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HEDGING OF VARIABLE ANNUITIES WITH INTEREST
RATE RISK!

GWAN HONG JEON?, MINSUK KWAK?

ABSTRACT. We consider hedging of variable annuity (VA) in the presence of
interest rate risk. We derive delta-hedge positions for the liability hedging and
net liability hedging of VA. Then, we analyze the hedging effectiveness of the
hedging strategies with various combinations of the volatility of interest rate
process and the rebalancing frequency. It is observed that it is difficult to
achieve effective hedging when the interest rate process is highly volatile even
if we consider net liability hedging with frequent rebalancing.

1. INTRODUCTION

In contrast to the traditional annuity that provides fixed (or deterministic)
post-retirement income, a variable annuity (VA) contract has features of invest-
ment and insurance simultaneously. The premiums paid by the policyholder of a
variable annuity contract is invested in financial market so that the policyholder
could have a higher returns in a favorable market. At the same time, a VA con-
tract also provides a protection against downside risk of financial market with
various types of benefit riders. This protection is financed by the fees that are
collected periodically from the policyholder’s account.

Since the fees are collected from policyholder’s account that fluctuates depend-
ing on the movements of financial market, we need to take the risk inherent in
the collected fees into account for hedging VA, and this is well documented in
Bernard and Kwak (2016).

Note that Bernard and Kwak (2016) assume constant interest rate. However,
by the nature of VA contract that usually has long maturity, the assumption of
constant interest rate may be inappropriate. In line with this, as A3%& (2018),
this paper assumes Vasicek model for the interest rate process and investigate
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2 Jeon and Kwak

the corresponding hedging strategies as well as the impacts of interest rate risk
on the hedging effectiveness.

It can be seen that, when the interest rate process is not volatile, we could
have effective hedging results if we consider net liability hedging with frequent
rebalancing of hedge portfolio. However, with highly volatile interest rate process,
it is difficult to achieve effective hedging even if we consider net liability hedging
with frequent rebalancing.

This paper is constructed as follows. In Section 2, we explain the model, and
the hedging strategies are presented in Section 3. Section 4 shows the hedging
effectiveness analysis with five hedging effectiveness metrics adopted from Cotter
and Hanly (2006) and Bernard and Kwak (2016). Section 5 concludes the paper.

2. MODEL

2.1. Embedded Option. Let us consider a variable annuity (VA) contract ini-
tiated with a single premium F'(0) paid at time 0 by the policyholder. For sim-
plicity, it is assumed that all of the premium is invested in a market index that
is actively traded in the financial market. To protect the policyholder from the
downside risk of financial market, the VA contract guarantees a fixed amount K
at maturity T regardless of the performance of the financial market. Then, the
payoff at maturity for the policyholder is G(T') = max [F(T), K|, where F(T) is
the policyholder’s account value at maturity 7'. Since G(7') can be decomposed
as
G(T) =max[F(T),K] = F(T)+ (K — F(T))",

where 27 = max|0, z], having G(T) is equivalent to having an option whose payoff
at maturity is V(T) = (K — F(T))" in addition to the account value F(T'). This
option is called an embedded option in a VA contract.

Remark 1. As explained in Bernard and Kwak (2016), the VA contract explained
above can be interpreted as a VA contract with guaranteed minimum accumulation

benefit (GMAB).

2.2. Periodic Fee. Note that the protection with embedded option is not free
of charge. A stream of fee is collected from the policyholder’s account, and it
will be utilized for hedging. Assume that the fees are withdrawn at time t; for
k=0,1,...,N—1, where t;, = kdt and 6t = T'/N for some positive integer N. Let
F(t) be the policyholder’s account value at time t; right before the withdrawal
of the fee. Then, at time ti, the amount of fee withdrawn from the policyholder’s
account is cF(t;), where c is the fee rate that is assumed to be constant, and the
remaining (1 —¢)F(t) is invested in the market index. This implies the following
relationship:

Fty) = (1 - ¢)F(tp_1)
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for k=1,2,...,N, where S(t) is the value of market index at time ¢, or equiva-
lently,
S(tk)
1 F(ty) = (1 —c)"F(0
) (1) = (1= o FO) 5.

fork=1,2,...,N.

