.5 %).

Fatty acid 1 2 3 4 5 6 7 8

5.3 41 34 4.8 44 34 3.3 3.6
Ci20 2.8 53 2.7 4.2 51 5.0 3.3 41
Ciz:02-OH 7.6 4.6 5.2 7.5 5.8 4.2 51 4.7
Ciz:0 3-OH 53 54 49 6.6 5.9 5.1 4.8 51
Cua0 0.6 tr 0.5 tr tr 0.6 05 0.6
Cis0 24.6 27.8 29.3 23.6 24.1 28.6 28.6 28.1
Ci7.0 cyclo 18.3 12.0 17.4 14.0 11.0 12.2 16.0 11.9
Ciso tr tr 0.5 0.6 tr tr 0.5 tr
Cigo cyclo ®8c 0.5 0.8 0.9 tr tr 0.6 1.0 0.6
Summed feature 3* 20.4 28.4 22.2 25.3 30.8 27.9 24.9 28.9
Summed feature 8 12.0 9.5 10.8 10.5 10.3 10.8 10.6 10.6

* Summed feature represents two or three fatty acids that cannot be separated by the
Microbial Identification System. Summed feature 3 comprised Cis.1m7¢ and/or Cie:1006C.

Summed feature 8 comprised Cig.1m7¢ and/or Cig.106C.
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(a)

Pseudomonas guariconensis PCAVU117T (HF674459)

Pseudomonas putida IAM 12361 (D84020)

IHMFSSSS

Pseudomonas oryzihabitans IAM 1568T (D84004)

o3 | Pseudomonas fulvaNRIC 0180T (AB060136)

Pseudomonas parafulva Al 2129T (AB060132)
{ Pseudomonas mosselii CIP 105259T (AF072688)
79 Pseudomonas soli F-279,208T(FIF930598)

Pseudomonas entomophila LAST (AY907566)

Pseudomonas monteilii CIP 104883T (AF064458)
Pseudomonas plecoglossicidaFPC951T (AB009457)

Pseudomonas taiwanensis BCRC 177517 (EU103629)

0.001

(b)

Pseudomonas palleroniana CFBP 4389T (AY091527)
Pseudomonas tolaasiiLMG 2342T (AF255336)

Pseudomonas cremoricoloratalAM 15417 (AB060137)

Pseudomonas luridaDSM 15835T(AT581999)
HMF3880

g0 | Pseudomonas poae DSM 149367 (AJ4928290
Pseudomonas trivialis DSM 149377 (AJ492831)

Pseudomonas salomonii CFBP2022T (AY091528)

Pseudomonas simiae OLiT (AJ936933)

Pseudomonas extremorientalis KMM 34477 (AF405328)
78 |HMF3872

—
0.0005
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HMF3877
80 l HMF3881

Pseudomonas azotoformans IAM 1603T (D84009)
Pseudomonas orientalis CFML 96-170T (AF064457)

74 Pseudomonas cedrina subsp. fulgidaP 515/12T(AJ492830)
¢ | pseudomonas chiororaphis subsp. aurantiacaNCIB 10068T (DQ682655)

Pseudomonas migulae CIP 105470T(AF074383)

Pseudomonas mucidolens IAM12406T (D84017)

Pseudomonas synxanthaIAM123567T (D84025)
Pseudomonas libanensis CIP 105460T (AF057645)

Pseudomonas panacis CG20106T (AY787208)
Pseudomonas gessardii CIP 1054697 (AF074384)

Pseudomonas proteolytica CMS 64T (AI537603)

Pseudomonas brenneri CFML 97-391T(AF268968)

Pseudomonas yamanorum SH1T(EU557337)

HMF3892

HMF3893

HMF3897

—
0.0005

Fig. 1. Neighbour-joining phylogenetic tree. Phylogenetic position of isolated Pseudomonas
spp. within the genus Pseudomonas based on 16S rRNA gene sequences. (a), strain
HMF3885; (b), strains HMF3880 and HMF3872; (c), strains HMF3877, HMF3881,
HMF3892, HMF3893 and HMF3897. Thiopseudomonas denitrificans X2T (KJ567598) was
used as outgroup. Bars, (a), 0.001; (b), 0.0005; (c), 0.0005 substitutions per nucleotide

position.
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purfi. pepA. argi?

HOOy — 2 Carbamoyl 28] Cabamo V0, Dihwdro  AYEL Lo
phosphate vi-asp QOrotic acid l -
pyrE
OMP
11)}4‘
ndk Sk uak P vap =
RNA e—— s UTP <+ UDP+_2* UMP *=—— uridine <+ uracil
Dlacylg@gerol- G
CMP 3-phos@hate oY Tcdd codA
c I CMP 42 cytidine —— cytosine
- 1A il
cth /
”'UDI nraAB
CDP- diagdiglycerol ‘
v 2PO4 dCTP 2=t \dCDOP&m=g dCMP“mm;;m_m*dcytidine
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ded cdd
dUTP <22 duUDP dUMP «—Z— > duridine
DNA aut l thyA
dTTP <+  gTOP+ gTMP +—25 tdr “~22» thymin

Figure 1. Pyrimidine metabolism. pyrA : carbamoylphosphate synthase, pyrBI : aspartate-
carbamoy!l transferase, pyrC : dihydroorotase, pyrD : dihydroorotase hydrolase, pyrE :
orotate phosphoribosyltransferase, pyrF : OMP decarboxylase, pyrG : CTP synthetase,
pyrH : UMP kinase, cmk : cytidine monophosphate kinase , ndk : nucleoside diphosphate
kinase, dcd : dCTP deaminase, nrdAB : ribonucleoside diphosphate reductase, dcd : cytidine
deaminase, dut : deoxyribonucleotide triphosphatase, yfbR : 5’-nucloetidase, thyA :
thymidylate synthase, deoA : thymidine phosphorylase, deoD :purine nucleoside

phosphorylase, purR purine operon repressor, pepA: pyrA repressor (aminopeptidaseA),
argR: arg operon repressor
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=
. AFE #F 2 plasmid

