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HIGH CONCENTRATION OF ELECTRIC FIELD IN
INTERFACIAL REGION IN-BETWEEN CONDUCTORS

KIHYUN YUN1

Abstract. When a small conductor is located inside of a hole of an-
other large conductor, this paper is mainly concerned with the electric
field in the interfacial region in-between two conductors. Especially,
there is very high concentration of field in the case when the conduct is
very close to the other. We establish the optimal estimate for the field
in terms of the distance between conductors.

1. Introduction

High shear stress concentration may possibly occur in fiber-reinforced
composite. Especially, the stress is concentrated in narrow region in-between
fibers. So far, there have been a lot of studies related to it. Refer to
[1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 16, 18, 19, 20, 21, 22, 23, 24] for de-
tails. This model has something common with a 2 dimensional electrostatic
model. Considering the cross-section of fiber-reinforced composite, the out-
of-plane displacement plays role as the electric potential, and the shear
stress is for the electric field. Thus, we deal with a conductivity model
related to these studies.

Let ⌦ and D0 be bounded domains in R2 with C2,↵-boundaries. Let
D✏ = D0 + (✏, 0) for any ✏ 2 (0, 1/10). We suppose that

D✏ ⇢ ⌦ for any ✏ 2 [0, 1/10),

@D0 \ @⌦ = {(�1, 0)},
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and the curvature at (�1, 0) of @D0 is larger than the one at the same point
of @⌦. We consider the solution u to

�u = 0 in ⌦ \D✏

with 8
><

>:

R
@⌦ @⌫uds = 1

u = 0 on @⌦

u = C✏(costant) on @D✏.

Here, ⌫ is the normal vector pointing towards the interior of ⌦. It is worth
noting that u depends on ✏ as well as the constant value on the boundary.

Theorem 1.1. Let u be the solution to the equation above. For a su�ciently
small ✏, there are a point p 2 ⌦ \D✏ such that

|ru(p)| & 1p
✏
.

Meanwhile,

|ru(x)| & 1p
✏

for any x 2 ⌦ \D✏.

2. Proof of the main result

Without any loss of generality, we can assume from the Riemann mapping
theorem that

⌦ = B1(0, 0).

From now on, Br(c) is the open ball with radius r and centre c. There exist
r1 and r2 regardless of ✏ 2 [0, 1/20) such that

0 < r1 < r2 < 1

and
Br1(r1 + ✏� 1, 0) ⇢ D✏ ⇢ Br2(r2 + ✏� 1, 0).

For i = 1, 2, we define Vi by the solution to

�Vi = 0 in ⌦ \Bri(ri + ✏� 1, 0)

with (
Vi = 0 on @⌦,

Vi = 1(costant) on @Bri(ri + ✏� 1, 0).

By Hopf’s lemma,
C✏ > 0.
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By the maximal principle,

C✏V1  u in ⌦ \D✏,

C✏V2 � u in ⌦ \Br2(r2 + ✏� 1, 0).

We use Hopf’s lemma again to have

0 < C✏@⌫V1  @⌫u  C✏@⌫V2 in @⌦.

Thus,

C✏

Z

@⌦

@⌫V1ds 
Z

@⌦

@⌫uds  C✏

Z

@⌦

@⌫V2ds.

It follows from
R
@⌦ @⌫uds = 1 that
✓Z

@⌦

@⌫V2ds

◆�1

 C✏ 
✓Z

@⌦

@⌫V1ds

◆�1

.

To estimate the upper and lower bounds above, we employ Lemma 2.4 in
[22].

Lemma 2.1. ( [22]) There exist two conformal mappings  1 and  2 such
that 8

><

>:

 1(@B1(0, 0)) =  2(@B1(0, 0)) = @B1(0, 0),

@Br1(r1 + ✏� 1, 0) =  1(@B1�↵1
p
✏+o(

p
✏)(0, 0)),

@Br2(r2 + ✏� 1, 0) =  2(@B1�↵2
p
✏+o(

p
✏)(0, 0)),

for some ↵1 > 0 and ↵2 > 0, and especially,

 �1
i (z) =

�
�i

p
✏+ o(

p
✏)
� 1

z � (�1� �i
p
✏+ o(

p
✏))

+ ki

for i = 1, 2, where �i, �i and ki are positive constants.

Hence, V1( 1) and V2( 2) are harmonic functions defined in B1(0, 0) \
B1�↵1

p
✏+o(

p
✏)(0, 0) and in B1(0, 0) \B1�↵2

p
✏+o(

p
✏)(0, 0), repectively, satisfy-

ing (
Vi( i) = 0 on @B1(0, 0),

Vi( i) = 1 on @B1�↵i
p
✏+o(

p
✏)(0, 0)

for i = 1, 2. They are explicitly constructed as follows:

Vi( i)(x, y) =
1

2 log (1� ↵i
p
✏+ o(

p
✏))

log |x2 + y2|
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for (x, y) 2 B1(0, 0) \B1�↵i
p
✏+o(

p
✏)(0, 0) for i = 1, 2. Thus,

Z

@B1(0,0)

@⌫ (Vi( i)) ds =
�2⇡

log (1� ↵i
p
✏+ o1(

p
✏))

= 2⇡(↵i

p
✏)�1 + o2(

p
✏).

By change of variables, it can be shown easily that
Z

@B1(0,0)

@⌫Vids =

Z

@B1(0,0)

@⌫ (Vi( i)) ds

for i = 1, 2. Hence, we have

(2⇡)�1 ↵2

p
✏+ o(

p
✏)  C✏  (2⇡)�1 ↵1

p
✏+ o(

p
✏),

and

C✏ '
p
✏

for small ✏ > 0.
We establish the lower bound. It is noted that

u(�1, 0) = 0 and u(�1 + ✏, 0) = C✏

due to (�1, 0) 2 @⌦ and (�1 + ✏, 0) 2 @D✏. By the mean value theorem,
there is a point p such that

|ru(p)| � |@xu(p)| =
u(�1 + ✏, 0)� u(�1, 0)

✏
=

1

✏
C✏ '

1p
✏
.

On the other hand, we consider an upper bound for |ru|. For any x 2 ⌦\
D✏, u can be extended into B✏(x) as a harmonic function, since u is constant
on @⌦ and @D✏ and the distance between @⌦ and @D✏. The extended u
in B✏(x) is bounded by 2C✏. Apply this bound to the standard gradient
estimate for harmonic functions (refer to [9]), we have the desirable upper
bound so that

|ru(x)| . C✏

✏
' 1p

✏
.

Therefore, we obtain the lower and upper bounds and hence have the the-
orem. ⇤
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인쇄 2021년 �월 20Ⱆ 

발ଭ 2021년 �월 25Ⱆ 
 
 
 발 ଭ 인  소ⰿ 윤기㪞 

 운영위원  강기㭢, 박ⶫテ, 유세기, ㇶⰖ규, 㩢성 

 인 쇄 ঈ  외대문㫮사 

 발 ଭ 소  㧶국외국어대㧳교 기ㆢ과㧳연구소 

 ࣯    소  경기도 용Ⱂ시 ㄲⰒ구 모㪞읍 외대로 �1 
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