2.3. Underlying Processes. Up to here, we have not made any assumption on
the dynamics of the value of market index S(¢). Let’s assume that S(t) follows a
geometric Brownian motion (GBM)

dS(t) = puS(t)dt + adWy(t),

where pu, o are positive real constants and Wi (t) is a standard Brownian motion
(BM) under the real-world probability measure P. Moreover, assume that the
interest rate r(t) follows Vasicek model as follows

dr(t) = (a — br(t))dt + o [pdwl(t) +/1- p2dW2(t)} ,

where a, b, 0, are positive real constants, p € (—1,1), and Wy is a standard Brow-
nian motion that is independent of Wj. Under risk-neutral probability measure
Q, the dynamics of S(t) and r(t) are given as follows

dS(t) = r(t)S(t)dt + cdW;(t),

dr(t) = (@ — br(t))dt + o, [del(t) +/1- p%m(t)} ,

where a is a constant.

2.4. Fair Fee Rate. Since the fee rate is set at the inception of the contract,
the fair fee rate is the fee rate that matches the value of embedded option at
time 0 to the value of future fees that will be accumulated throughout the life of
contract. Thus, the fair fee rate ¢* satisfies the following equation:

2) EQ [e* fOTT(S)dsZ(T)] — £ [e* I T<S>V(T)} ,
where

N-1 T
(3) 2(T) =S EQ [ef% T(S)dsc*F(tk)} :

k=0

and E?[] is the expectation under risk-neutral measure Q. Note that Z(T') is the
time T" value of accumulated fees throughout the life of contract.
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By substituting (1) into the left-hand-side of equation (2), we have

]::01 EQ [ b e pity)| = kzo EC [ ot s (1 c*)kF(O)i((tg))]

- 1:2_01 (1 - c*)kggg))m@ [ Bt g 1)

_ :01 (1 )’fg((g))sm) — FO)[1 - (1- )]
Let us define V(1) as
0 Vi) =B [ ).

where Eg [-] is the conditional expectation at time ¢j under the risk-neutral mea-

sure Q. Then, the fair fee rate ¢* is the unique root of the following equation:!

(5) F0)[1— (1 —-c)N] =V(0).

2.5. Liability and Net Liability. Recall that the payoff of the VA contract at
maturity is G(T) = F(T)+ V(T'), where F(T) is the policyholder’s account value
and V(T) is the payoff of the embedded option in the VA contract. Since F(T) is
the policyholder’s account value itself, it will be transferred to the policyholder
at maturity and it is irrelevant to hedging VA. The remaining part is

(6) V(T) (liability),

which is referred to as liability as Bernard and Kwak (2016), and it will be the
hedging target if we do not take the collected fees into account for the hedging
strategy.

As highlighted in Bernard and Kwak (2016), however, it is important to take
the collected fees into account for hedging because the amount of fees cF'(ty) are
random although the fee rate is constant. The net liability, which is the liability
at time T net of collected fees, is defined as

(7) V(T)— Z(T) (net liability),

where Z(T') is defined in (3).

Ly (t).) will be derived in Section 3.



Hedging of Variable Annuities with Interest Rate Risk 5

3. HEDGING STRATEGIES

The collected fees are utilized to construct the insurer’s hedging portfolio.
Let X(T) be the value of the hedging portfolio at time 7. Then, we consider
the profit and loss of the hedge at maturity, denoted by II(7T"), to compare the
hedging effectiveness of hedging strategies. We can define the profit and loss of
the hedge at maturity as

I(T) = X(T) - V(T),

which is surplus if it is positive and hedging error if it is negative.