1
B =Fo o] &3 E. colistrains ¥} plasmid &= Table 1 ¥} Table 2 ol |3} t}.

R fF2 AFE3E BLdu & thymidine 7 2ol Ba¥E thymidine A4

5 BLdtu °ll tdk (thymidine kinase) 25 Hdske] THE strain o] #(6), ©]F-

F7F4 <1 gene disruption ¥} ] ot el ARgsElT

E. coli XL-1 blue (Stratagene, La Jolla, CA)+= & ¥ E A 2}S 9|38k cloning host =

AH8-3F4 2.1, LB (Luria Bertani) medium (5g/L yeast, 10g/L Bacto tryptone, 10g/L
NaCl)oll A 2 gof wel s34 9} thymidine = % 7Fste] vl <3St E. coli

expression vector &= ampicillin A 34 3 2& 7+ pETDuet(Novagen, Madison,

WI) vector & A3} )

Table 1. Strains of E. coli

Strains Description Reference

XL1-Blue recAl endAl gyrA96 thi-1 hsdR17 Stratagene
SupE44 relAl lac [F’ proAB lacl gZ4
M15 Tn10 (Tetr)]

BLdu BL21 AdeoA Audp This study

BLdudcT BL21 AdeoA Audp Adcd Accd AthyA This study

BLdudcT-2 BLdudcT harboring pETD:: PgCp This study

BLdudcRPAT BL21 AdeoA Audp Adcd Aced ApurR ApepA — This study
AargR AthyA

BLdudcRPAT-2 BLdudcRPAT harboring This study
pETD:: PgCp

BLdudcRPADAT BL21 AdeoA Audp Adcd Adcd ApurR ApepA  This study
AargR AdeoD AcodA AthyA

BLdAudcRPADAT-2 BLdAudcRPADAT This study
harboring pETD:: PgCp

BLdudcRPADAT-4 BLdudcRPADAT This study

harboring pETD:: CpNr
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ot

Table 2. Plasmids

Plasmids Description Reference
PETDuet ColE1 replicon, bla Novagen
pETD::PgCp PETDuet pyrG yfbR operon This study
expression under tac promoter,
bla
PETD::CpNr pETDuet yfbR T4nrdCAB This study

operon expression under tac
promoter, bla

2. PCR fragment Al 2}

PCR HF-§-91-2 20ul o 1U thermostable DNA polymerase (Roche Molecular Biomedicals,
Basel, Switzerland), 20mM Tris(pH8.4), 1.5mM MgCl;, 1uM gene disruption primers,
0.2mM deoxynucleoside triphosphates, 0.5ug/ml pKD3 & <3sle] a1, vk
Z71-& 94 (5min), [94 C (1min), 60 C (1min), 72C (1min 30sec)] 30 cycle,

72°C(2min) o2 4=3J 319 t}. PCR fragment = Dpnl 2 *]2]&}9] template & A}-&3F
plasmid & A|Ag & dgte HHo 2 5533t

3. & vector A=}
3.1 pET::PgCp
Z} 2heko] Nceol, Sall &2 flanking ¥ pyrG primer S ©]-8-3lo] BL21 & 24 -E

PCR 3+ pyrG 2 &= pET vector 2] Ncol, Sall site ©l| ligation 391 t}. YfbR

d

A= o el zHzE Ndel, Xhol ©] F7FE primer & ©]-8-3}o] BL21 & Z4-E

Ho

o

CR 3%k % Ndel, Xhol &2 %&} ligation 3} C}.
Z} primer ©] A &2 Table 3 9} Zt}.
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Table 3. Primer sequence for expression vector construction.

Primer Sequence (5°—3°)

pyrG F-Ncol ggccatggggacaacgaactatatttttg

pyrG R-Sall ggatcgacttacttcgectgacgtttc

yfbR F-Ndel ggcatatgaaacagagccatttttttgc

yfbR R-Xhol ggctcgagttacagcggtgaatcctgg

RBST4nrdC F-Sall gggtcgacaaggagatataccatgtttaaagtatatggttatgatagc
T4 nrdA R-Sall gggtcgacttacaatttacacgctgcacaatc

* Underlined sequences are restriction enzyme site sequence.

3.2 pET::CpNr
Intron ©] #| A ¥ T4 nrdB(6)= PCR 3}4] pET::Cp vector 2] Ncol, Sall site ©|| ligation

A 3L, TAnrdCA = nrdC 9 H-Eo| RBS A ¥

o

33t primer & A% ol &

o] -8&-3}o] T4 phage DNA =8 F3%3% $ pET:nrdB, Cp vector ] Sall site =

4.1 flask Hlj <F

Deoxycytidine AAF 5= 50ml 9] LB #j#]7} E£3+¥ 250 ml flask ol 5 &3}
37TColA 8-9 AlZF Awl<k FITh vkl sml S A 2kul =] (glycerol 40 g/L, CaCOs
10 g/L, yeast extract 20 g/L, soytone 14.84g/L, MgSO.-7H,0 0.4g/L, and trace elements-
boric acid 0.05mg/L, CaCl, 0.02g/L, cobalt chloride 0.05mg/L, copper sulfate(5H,0)
0.01mg/L, manganese sulfate(5H,0) 0.5mg/L, sodium molybdate(2H,0) 0.1mg/L, zinc
sulfate 0.1mg/L, ferric chloride 0.02 g/L, ferrous sulfate 0.02g/L and pH 7.5 by NH,OH) 50



r.BL

aYe

ml o] 3Z3t¥ 250 ml baffled flask ol &3l 37T, 240 rpm &2 48 A7+ &

Hj stk thyA F227F AA" FF5 olF Aol iAol thymidine & 20

mg/lL 7} $|w== 3 7kskede,

427L Tax wek

Deoxycytidine A4t 5 150 ml & LB =7} E3-5 500 ml flask ol 7 &3}

37°Col A 89 A7+ Auj¥

L ¥r&7]elA 37T, 500 rpm,

3FATh Aufekel 300 ml & AAHERA] 3L 7} ¥dHE 7

wwm ZA0 2 52 A7k 3| EA oz w)ks).

pH & NH,OH & ©] &3} pH7.0 ]S #X 3= control 33t

5. Analytic method

Ao FEE FAe 35

spectrophotometer = 37 3}

=43 f 34mM S

o =

F=2 32kl 600nm elA OD &

Att CaCOsz 7} ¥38 Aaku x| #Ae] FEE

golo] ujofole 3 415e 600 nm °A] OD &

spectrophotometer 2 543} t}.