To be realistic, we consider periodic rebalancing of hedging portfolio instead
of continuous rebalancing that cannot be implemented in reality. More precisely,
it is assumed that the portfolio is rebalanced periodically at each fee payment
date t; for k¥ = 0,1,...,N — 1.2 The initial value of the hedging portfolio is
X (0) = ¢F(0). Let m(tx) be the number of units of the underlying market index
at time t;. Then, the relationship between X (txy1) and X (¢;) is as follows:

8)
X(tin) = (X(t) — 7(t) S(t))el % ()8 (trgr) + cF(trg1) Locken—2,

for k =0,1,..., N — 1. Here, X (¢)) is the value of hedging portfolio right after
the withdrawal of the fee at time ¢, for k =0,1,..., N — 1. Note that there is the
indicator 1o<r<ny—2 in (8) because there is no withdrawal of fee at maturity. Since
X(T) is determined by the relationship in (8), we have different distribution of
X(T) and thus we have different distribution of the profit and loss of the hedge
at maturity II(7T") depending on the hedging strategy 7 (tx).

Remark 2. To specify the hedging strategy mw, we put w as a superscript of X
and IT as follows: X™(T), II"(T).

3.1. No Hedge. Consider the case when all of the fees are invested in the risk-
free asset. This case is referred to as mo hedge case and the corresponding m is
simply 7(tg) = 0 for all ¢5. Thus, the value of the hedging portfolio for this case
can be denoted as X%(T) and we have X°(T) = Z(T), where Z(T) is given in
(3). Therefore, the profit and loss of no hedge case is

(1) = X%T) — V(T) = Z(T) — V(T).

The expected value of II°(T") under the real-world probability measure P can be
derived analytically, and it is given in the following proposition.?

2This assumption is imposed for better exposition of the paper. We can also consider the
case in which the hedging portfolio is rebalanced at dates that are not fee payment dates.

3We refer to APE (2018) for the proofs of all the propositions in this paper. Although
we derive the analytic expression of E [HO(T)] in Proposition 1, we use simulated values of
E [II°(T)] for tables in Section 4.
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Proposition 1.

=

E ()] =) c(1-c)fF(0)e
0
— KN(—dy) + eI N(—d)(1 — )N F(0),

2
ptp+C (g, T)+D(tx,T) [r(0)e Ptk + & (1—e ™%k )|+ 5 D (t4,T) [‘;—;(1—6‘2”%)]

B
Il

where

T
1
ct,T) = / aD(u,T) + §U$D2(U,T)du,
t

— e b(T=1)
D(t,T) = 1%
—c)N o2
o (=) 4 (u+ T
1= O‘\/T 9
CZQ = Jl - U\/T.

3.2. Delta-Hedge of Liability and Net Liability. Now we consider the cases
that exhibit delta-hedge of the liability (6) and the net liability (7). Since the value
of liability at time ¢, is V' (t)) defined in (4), the delta-hedge of the liability means

m(tk) = AL(tk) = s

The corresponding hedge portfolio value and the profit and loss will be denoted
by X2L(T) and ITAE(T), respectively.

In contrast, the value of net liability at time ¢ is V(tx) — Z(t;), where Z(ty)
is defined as

9) Z(ty) = B2 [e‘ i, T(S)Z(T)] .

Thus, the delta-hedge of the net liability corresponds to

IV (tk) — Z(tk))
dS(t)

m(ty) = Anp(ti) =

In this case, the corresponding hedge portfolio value and the profit and loss will
be denoted by XA~ (T) and IIANE(T), respectively.

To obtain Af(t;) and Anr(tx), we need V(t) and Z(t) that are provided in
the following proposition:
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Proposition 2. V(tx) and Z(t), defined in (4) and (9) respectively, can be

written as follows:
V(ty) = KP(ty, T)N(—da) — aS(tx) N(—d1),
21 = ) (1= (1L~ (1= 9V H)s(a),

where

P(t,T) = e~ AT =BED)r()

)

A, 1) = =&

02[4e 0T — e=20(T=1) 4 op(T — t) — 3] n ale T — 1 4 b(T — t)]

43 b2
e~ b(T—=t) _1q

b b
ln[ as() ] + 1%2(8,T)

dy = —LEPET) . do —/32(1,T),

S2(t, 1)

B(t,T) = —

_ (0)
a=(1- C)NW,

T
Y2(t,T) = / 0? +2B(s,T)oo.p + B*(s,T)o2ds.
t

Using the result of Proposition 2, we can derive Ar(t;) and Anr(tx) as in the

following proposition.

Proposition 3. The hedging strategies Ap(tx) and Anr(ti) are given as follows:

Ar(ty) = —aN(—dy),

Ani(te) = Ap(ty) — ZES;@ —OF(1 - (1- N H.

)
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4. HEDGING EFFECTIVENESS ANALYSIS

Now we compare the hedging effectiveness of the hedging strategies with nu-
merical example and Monte Carlo (MC) simulation. We generate sample paths
of the underlying market index S(t;) and the interest rate r(ty) for k=1,...,N
by using the following relationship:

Stpsy) = Sty )eln=TIt+oVTZA (1)

r(tee) = r(te) + (@ = br(ty))ot + oVt [pZi(t) + V1 = p*Za(tr)],

where [Z1(t), Zo(tg)] ~ N <[0, 0, [ ol D for all k.

We generate 10,000 simulated paths. The benchmark parameters for the finan-
cial market and the VA contract are given by*
S(0) =1, F(0) =100, T'=10, p=0.06, 0 = 0.2, K =110,
r(0) = 0.02, a = 0.0006, b = 0.015, a = 0.000675, p = 0.

The fee rate is the fair fee rate ¢* that satisfies (5).

4.1. Hedging Effectiveness Metrics. As Cotter and Hanly (2006), Bernard
and Kwak (2016), and 3g (2018), we use the following five hedging effective-
ness metrics to analyze the effectiveness of hedging strategies.

1. HE Metric 1 based on the variance

VarianceHedgedPortfolio

VarianceynhedgedPortfolio

HE; =1-

where
Variance = E [(II(T") — E[II(T)])?] .

Thus, HE; is the percentage reduction in the variance of the profit and loss
at maturity for a given hedging strategy as compared with the variance of
unhedged case. HE; = 1 means that the risk is completely eliminated by
the hedging strategy, whereas HE; = 0 means that the hedging strategy
does not reduce the variance of the profit and loss at all.

2. HE Metric 2 based on the semivariance

HE, =1— SemivarianceHedgedPortfolio

SemiVarianceUnhedgedPortfolio

where
SemiVariance = E [(max(0, —II(T)))?] .

4The baseline parameters are determined based on 71 (2010) and ATE (2018).
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3. HE Metric 3 based on the lower partial moment (LPM)

| _LPM3 gedgedPortfolio
LPM3 UnhedgedPortfolio
where the lower partial moment of order n is defined as

LPM,, = E [(max(0, —II(T)))"] .
Note that the LPM is a more general than the semivariance because
semivariance is a special case of LPM with n = 2. We choose n = 3
for HE3 because it corresponds to a risk-averse investor as mentioned in
Cotter and Hanly (2006).
4. HE Metric 4 based on the Value-at-Risk (VaR)
HE, =1 — |: VaR95% HedgedPortfolio :| ‘
VaRQS% UnhedgedPortfolio
5. HE Metric 5 - Conditional Value at Risk (CVaR)

HE. — 1 { CVaRos% HedgedPortfolio ]
5 =1— .
C\72‘1“1:{95% UnhedgedPortfolio

HE; = 1

4.2. Numerical Results. Figure 1 displays the densities of profit and loss I1(7T")
for three different hedging strategies:

1) No Hedge,

2) Delta-Hedge of Liability,

3) Delta-Hedge of Net Liability,

with rebalancing the portfolio 2 times a year, while Figure 2 corresponds to the
case with rebalancing 20 times a year. In addition, Table 1 shows the statistics
and the hedging effectiveness metrics that correspond to Figures 1 and 2. Note
that o, is assumed to be 0.0005 for Figures 1, 2, and Table 1.