Deoxycytidine AJAteF #2412

DW o 3]43le] HPLC A

reverse phase column (Zorbox)<

o

mFol St uiFetol A cell & AAZ oS

2i2] 3} T Deoxycytidine & £33 d|ALS C18

o] g3te] HPLC 2 Falgich. AMAFoZE 1%

acetonitrile €S 1 ml/min &2 &8 265nm oA 20 ¥ 24135}
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243 4 1%
1. Deoxycytidine 472 2 #3= 913 AHA FARe g

il

Salvage 7 =9} dTTP FAAH=ZE 23+ BLdudcT, BLdudcRPAT, BLdudcRPADAT

il

T 2% deoxycytidine & AJAFsEA AW o] A¥= A ¥ deoxycytidine <
degradation & 9} A5t Fxol| 23 Aoz A3 AF13)olA deE Ak
A8 Ao A A2 thymidine auxotroph ABAF 7552 deoxycytidine &
ARste Hor FAARE 3177 st o, Lol vs) Aabde] A=
FATh 1 ol T stUE AR § 3lo] AXE oFA H7ta F=
thymidine &2 58 dTTP & 3%, UMP & F4% flux 7} UTP, CTP 74 &
=3k 7 CDP oA dCDP 2 9] ¥ flux 7} dCTP & AAdts Hox 523
U pyrimidine $jAHS B5F FFRE AlE oA deoxycytidine 2] A 4to]
Egd8dA 7] wfFolnt. 38 AAATFES B|vitt AE7F dEo] 9o
A5 A% nucleotide ol 2]l pyrG, nrdAB ¢ #2 A A= FAAke] wEol
AAE A 7F A}t weEbA deoxycytidine o WS F7HAI717] HsiA =

UMP oA dCDP 7}4] #45+E A& 45 3ty sld

]

s
229} FAlo| QA E dCDP ol A deoxycytidine &2 HIFHEE #td F4 5
TEAL 87t A
UTP & CTP & deamination Al7]+= pyrG & cell W 2] CTP level ol uwlg} 72314
Z2d e 542 484 Qon,CDP & dCDP 2 $UA|7]+= nrdAB = 73

2HE WUE 542 o] F 545 $7F A= A2 UMP A dCDP 714 €]
FAFS 52 5 o] ALK deoxycytidine FFE WHE7] A EHAA

U ed Zgiselnh AAZ T4
phage ol Al -8 723k nrdCAB & & 3}e], CDP -> dCDP -> dCTP -> dUTP ->
dUMP & oo x| =

hins

[e)
FE

olN

ZEA o2 10g/L o 2AAHA thymidine

%
At ANEe Bzt AJATH6). 12132 dCMP ol 4] phosphate &
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aYe

7Fea-3ll8lhe] deoxycytidine &2 1 3HA] 7] = 5’-nucleotidase = surE, yjjG, yfoR Al
TH7F €A d=d (9,10) L

% dCMP o] t] Hold& YEt= ybR FHAE A 2 st
deoxycytidine 2] A2 S Fol7| &2 Tt

1.1pyrG ¢} yfbR frd#te] &S 98 pET::PgCp vector A2t

pyrG ¢t yfbR & Z}Z} 1.6 kb, 0.6 kb AFo]=2] A= T7 promoter sfell Al #}at&
8} 4= 9l pET vector o] AFlate] @& WEl 2 A3} 5490t} (Fig.2).

WA BL21 wild strain 2] genomic DNA & 3 2 & 1.6kb 2] pyrG & PCR 3}7]
A3ke] o Weko] Neol, sall site S % 7138k primer & AF&-3}4] pyrG PCR product =
A AH(Fig.3-A). ©] PCR product = T vector ©l| cloning 3+ ¥ Ncol, Sall &4 2
2} pyrG fragment S 4] 3}aL, pET vector = vFZH7FA] 2 Neol, Sall &4 2 2}
+=H| g+ pyrG fragment & ligation ATl o] XL1-blue ©l| transformation 3}
ampicillin WA & YERH = transformant & A1 31o] pET-pyrG vector & 7} aL

5 135S tH(Fig.3-B).

s

o)
AR
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PCR product PCR product
of pyG gene of y?gR gene
.
T " A N A
A 4 "
pT vector Al | :\§| ' XL ;
Neat  Salf Heer A
Neol Sal T
Neo 1 Salil pETDuet
—
NcIOI Sf” NdleI xlhcl
Ndel | Ndel Xhol
pET-pyrG | | < pT-yfbR
Xhol 1
Neel  Safl
| |
N e
pET:Pglp

Figure 2. Construction of pETD::PgCp.
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3kb — "
2kb - — kb - <70
W < 1.6kb ;
1kb | - e 1kb 1kb
0 6kba-
- W 0.5kb
<pyrG= <yfbR> <RBSnrdCA=
M 1
10kb
& < pETDuet vector (5.4kb)
Enzyme; 2kb W o8 < /G gene (1.6kb)
reaction 1kb
(Ncol+Sall)
M 1
Yo - - < ETD::Pg vector
55 6.99kb)
pETD::PgCp Eney .me 1kb
 59kb reaction b
(7.59b) Ndel+Xhpl) . < yfbR gene (0.6kb)

yfbR 4 2% BL21 wild strain 2] genomic DNA = F3 o & < woko] Ndel, Xhol
site 2 713k primer 2 AL, 0.6 kb ©] PCR product 2 9 1 Tt}HFig.3-A). ©] PCR
product = T vector ¢l cloning 3+ ¥ Ndel, Xhol &4 % Z&} yfbR fragment S
=H]3}aL, pET-pyrG vector S Ndel, Xhol &4 % Zre} 1|3k yfbR fragment <}

ligation A|ZA T} ©] ¥ XL1i-blue l transformation &to] ampicillin 4] S YeER =
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transformant & A1 &}o] pET-pyrG, yfbR vector & & $1th(Fig.3-B). 183l ©]
vector & pETD:PgCp & a3t}

Figure 3. Characterization of pETD::Pg, pETD::PgCp.

(A) PCR of pyrG, CMPase(yfbR), T4 nrdCA gene.

(B) Enzyme reaction of pETD::Pg. M : size marker,

lane 1 : pETD::Pg vector treated with Ncol+Sall.

(C) Enzyme reaction of pETD::PgCp, M : size marker,

lane 1 : pETD::PgCp vector treated with Ndel+Xhol.

1.2. nucleotide diphosphate reductase 7 2F29] & & 9|3k pET::CpNr vector #| 2t
PET::CpNr 2] A2+ Fig.4 ¢ o] 2 3a3}3It}h T4 nrdCAB 71 A= nucleotide
diphosphate reductase o, p subunit &2 T4 ¥ o] A+=dl, psubunit & NI L3I+
nrdB A Fol| intron & ¥3H3ka Q17] wjFoll vector S o] &3 WHEHS 7]
A= intron F-iE2] Al A ZHg] o] R 3FTH6). = =rell A= thymidine
ikt kel o] &% A7} A& intron & A A E nrdB {1 A7F MCSL ol
cloning ¥ pETD::nrdB vector & AF&3}31 U}

pET::nrdB vector 2] MCS2 cloning site ol &= % Zetell Ndel, Xhol £4E 28
yibR 222 A8t o m nrdCA +A 2= nrdB 222 3 F-Eo] ribosomal
binding site(RBS)E % 7}3}¢] sal I site ol 443 th nrdCA F A X}+= 2.7 kb 2]
7|5 7}A v, T4 Phage DNA S F8 22 PCR 3lo] A Ath(Fig.3-A). o] wj
AF-8-3F forward primer ©l = RBS A€ ¥} Sall site 7}, reverse primer ol = Sall site 7}

212} zakelol ek,



MNeol  Sall

pETD:nrdB PCR product of

nrdCA gene

RES

Sal Sal T

Figure 4. Construction of pETD::CpNr.

yfbR F A 29} T4 nrdCA FA2E & E cloning 3 ¥ -8 vector &=
pETD::CpNr ©]g} 3} 2™, Ncol, BamHI &4 = 22} 1.46 kb ¢ fragment 7+
e o A Aoz AW ORF = nrdCA7F AES &<l

3} TH(Fig.5).
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Ncol

nrdB )/’Sall M 1
'56 10kb < vector
jamHl (8.19kb)
pPETD::CpNr Ej‘.\ f:azcyt:r; 2kb - V——
(9.645kb)  © Nael (Ol 1Ko B (1.46Kb)
\Xhol [ —

sall

Ndel

Figure 5. Characterization of pETD::CpNr by enzyme reaction.
M : size marker, lane 1 : pETD::CpNr vector treated with Ncol+BamHI

1.3. pETD::PgCp vector &] A4t BLdudcT, BLAudcRPAT, BLdudcRPADAT of A 2]
gl
pyrG, yoR frdzte] &S &lsty] fls) A A4k <l BLdudcT,

BLdudcRPAT, BLdudcRPADAT ¢l vector & 3 =<5t z+zHe BLdudcT-2,

1

BLdudcRPAT-2, BLdudcRPADAT-2 &}a1 ™ ™ 3}
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60kda « pyrG
46kda
37kda
26kda
<« yfbR
18 5kda

Figure 6. Expression of genes in recombinant E.coli strains.
M : size marker, Lane 1 : BLdudcT-pETDuet vector (negative control)

Lane 2 : BLdudcT-2, Lane 3 : BLdudcRPAT-2, Lane 4 : BLdudcRPADAT-2

1.4. pETD::CpNr vector ¢] A4kt BLAudcRPADAT ol 4] 2] &

yfbR 3 T4 nrdCAB 3 #ke] Hd S Qletr] fls) A<

BLdudcRPADAT ©ll vector & @2 %9 3} BLdudcRPADAT-4 2}a1 ™3} t}.
0.5 mM IPTG induction & &3l T7promotor 258 &d S F=31%21 85kD 9
nrdA, 45 kDa 2] nrdB, 25 kDa 2] yfbR, 9 kda &] nrdC w3 &S 12.5% SDS-PAGE
gel & &3l 21 s Th(Fig.7)
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| -
0 8 <nrdA
B0kda = 5 3
46kda
‘ - <« nrdB
37kda‘ -
26kda 3
18.5kda
£ E
25
¢ <« nrdC

Figure 7. Expression of genes in BLdudcRPADAT.

M : size marker
Lane 1 : BLdudcRPADAT-pETDuet vector (negative control)
Lane 2, 3, 4 : BLdudcRPADAT-4 transformant

At ¥ deoxycytidine A3 AHeF H] L

1o
ro
o2

1.5. 9 T A
ol dd o) wyo| g
AAA S v sk Tl (Table 4). WA pyrG, yfbR ¢ ¥}d o2 UTP->CTP A&7}

Zt BAAF 2 flask scale ol A deoxycytidine

5
i
N

73tel Al ¥ BLdudcT-2, BLdudcRPAT-2, BLdudcRPADAT-2 ol A &5 300 mg/L
o]/%4¢] deoxycytidine A IS HA=H, ol oy dMAS FAE7] d 100
mg/L Fol A" Aol ulsf 3wl o] F7het £ ATH(13). o] 2A 9
il ge] uty o7 AATFAAAZZY flux Fol R er dojut
deoxycytidine 4 A =Z7bA] ool &S & F UTh

3k deamination 2 2 2] A A (BLdudcT-2)%F = 1S wX.t} feedback inhibition & #|

FAAE F712 A A (BLAUdcRPAT-2)3F 79 497.8 mg/L & ©l % 7} 3hslen,



r.BL

aYe

Y ] salvage enzyme = A A 3F 7 -9-(BLdudcRPADAT-2)= 510.1 mg/L &
H|=8kA S7Fsk s Sl SFiTh ol 24 A Al fHR; 2%

positive & 7%= ¢ 4 Ut

il

© 23 T4nrdCAB ¢} yfbR ¢ ¥+& o2 CDP->dCDP 2 2E 733 av
gelst7] flaf ekl Aol Aabde] 7Hd %W BLdudcRPADAT o &4
=9 3o BLAudcRPADAT-4 & A|%3}aL, BLdudcRPADAT-2 9} A4S
H] 113} ¢ tH(Table 4). Flask scale I 4] BLdudcRPADAT-2 ¢} deoxycytidine AJ42HAd S
|agk A3 pyrG & #dste] FAARE A8t S o 2o 52 588 mg/L 9
AR S B on o] ZH deoxycytidine ] AAAZ RO

jas

ins
flo
C
_|
P

-

>CTP Z 21T} CDP->dCDP ¢ A= Z37F ¢ axeels & 4 Ak 13y
deoxyuridine ©] 4+ Z7}7F AF iwol| = A et

Table 4. Comparison of deoxycytidine productivity between gene disruption mutants BLdu,
BLdudcT, BLdudcRPAT, BLdudcRPADAT harboring pETD::PgCp, pETD::CpNr.

deoxycytidine

stai ©ooom)  (mg) . podey
BLdudcT-2 48 28.2 308.3 10.93
BLdudcRPAT-2 48 34.5 497.8 14.43
BLdudcRPADAT-2 48 32.1 510.13 15.88
BLdudcRPADAT-4 48 38.3 588.9 15.38

Cells were grown in a baffled flask(500ml) containing 50ml of production medium for 2days,

which was maintained at 37 C and shaken at 240rpm.