We can observe from Figure 1, Figure 2, and Table 1 that hedging net liability
offers the smallest hedging error and thus the highest hedging effectiveness metrics
among three different hedging strategies because hedging net liability takes into
account the risk inherent in the collected fees, which is not the case for just
hedging liability. Moreover, if we increase the rebalancing frequency, it leads to
more effective hedging as expected.
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FIGURE 1. Comparison of Probability Densities of II(T).
Rebalancing 2 times a year with o, = 0.0005.
0.35 T
----- No Hedge
— ~-Liability Hedge
0.3 Net Liability Hedge | |
0.25 7
0.2 1
0.15 J
0.1 1
0.05 1
0
-100 100
TABLE 1. Hedging Effectiveness Comparison when o, = 0.0005
Rebalancing 2 times a year Rebalancing 20 times a year
Characteristics Liability Net Liability Liability Net Liability
of II(T) No hedge  Hedge Hedge No hedge  Hedge Hedge
Mean 22.6855 8.8507 0.9316 23.4333 7.6743 -0.1324
Median 33.9381 6.0564 1.2221 34.4486 4.2554 -0.12
Std 39.2635 17.5952 5.2373 40.0631 17.515 1.7923
VaRos9 46.636 13.9701 8.2927 48.0247  13.8193 3.0579
CVaRgs% 56.8476 17.1403 11.8139 58.0198  16.6572 4.1804
HE, 0 0.7992 0.9822 0 0.8089 0.998
HE» 0 0.9055 0.9637 0 0.9046 0.9945
HE3 0 0.9721 0.9913 0 0.9737 0.9996
HE4 0 0.7004 0.8222 0 0.7122 0.9363
HE; 0 0.6985 0.7922 0 0.7129 0.9279
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FIGURE 2. Comparison of Probability Densities of II(T).
Rebalancing 20 times a year with o, = 0.0005.

0.35 T
----- No Hedge
— -Liability Hedge
0.3F |~ Net Liability Hedge |
0.25 i
0.2r i
0.15 i
0.1r i
0.05 i
It TN e
...... ‘"'"""""""'/'"'f"""""""'h"':‘— o IRLLITITO

0
-100 -50 0 50 100

11
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In contrast to Figures 1, 2, and Table 1, we set o, = 0.005 for the following
Figures 3, 4, and Table 2. Thus, this case can be interpreted as the case with
relatively higher interest rate risk than the previous case for Figures 1, 2, and
Table 1.

From Figures 3, 4, and Table 2, we can observe that hedging net liability is still
superior to the other cases, but the hedging with high o, is less effective than
the cases with small o,. Especially, although we can still achieve a little more
effective hedging with higher rebalancing frequency, the improvement of hedging
effectiveness with large o, is quite limited as we can see explicitly in the hedging
effectiveness metrics in Table 2, which is unlike to the case with small o,. This
result can also be observed in Figure 5 that shows the impact of o, on the hedging
effectiveness metrics.

This result implies that if the interest rate is highly volatile, it is not easy
to obtain effective hedging even if we consider the hedging of net liability with
more frequent rebalancing. Thus, more sophisticated hedging strategies that may
include additional hedging instrument which is suitable for hedging interest rate
risk seems to be necessary for hedging with high o,.

FIGURE 3. Comparison of Probability Densities of II(T).
Rebalancing 2 times a year with o, = 0.005.