2. Deoxycytidine AAHS £13F 7L-2tE oA o] 324 ujt
BLAudcRPADAT-2 2] deoxycytidine AAHA] S 7-L wta FolA &2lsl7] 9fs)
324 vl o kS FASA T Flask scale o] 4 7HE 2 Ak B

T BLAUdcRPADAT-4 1o} ojefjctul g o] Wk © & deoxyuridine ©] &1

o
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F77F 2% vehgy) wlEe] A4 e 23 dolAT B Ao RV F o

A A4S BY Ao F ALE ¥ BLAudcRPADAT-2 w72 AlAHA]

o

il

ol

LB Hi Aol A A et #55 & MdS AA 3L & wiF wix7r 289 7L
g o TFE 7|7 H NHAOH = o] &3] pH7.0 o2& =H3}
&5 500 rpm, S71#S lwwm 02 fAst HRE e &5E 37CE 489
j k3l ol Fig.8 o] VERE mEel 7ho] deoxycytidine ] AAFE- wjk Z 7)ol =
o] A A FE7 F7hehe A F A< primary metabolite o A TS
Yehlem, wiA] W thymidine ©] i ZE = AJHOR WOl 20 A3t o] Fol =

o] Aol A=A 7)o EddlH deoxycytiding & A4t HFELE FolEE Ao=R

jad)

¢

UERSTE 52 A1 HF L a e F A 5 X=(0D600)= 23.8, deoxycytidine <]

FE = 477.0 mg/L 2ok,
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Figure 8. Batch fermentation for the production of deoxycytidine by BLdudcRPADA-2 strain.
Experiments were conducted ina 7 L jar fermenter, which was controlled at pH 7.0 with
NH40H, agitated at 500 rpm and aerated 1vvm, respectively.

The gray line indicated a temperature (37 C). e: Cell concentration (OD600), m: glycerol
concentration(g/L). A: deoxycytidine concentration (mg/L)
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The Idempotent Relation for the Proof of

Urysohn’s Lemma

Seungwook Kim *'#8

Abstract

On a T'4-space an idempotent relation can be defined and due to the
relation the continuous function between topological space and [0, 1] sat-

isfying the property of Urysohn’s lemma can be constructed more cleary.

1 Introduction

As well known, the difficulty at the proof of the Urysohn’s lemma is based on
a complicate numbering of the sets satisfying the T'4-preperty. This numbering
gives a motivation to construct a continuous function f : X — [0, 1] such that
f(A) = {0} and f(B) = {1} for any disjoint closed sets A, B C X. To remove
this difficulty, in this paper, an another perspective on those sets is introduced.
That is a relation R on a topology 7 which satisfies R2 = R and is called an
idempotent relation. Due to this relation the continuous function can be defined
much more easily than the original method of the proof ([1],[2],[5],[6]). This
idempotent relation is satisfying the transitivity and intermediate condition,
namely, for all z,y € X with xRy there exists z € X such that xRz and zRy.
This conditions are the crucial tool to define a continuous function mentioned

above.

*Department of Mathematics, Hankuk University of Foreign Studies

TThis research was supported by the research fund of Hankuk University of Foreign Studies,
2016
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§Keyword idempotent relation, Urysohn’s lemma,
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2 Idempotent Relation

Definition 2.1. A relation R is called an idempotent relation if R- R = R.

Remark 2.2. The simple examples of the idempotent relation are any equivalent
and ordering relations. Note that <-ralation on Q is an idempotent relation, but
any idempotent relation on the finite subsets of R with at least two elements can
not be defined. It is obvious that the idempotent relation satisfies the transtivitiy

property.

Lemma 2.1. Let R be an idempotent ralation on a set X and E :={eg,...,en}
be a finite subset of R which is linearly oredered relative to <. Let ¢ : E — X
be a function preserving the relation < on E in X relative to R. Let z ¢ R\ E
such that min F < z < max F.

Then there exists a function @ : EU{z} — X with Y|g = ¢ and preserving

the relations.

Proof. Note that there exists k € {0,...,n — 1} such that e < z < egy1
and by the idempotent propoerty of X thete is ¢ € X such that p(ex)Re and
cRo(ep+1)-

Define
p(x) if x # 2

(p:EU{Z}—>X,3’Jl—>{ _
cifx ==z

Then obviously ¥ is the required function. [J

Theorem 2.2. Let R be an idempotent relation on a set X, and x,y € X such
that xRy. Then there exists a funtion from [0,1] N Q into X that preserves the

relations and associates 0 with x and 1 with y.

Proof. Let (gy,) be a sequence of [0,1] N Q with ¢o := 0,¢; := 1 and E,, :=
{eo,...,en} for each n € N. Let ;1 : B4 — X be defined by ¢1(0) = z,¢1(1) =
y. Then ¢ preserves obviously < in X. Hence by Lemma 2.1 a function ¢, :
E, — X preserving < in X can be extended to E,+1 = E, U {gni1}-

For eachn € N, ¢,11 € R\ E,, and 0 = min F,, < ¢p41 < max E,,. Thus the
functions ¢, starting from F; to ¢, : E, — X can be defined recursively that

preserves the relations and ¢, = Pn, for all m,n € N with m < n.
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Then ¢ := | J,,c @n is a function from [0,1]NQ = UJ,,cy Er into X preseving
the relations such that ¢(0) = z,¢(1) =y. O

Definition 2.3. Let (X, 7) be a topological space. For any open sets U,V € T
we say that U is strongly contained in V, denoted as U CV if U C V.

Theorem 2.3. In T4-space (X, 7) C is an idempotent relation on T.

Proof. Let U,V € 7 such that U T V. Then U C V, so that UN (X \ V) = 0.
T4-property of (X, 7) there exist W, V'’ € 7 such that U C W and X \ V C
VIWNV'=0. Hence W C X \ V' so that W C X \ V".

By X\ V' CV, we have W C V. Therefore U C W and W C V.

Let UUV,W € rand UC W and W C V. Then U C V and V C W. Hence
UCW thatisUC W O

3 Urysohon’s Lemma

Lemma 3.1. (Urysohon’s Lemma) If A, B are disjoint closed sets of a T4-

space (X, T), there exists a continuous function f from X into [0,1] such that

f(A) ={0} and f(B) = {1},

Proof. Since (X, 1) is a T4-space, there exist U,V € 7 such that A C U, B C
Vand UNV = (. Then U C X \ V, hence also U C X \ V.
From B CV follows X \V C X\ B, hence U C X \ B,ie U C X \ B. By
2.3 C is an idempotent relation.
By 2.1 there is a function [0,1]NQ — 7,¢ — Uy wjth Uy :=U,U; := X \ B
so that the following property holds.
For all ¢,r€10,1]NQ,¢q <r implies Uy, C U,.

Now let for every x € X

K(z):={qlg€[0,1]NnQ,z € U} U {1}.

and

f:X —1[0,1],2 — inf K(x).
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First, note that r € K(z) — f(x) < r. We will show that for all r €
0,1]NQ,z € X r ¢ K(z) — r < f(z) by contraposition.

Suppose r > f(x). Then there exists ¢ € K(z) such that ¢ < r that means
U, C U,. Hence z €C U, C U, C U,. Therefore z € U,, i.e. r € K(z).
It remains to show the following.
(i) f(a) =0 for all a € A.
(ii) f(b) =1 for all b € B.
(iii) f is continuous.
(i) By A C U, for every a € A a € U = Up. Hence 0 € K(a) that means
) = inf K(a) = 0.
(ii) Let b € B. Then b ¢ X\ B =U; and b ¢ U, for all ¢ € [0,1]NQ
(because, for all ¢ € [0,1]NQ with ¢ < 1 U, C Uy.) Hence K(b) = 1, ie,
f(b) =inf K(b) =

(iii) Let ¢ € X and ¢ > 0. Wehave to show that there is V € 7 withc € V
such that |f(c) — f(x)| < € for every x € V. For this purpose we consider the

f(a

following three cases.

1. Case: f(c) = 1. In this case choose g € [0,1]NQ with 1 —¢ < ¢ < 1. Then
e l—f()henceﬂlgéK()bythefactreK() — f(z) < 1, ie,
c ¢ Uq+1 By ¢ < q Ly, C Uq+17 thus U, C Uq+1 Therefore ¢ ¢ U,,.

ChooseV —X\U ThenceVandVGT Let x € V. Then z ¢ U,
and from this x ¢ U,. Hence q ¢ K(z) (since ¢ # 1.) Then g < f(z). Therefore
&)~ f@l=1- fl@) <1-g<e.

2. Case: f(c¢) = 0. Choose ¢ € [0,1]NQ with 0 < ¢ < &. Then f(¢) =0 < g,
thus ¢ € K(c), i.e., ¢ € U;. Choose V :=U,. Thence Vand V e 7. Let x € V.
Then g € K(X) and f(z) < q.. Hence |f(c) — f(z)| = f(z) < g <e.

3. Case: 0 < f(c) < 1. Choose ,I',r € [0,1]NQ with f(c) -5 <l <l' <
fe)f(e)+ 5. By l!' < f(e),l! ¢ K(c), thus ¢ ¢ Up. By I < U',U, C Uy, hence
c ¢ U,. Since f(c) <r,r € K(c), hence ¢ € U, (by r # 1). Choose V := U,.\ U,.
Thence VandV er.Let x € V. 2z € Uy, hence r € K(x), i.e., f(z) < r. From
x ¢ U, follows x ¢ Uy, thus [ < f(z). Hence | < f(c) < r,l <z < r. Therefore
[fle) = fl@)| <r—l<e D
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ON THE DIOPHANTINE EQUATION pq = 22 + ny?

JA KYUNG KOO AND DONG HWA SHIN*

ABSTRACT. Let n be a positive integer. We investigate pairs of distinct
odd primes p and ¢ not dividing n for which the Diophantine equations
pq = 22 + ny? have integer solutions in = and y. As its examples, we
classify all such pairs of p and ¢ when n =5 and 14.

1. INTRODUCTION

In a letter to Blaise Pascal dated September 25 in 1654, Fermat announced
that for primes p and ¢

(1) p,q=3,7 (mod 20) = pq = >+ 5y for some x,y € Z.
In this connection, Lagrange [5] first noted that

p=3,7 (mod20) = p = 22"+ 2y + 3y* for some z,y € Z.
He then presented the identity

(2)

(222 + 22y +3y%) (222 + 22w + 3w?) = (2z2 + 7w +y2z + 3yw)? + 5(rw —yz)?,

which completes the proof.

On the other hand, what can we say about the other direction of (1). As
far as we understand, not much has been known in this theme so far. More
generally, let n be a positive integer, and let p and ¢ be distinct odd primes
not dividing n. In this paper we shall find an equivalent condition under
which the product pg can be represented by the principal form x? + ny?
(Theorem 4.1). To this end, we shall review some classical facts about form
class groups and ideal class groups (§2-3), from which we are able to give
a satisfactory answer to the question above and to the solvability of the
Diophantine equation pg = 22 + 14y? (Examples 5.1 and 5.2) as well.

2010 Mathematics Subject Classification. Primary 11E25; Secondary 11E16.
Key words and phrases. binary quadratic forms, representations.
*Corresponding author.
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2. BINARY QUADRATIC FORMS

We first introduce a general version of the identity (2).
LEMMA 2.1. Let a,b,c € Z with n = —b* 4+ ac. We have the identity
(az®+2bzy+cy?) (az? +2bzw+cw?) = (arz+brw+byz+cyw)? +n(vw—yz)?.