0.35 ;
---- No Hedge

= =Liability Hedge
0.3F |~ Net Liability Hedge ||

0.251 b

0.151 b

0.1r 7

0.05F b

0
-100 -50 0 50 100
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FIGURE 4. Comparison of Probability Densities of II(T).
Rebalancing 20 times a year with o,, = 0.005.

0.35 i
----- No Hedge
— -Liability Hedge
0.3F |~ Net Liability Hedge |
0.25 i
0.2 i
0.15 i
0.1r i
0.05 i
0 |- e eunnnas eererdag e —
-100 -50 0 50 100

TABLE 2. Hedging Effectiveness Comparison when o, = 0.005

13

Rebalancing 2 times a year Rebalancing 20 times a year

Characteristics Liability Net Liability Liability Net Liability
of II(T) No hedge  Hedge Hedge No hedge  Hedge Hedge
Mean 23.3058 9.7196 1.4634 24.6734 8.5421 0.5389
Median 33.1105 6.9913 1.4239 34.6508 5.6576 0.3353
Std 40.3239 19.4289 9.0226 40.7517 18.939 7.1681
VaRgs9 46.8325 16.8128 13.1544 48.1731 16.6379 11.1558
CVaRgs% 56.9274 21.4098 17.234 58.0404 21.0506 14.0121
HE, 0 0.7678 0.9499 0 0.784 0.9691
HE-> 0 0.8631 0.9059 0 0.8643 0.9336
HE3 0 0.9476 0.9713 0 0.9513 0.9848
HE4 0 0.641 0.7191 0 0.6546 0.7684
HE5 0 0.6239 0.6973 0 0.6373 0.7586
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FIGURE 5. Effect of o, on the Hedging Effectiveness Metrics.
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5. CONCLUDING REMARKS

In this paper, we investigate the hedging of variable annuity (VA) when the
interest rate process follows Vasicek model. As highlighted in Bernard and Kwak
(2016), hedging net liability is superior to hedging liability. Moreover, more fre-
quent rebalancing leads to more effective hedging as expected.

Since we do not introduce additional hedging instrument to hedge the interest
rate risk, we can observe that the hedging becomes less effective as the volatility
of the interest rate process increases even if we consider hedging of net liability
with frequent rebalancing of hedge portfolio. Thus, we should take into account
the interest rate risk for hedging VA if the interest rate is highly volatile, or the
maturity is very long so that the interest rate may vary significantly throughout
the life of the VA contract.
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ON SOME CHARACTERISTICS OF RINGS

JUN PYO KYUN, DONG HWA SHIN AND HYEON TARK

ABSTRACT. We give a proof of the well-known fact that the character-
istic of the direct product of two rings is the least common multiple of
those of two rings. Furthermore, we show that every ring of positive
characteristic ¢ contains an element of order c.

1. INTRODUCTION

Let R be a ring, that is, R is a nonempty set equipped with two binary
operations + and - such that

Ri. (R, +) is an abelian group,
Rs. - is associative,
Rs. + and - satisfy the left and right distribution laws.

Letting N be the set of all positive integers and O be the additive identity
element of R, consider the subset

Ar ={n € N | na =0 for all a« € R}
of N. Here, by na we mean

na=a+a+---+a,

n-summands
which makes sense by the associativity of the group operation + on R.
DEFINITION 1.1. The characteristic of R, denoted by char R, is defined
by
min AR if AR # (Z),
0 if Ap = 0.
Note by the well-ordering principle (]2, §1.3]) that char R is well defined.

char R = {

2010 Mathematics Subject Classification. Primary 06E20; Secondary 11E57, 20K25.
Key words and phrases. abelian groups, characteristics, direct products, rings.
17
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In particular, if R has unity 1z, then we get
Ar={n e N |nlg=0x}

by the axiom R3 ([1, Theorem 19.15]). Moreover, if Ag # 0 and ¢ = char R,
then

Ar ={¢, 2¢, 3¢, ...}

by the division algorithm for Z ([1, Theorem 6.3]) and the minimality of c.

Besides, if R and R’ are rings with unities, then so is the direct product
R x R'. Furthermore, if R and R’ have positive characteristics ¢ and ¢/, then
we have

char(R x R') = lem(c, ¢)
because
Apxr = ArNAr ={c, 2¢, 3¢, ...} N{cd, 2d, 3¢, ...}
In general, it is a well-known fact that for any rings R and R’

lem(char R, char R') if char R, char R’ > 0,

char(R x R) = { 0 otherwise,

(1)

however, it is not easy to find its proof in the literature. The main purpose
of this paper is to provide a proof of (1) in detail (Theorems 2.1 and 2.3).
Furthermore, we shall show that if R is a ring of positive characteristic
¢, then it contains an element of order ¢ (Theorem 4.2).
2. THE CHARACTERISTIC OF A DIRECT PRODUCT

In this section, we shall prove our first main theorem concerning (1).

THEOREM 2.1. Let R and R' be rings of characteristics ¢ and ¢, respec-
tively. If c=0 or d =0, then

char(R x R') = 0.
Proof. Suppose on the contrary that
m = char(R x R') > 0.
Then we have
m(a, b) = (Og, Or/) for all (a, b) € R x R/,
and hence

ma = 0p foralla € R and mb=0x for allbe R
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This implies that
0<ec d <m,
which contradicts the hypothesis ¢ = 0 or ¢ = 0. Therefore we must have
char(R x R') = 0.
O

LEMMA 2.2. Let R be a ring of characteristic c. If ¢ > 0, then
cln  foralln € Ag.

Proof. Let n € Ag. By the division algorithm for Z ([1, Theorem 6.3] or [2,
Theorem 2.2]) we can express n as

n=cq+r forsome q, r € Z such that 0 <r < c.

Note by the minimality of ¢ that n > ¢, and so ¢ > 0.
Suppose on the contrary that » > 0. We find that for every a € R

Orp = na
= (cg+r1)a
= ¢(qa) +ra by the associativity of + on R
= 0Or+ra because c € Ap
= ra.
But this contradicts the minimality of c.

Therefore we must have » = 0, and hence ¢| n. u

THEOREM 2.3. Let R and R' be rings of characteristics ¢ and ¢, respec-
tively. If both ¢ and ¢ are positive, then

char(R x R') = lem(c, ).
Proof. Let
m = char(R x R') and ¢ =lem(c, ¢).
We see that for every (a, b) € R x R’
l(a, b) = (la, Ib)
= (c(a), ¢ (b)) by the associativity of additions of R and R,

! ~
where ¢ = - and c’:—/
c c

= (Og, Op).
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This shows that ¢ € Aryr/, and hence m > 0 and
m |l (2)

by Lemma 2.2.
On the other hand, since

ma = 0 foralla €¢ R and mb=0x forallbe R
as in the proof of Theorem 2.1, we get by Lemma 2.2 that
clm and ¢ |m.
It then follows that ¢ |m, and hence m = ¢ by (2). O
REMARK 2.4. If we define
lem(0, n) =0 and lem(n, 0) =0

for every nonnegative integer n, then we can combine Theorems 2.1 and 2.3
into

char(R x R') = lem(char R, char R').

3. THE ORDER OF AN ELEMENT IN AN ABELIAN GROUP

If (G, +) is a group and a € G, then we mean by (a) the cyclic subgroup
of G generated by a, that is,

(a) ={na | n €L}

Furthermore, the order of a is defined by [(a)|, namely, the number of
elements in (a). We shall develop a lemma on the order of an element in an
abelian group.

LEMMA 3.1 (Theorem of Lagrange). If H is a subgroup of a finite group
G, then |H| divides |G].

Proof. See [1, Theorem 10.10]. O

LEMMA 3.2. Let (G, +) be a group with identity element Og. Let a be an
element of G of finite order, and let m be an integer.