Proof. Immediate. O

Let f(x,y) = az® + bry + cy® be an integral binary quadratic form (for
short, a form). It is said to be primitive if its coefficients a, b and ¢ are
relatively prime. Let m be an integer. We say that m is represented by
f(z,y) if the equation m = f(z,y) has an integer solution in x and y.
Moreover, if such x and y are relatively prime, then we say that m is properly
represented by f(x,y).

Let f(z,y) and g(z,y) be primitive positive definite forms of the same
discriminant. We say that they are equivalent (respectively, properly equiv-

alent) if there is an element l]; ﬂ of GLy(Z) (respectively, SLa(Z)) such
that

f(z,y) = g(px + qy,rz + sy).

The equivalence and properly equivalence of forms are indeed equivalence
relations. Furthermore, two equivalent forms represent the same numbers
1, pp.24-25].

For a negative integer D such that D = 0,1 (mod 4) we let C'(D) be the
set of all properly equivalence classes of primitive positive definite forms of
discriminant D. As is well-known the Dirichlet composition makes C(D)
into a finite abelian group, called the form class group of discriminant D
[1, Theorem 3.9]. We denote by h(D) the order of the group C(D).

We call a primitive positive definite form ax? + bxy + cy? a reduced form
if the coefficients a, b and ¢ satisfy

b <a<e¢, and b> 0 if either [b| =0 or a = c.

Then, every primitive positive definite form of discriminant D is properly
equivalent to a unique reduced form of the same discriminant [1, Theorem
2.8]. Hence h(D) is equal to the number of reduced forms of discriminant

D.
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PROPOSITION 2.2. Let n be a positive integer and p be an odd prime not
dividing n. Then we get the assertion
-n
(—) =1 <= p is represented by a reduced form of discriminant —4n.
p

Proof. See [1, Corollary 2.6]. O

Let n be a positive integer. Euler called n a convenient number if it

satisfies the following properties:

Let m be an odd positive integer relatively prime to n which

is properly represented by x? + ny?. If the equation m =

2% + ny? has only one solution with z,y > 0, then m is a

prime.
We say that two primitive positive definite forms of discriminant D (<
0) are in the same genus if they represent the same values in (Z/DZ)*.
Then it is well-known that n is a convenient number if and only if every

genus of discriminant —4n consists of a single properly equivalence class [1,
Proposition 3.24] (see also [4], [8] and [9]).

3. IDEAL CLASS GROUPS

Let K be an imaginary quadratic field of discriminant dx and O be
its ring of integers. Let O be the order conductor f (> 0) in K, so its
discriminant D satisfies the relation D = f2dg. We denote by I(O) the
group of all proper fractional O-ideals (under multiplication), and by P(QO)
its subgroup of all principal O-ideals. We call the associated quotient group

C(O) = I1(0)/P(O) the ideal class group of the order @. Then we will
relate this ideal class group C'(Q) with the form class group C(D) defined
in §2 via the following isomorphism

(3) C(D) o C(0)
class of ax? + bxy + cy?> +— class of [a, (b + VD) /2]
[1, Theorem 7.7(ii)].

LEMMA 3.1. Let f(x,y) be a reduced form of discriminant D and m be a
positive integer. Then,

m is represented by f(x,y) <= m = No(a) (=1|0/a|) for some O-ideal a

in the corresponding ideal class in C(QO).

Proof. See [1, Theorem 7.7(iii)]. O
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Furthermore, let 1(O, f) be the subgroup of 1(O) consisting of all proper
factional O-ideals prime to f, and let Ix(f) be the group of all fractional
ideals of K prime to f. Then we have an isomorphism

a —~ anoO

which preserves norms, namely Np, (a) = No(an O). Its inverse map gb]?l
is given by

¢7'(b) = b0k (b€ (0, f))
[1, Proposition 7.20].

On the other hand, we know by the existence theorem of class field theory
that there exists a unique abelian extension Hp of K whose Galois group
satisfies

Gal(Hp/K) ~ C(0O)
([3, Chapters IV and V] and [1, Proposition 7.22]). We call this extension
Hy the ring class field of the order O.

PROPOSITION 3.2. Let n be a positive integer and Hp be the ring class
field of the order O = [1,v/—n] in the imaginary quadratic field K =
Q(v/—n). Let f.(x) be the minimal polynomial of a real algebraic inte-
ger which generates Ho over K. If an odd prime p divides neither n nor
the discriminant of f,(x), then

p =22+ ny? for some v,y €L +—= (—_n) =1 and fo(x) =0 (mod p)
p
has an integer solution.

Proof. See [1, Theorem 9.2]. O

REMARK 3.3. By the main theorem of complex multiplication, the sin-
gular value j(O) of the elliptic modular function j generates Hp over K as
a real algebraic integer [6, Chapter 5, Theorem 4 and Chapter 10, Theorem
5]. However, its minimal polynomial has too large integer coefficients for
practical use (such as Proposition 3.2). On the other hand, one can refer to
2], [7] and [10] for other smaller generators of Hp in terms of the singular
values of Weber functions and eta-quotients.

4. PRODUCTS OF TWO PRIMES INTO THE FORM z?2 4 ny?

We are ready to prove our main theorem concerning the Diophantine
equation pg = x2 + ny?.
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THEOREM 4.1. Let n be a positive integer, and let p and q be distinct odd
primes not dividing n. Then,

pq = 22 4+ ny?® for some x,y € Z <= there is a reduced form of discriminant

—4n representing both p and q.

Proof. First, assume that there exists a reduced form f(z,y) = ax?®+bx +c
of discriminant —4n representing both p and ¢. Then we have

p = f(z1,y1) and ¢ = f(x2,ys) for some x1, 41, 22, y2 € Z.

It follows from b* — 4ac = —4n that b is an even integer. So we achieve by
Lemma 2.1

pq = f(z1,91) f(x2,92) = (ax1x2+(b/2)x1y2+(b/2)y1x2—|—cy1y2)2—|—n(xlyQ—y1x2)2.