(1) We have
o lw
) o) = @l my
2) Furthermore,
ma=0g <= |{a)||m.

Proof. (1) See [1, Theorem 6.14].
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(2) We derive that
ma=0g <= [(ma)|=1
< ged([(@)], m) = [(@)] by (1)
= [(@)[|m.
O

LEMMA 3.3. Let (G, +) be an abelian group with identity element Og,
and let a, b € G. If [{a)|, |(b)| < oo and

ged([(a)], [(0)]) = 1, (3)
then

[(a+ )| = [{a)] - [(D)].
Proof. Let

c=[(a)] and ¢ =|(b)].
Since the operation + on G is associate and commutative, we derive that
(cd)(a+b) = (ec)a+ (e )b = (ca) + ¢(c'b) = 0 + 0g = 0 + 0 = Og,
from which we obtain by Lemma 3.2 (2) that
[{a +b)||cc. (4)
On the other hand, we see that
(a+b)>cla+b)=ca+cb=0g+cb=cb

and
(a+b)y3d(a+b)=ca+b=ca+0g="a.
Moreover, since

c c

[(ch)| = eed@ ) =c and [(da)|= acd(c @) =c
by Lemma 3.2 (1) and the assumption (3), we get
d|[{a+b)| and c|[{a+b)]
by Lemma 3.1. It follows again by (3) that
cc | [{a + )],

and hence
[{a +b)| = ¢
by (4). O
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4. AN ELEMENT OF THE MAXIMAL ORDER

In this last section, we shall prove our second main theorem that every
ring of positive characteristic ¢ contains an element of order c.

LEMMA 4.1. Let R be a ring of characteristic c. Assume that ¢ > 2. Let
p be a prime factor of ¢ with exponent e in the canonical prime factorization
of c. Then, there exists an element of R of order p°.

Proof. Since

ca =0 for every a € R,

we get

[{a)|]
by Lemma 3.2 (2). Thus, if

k
=1L
=1

is the canonical prime factorization of ¢, then we have
k
[{a)| = pr"(a) for some e;(a) € Z such that 0 < e;(a) < e;.
i=1

Foreachi=1, 2, ..., k, set
m; = max{e;(a) | a € R} (< e;)

(whose existence is guaranteed by the well-ordering principle applied to the
set {e; —e;(a) | a € R}), and let

k
=11
=1

which divides c. Since |(a)||¢, we get also by Lemma 3.2 (2) that
ca = Og,
from which it follows by Lemma 2.2 that
cle.

Thus we achieve ¢ = ¢, and hence for each ¢ = 1, 2, ..., k there is an
element a; of R such that

€Z'(CLZ‘) = €;.
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We then find by Lemma 3.2 (1) that

[CEI
b;

This completes the proof. U

THEOREM 4.2. Let R be a ring of characteristic c. If ¢ > 0, then there
exists an element of R of order c.

Proof. If ¢ = 1, then the assertion is obvious.
Now, let ¢ > 2, and let

k
G
1=1

be the canonical prime factorization of ¢. By Lemma 4.1, for each ¢ =
1, 2, ..., k there is an element r; of R such that

|(ra)| = i
We then find by Lemma 3.3 that
[(ri 7o+ ) = pi'ps -y =
which shows that the element r{ +1ry+- - -+ 1, has the desired property. [

LEMMA 4.3. Let G and G’ be groups. Let a be an element of G of finite
order ¢, and let b be an element of G' of finite order ¢'. Then, the order of
(a, b) in the direct product G x G' is lem(c, ).

Proof. See [1, Theorem 11.9]. 0

REMARK 4.4. Let R and R’ be rings of positive characteristics ¢ and ¢/,
respectively. By Theorem 4.2 there exist « € R and b € R’ such that

[(a)| =c and [(b)| ="
We then find that
[((a, 0))] = lem([(a}], [(b)]) by Lemma 4.3

= lem(c, ¢)

= char(R x R') by Theorem 2.3.
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