This yields that pg can be written in the form 2% + ny? for some z,y € Z.
Conversely, assume that

(5) pq = x4+ ny? for some z,y € Z.
Since p and ¢ are distinct odd primes not dividing n by hypothesis, we

deduce from (5) ) )
2)-()-

This implies that both p and ¢ split in the imaginary quadratic field K =
Q(v/—n). Let
(6) pOk = pp and ¢Ox = qq

be the prime ideal factorizations of pOx and qOg, respectively. We then
derive that

(p9)Ox = (2®+ny*)Ok by (5)

(z + V—ny)Ok (z + vV—ny)Ox
= (pOk)(qOk)

(pp)(qq) by (6)
= (pa)(pa) (= (pa)(pd)).

Thus without loss of generality we may assume by the uniqueness of prime
ideal factorization in Ok that

(7) pg = (z + v—ny)Ok.

On the other hand, let O = [1,y/—n], which is the order in K of discrim-
inant D = f2dx = —4n. Here, dg is the discriminant of K and f is the
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conductor of O. Let f(x,y) be the reduced form of discriminant D corre-
sponding to the ideal class C' = [pN O] in C(O) via the isomorphism in (3).
Then the norm No(p N O) = N, (p) = p can be represented by f(x,y) by
Lemma 3.1. Furthermore, we attain that in C(OQ) = I(O)/P(0),

qNn O] = [pO][qn O] since pO € P(O)
= [pPOxkNOJlaN O]
by considering the isomorphism ¢ in (4) and its inverse map ngIl
(pOk)qgN O] by the homomorphism property of ¢
ppaN O] by (6)
pqgN OJ[pNO] again by the homomorphism property of ¢
(z +V=ny)Ox NO[pN O] by (7)
(x ++/—ny)O][pN O] because x + /—ny € O
pNO] since (z + v—ny)O € P(O)
= C.

[
PP
[
[
[
= [p

Therefore the norm No(qNO) = No,. (q) = ¢ is also represented by f(x,y)
by Lemma 3.1. This completes the proof of the theorem. O

5. EXAMPLES

In this section we shall present a couple of concrete examples of Theorem
4.1.

ExAMPLE 5.1. First we consider the question raised in §1 about the
Diophantine equation pg = x? + 5y?. Let n = 5. There are two reduced
forms of discriminant —4n = —20, namely

z? + 5y? and 22° + 2zy + 3y°.
One can then readily check that

22 + 5y? represents 1,9 in (Z/20Z)*,
222 + 22y + 3y* represents 3,7 in (Z/20Z)*

[1, (2.20)]. This shows that there are two genera of discriminant —20 each
consisting of a single class, and hence n = 5 is a convenient number.
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On the other hand, we obtain by Proposition 2.2 that for an odd prime
p other than 5

-5
p =2 + 5y* or 22° + 2xy + 3y° for some 7,y € Z <= <—> =1
p

<~ p=1,3,7,9 (mod 20).

Therefore we conclude by Theorem 4.1 that for distinct odd primes p and
q other than 5

pg = x2 + 5y? for some z,y € Z <= both p and ¢ are represented
b 2?2 + 5y2, or
YU 222 + 22y + 32

p,q=1,9 (mod 20), or
— { p.q=3,7 (mod 20).

EXAMPLE 5.2. Let n = 14. We then have four reduced forms of discrim-
mmant —4n = —56

2 4+ 1492, 22% 4+ 7y? and 32% £ 22y + 5y,

and we see that
(8)
22 + 149%, 222 + 7y?> represents 1,9,
322 £ 22y +5y>  represents 3,5,

,23,25,39 in (Z/567)",
,19,27,45 in (Z/567)*

—_ =

5
3

[1, (2.21)]. This shows that n = 14 is a non-convenient number. Observe
that 322 + 2zy + 5y? and 3z% — 2zy + 5y? are equivalent, but x? + 5y* and
222 + Ty? are not. Furthermore, we obtain by Proposition 2.2 that for an
odd prime p not dividing 14

p is represented by one of the above reduced forms
(5)
) =1
p
< p=1,3,59,13,15,19,23,25,27,39,45 (mod 56).

Let K = Q(v—14) and O = Ok = [1,v/—14]. Then we know that

Hp is generated by a real algebraic integer o = v/2v/2 — 1 whose minimal
polynomial over K is (2?+1)? — 8 with discriminant —2'-7 [1, Proposition
5.31]. Thus we deduce by Proposition 3.2 that for an odd prime p not
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dividing 14
—14

(9)  p=a*+ 149 for some x,y € Z <= (—)zlandpES,
p

where
S = {primes p | (z* +1)* =8 (mod p) has an integer solution}

[1, Theorem 5.33].
Suppose that there exists an odd prime p not dividing 14 which is repre-
sented by 2% 4 14y? and 222 + 7y?, simultaneously. Let

(10) p =%+ 14y} for some x1,y; € Z,
(11) p =23+ Ty; for some xy,ys € Z.

Here, 1,1, 22, y2 are all nonzero integers modulo p because p is relatively
prime to 14. We claim by (10) that p splits in K = Q(1/—14) and

(12) pOx =pp with p = (21 +v—14y1)Ok and p = (21 — V—14y;)Ox

Moreover, since 2 is ramified in K, we have

(13) 20k = aa with a = 1.

We then see that
(2p)Ox = (423 + 14y3)Ox by (11)

225 + V' —14y5) Ok (232 + v —14y2) Ok
20k)(pOk)

a)(pp) by (12) and (13)
= (ap)(ap) (= (ap)(ap)).

So, without loss of generality we may assume that ap = (2x9++/—141y,) Ok
And, since p is principal by (12), we get that a is also principal, say, a =
(u 4+ v/ —14v)Ok for some u,v € Z. It then follows that

2 = No, (a) = Ngjg(u+ vV—14v) = u* + 140°.

But there is no such pair of integers v and v, which yields a contradiction.
Hence we conclude that

(
(
(
(a

there is no odd prime p not dividing 14

(14) which can be represented by both x? + 14y* and 222 + 7y>.
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Therefore we achieve by Theorem 4.1, Proposition 2.2, (8), (9) and (14)
that for distinct odd primes p and ¢ not dividing 14

pg = x* + 14y? for some z,y € Z
2% + 1492, or
<= both p and ¢ are represented by 222 + Ty?, or
322 + 2xy + 5y

p,q=1,9,15,23,2539 (mod 56) and p,q € S, or
— p,q=1,9,15,23,2539 (mod 56) and p,q € S, or
pq=3,513,19,27,45 (mod 56).
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