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Draft genome sequence of a gamma radiation-resistant bacterium 

Deinococcus multiflagellatus KACC 19287T1 
 

Heeyoung Kang, Haneul Kim, Seokhyeon Bae and Kiseong Joh2 

 
ABSTRACT: Deinococcus multiflagellatus KACC 19287T, a gamma radiation-resistant bacterium, was obtained 

from Korean Agricultural Culture Collection. The draft genome sequence of D. multiflagellatus KACC 19287T was 

determined using Illumina MiSeq platform. The assembled genome of D. multiflagellatus KACC 19287T consists of 

83 contigs with a total length of 4,774,407 bp and the genomic DNA G + C content was 68.1 mol%. The draft 

genome encoded 4,555 protein-coding genes, 3 ribosomal RNA genes, 61 transfer RNA genes, 3 non-coding RNA 

genes and 62 pseudo genes. This genome contained DNA repair genes involved in the base excision repair, 

nucleotide excision repair, mismatch repair and recombinational repair. 
 

 

Introduction 
The genus Deinococcus was established by Brooks and Murray (1981) with five species; D. 

radiodurans (type species), D. radiophilus, D. proteolyticus, D. radiopugnans and D. 

erythromyxa, and comprises 84 species with validly published and correct names at the time 

of writing (https://lpsn.dsmz.de/genus/deinococcus). Members of the genus have been 

isolated from various environments such as air, soil, water, desert, hot spring, sludge, food, 

plant and animal (Makk et al., 2019; Wang et al., 2019). Most of the Deinococcus species are 

Gram-stain-positive, but some are Gram-stain-negative, with high DNA G+C contents (59-

72 mol%). They are aerobic, coccus- or rod-shaped, non-motile, non-endospore-forming, 

reddish-colony colored bacteria (Battista and Rainey, 2015; Kim et al., 2018a; Ten et al., 

2019). In particular, Deinococcus species are known for their extreme resistance to ionizing 

radiation and other DNA damage- and oxidative stress- generating agents, and more than a 

hundred genes have been reported mainly in D. radiodurans (Blanchard and de Groot, 2021; 

Lim et al., 2019; Srinivasan et al., 2018). Deinococcus multiflagellatus KACC 19287T is a 

gamma radiation-resistant bacterium and has typical characteristic of the genus Deinococcus 

 
1 이 논문은 2021학년도 한국외국어대학교 학술연구비 지원에 의하여 이루어진 것임. 
2 한국외국어대학교 자연과학대학 생명공학과 교수 
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(such as aerobic, Gram-staining-negative, non-sporulating, rod-shaped, reddish-pigmented) 

(Kim et al., 2018b). In this study, we describe the draft genome sequence and annotation of 

D. multiflagellatus KACC 19287T, which will help to understand the genetic characteristics. 

 

 

Materials and Methods 
D. multiflagellatus KACC 19287T was obtained from Korean Agricultural Culture Collection 

(KACC), and was cultivated on R2A agar at 30 ºC. The 16S rRNA gene sequence of the 

obtained strain was determined by BioFACT sequencing service. This sequence was 

compared with that of D. multiflagellatus ID1504T (NCBI accession number KP326335), 

and the similarity was 100 %. The genomic DNA extraction and whole genome sequencing 

were performed by sequencing service of Macrogen. MiSeq Illumina system and MiSeq 

Reagent Kit version 3 (2×300 bp) were used to the bacterial genome analysis. An Illumina 

shotgun library using the Illumina TruSeq Nano DNA Sample Prep kit was reconstructed. 

Thereafter, obtained sequences were assembled using Unicycler (Wick et al., 2017), and then 

the genome completeness and quality were evaluated by CheckM (Parks et al., 2015). The 

genome coverage was estimated by BBmap (Bushnell, 2014). The genome was annotated 

using the NCBI Prokaryotic Genome Annotation Pipeline (Tatusova et al., 2016), the Rapid 

Annotation Subsystems Technology servers (http://rast.nmpdr.org) (Overbeek et al., 2014). 

The secondary metabolite biosynthesis gene clusters were analysed by using antiSMASH 

(Blin et al., 2021). 

 

 

Results and Discussion 

Whole-genome sequence of D. multiflagellatus KACC 19287T was 4,774,407 bp long and 

was assembled in 83 contigs with a contig N50 value of 163,165 bp and genome coverage of 

249.9×. The values of genome completeness and contamination were 99.6 and 1.3 %, 

respectively. The DNA G+C content was 68.1 %. The annotation result showed a total of 

4,684 genes with 4,555 coding genes, 3 ncRNAs and 62 pseudogenes (Table 1). 

 



Draft genome sequence of a gamma radiation-resistant bacterium Deinococcus multiflagellatus KACC 19287T 

3 

 

Table 1. Genome features of Deinococcus multiflagellatus KACC 19287T 

Features Value 
Genome size (bp) 4,774,407 
Number of contigs 83 
Genome coverage (×) 249.9 
G+C content (%) 68.1 
Protein-coding genes (CDSs) 4,555 
rRNA genes (5S, 16S, 23S) 3 (1,1,1) 
tRNA genes 61 
Non-coding RNA genes 3 
Pseudogenes 62 
Accession number (GenBank) JAIQXV000000000 

 

The protein-coding genes were assigned (18 % of them) to functional categories of SEED 

subsystems. The major gene categories were amino acid and derivatives (194 genes), protein 

metabolism (189 genes), carbohydrates (141 genes), cofactors, vitamins, prosthetic groups, 

pigments (103 genes), nucleosides and nucleotides (99 genes). In addition, D. 

multiflagellatus KACC 19287T contained the DNA repair proteins as followed: MutY (A/G-

specific adenine glycosylase, MBZ9712395) and NTH (endonuclease III, MBZ9713950) in 

the base excision repair; UvrA (excinuclease ABC subunit, MBZ9712450, MBZ9713655 and 

MBZ9715905), UvrB (excinuclease ABC subunit, MBZ9715955) and UvrC (excinuclease 

ABC subunit, MBZ9711935) in the nucleotide excision repair; MutS (DNA mismatch repair 

protein, MBZ9714754), MutS2 (endonuclease, MBZ9712543), MutL (DNA mismatch repair 

protein, MBZ9713102), xseA (exodeoxyribonuclease VII large subunit, MBZ9714870) xseB 

(exodeoxyribonuclease VII small subunit, MBZ9714207) and RadA (DNA repair protein, 

MBZ9713667) in the mismatch repair; Ssb (single-stranded DNA-binding protein, 

MBZ9715766), RecF (DNA repair protein, MBZ9714551), RecN (DNA repair protein, 

MBZ9712902), RecO (DNA repair protein, MBZ9711756), RecR (recombination protein, 

MBZ9713229), RecA (recombinase, MBZ9712293), RecQ (DNA helicase, MBZ9711958), 

RecX (recombination regulator, MBZ9711715), RuvA (Holliday junction branch migration 

protein, MBZ9714724), RuvB (Holliday junction branch migration DNA helicase, 

MBZ9712420), RuvC (crossover junction endodeoxyribonuclease, MBZ9713977), RecG 
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(ATP-dependent DNA helicase, MBZ9711822), SbcD (exonuclease subunit, MBZ9713226), 

DnaE (DNA polymerase III subunit alpha, MBZ9715937 and MBZ9713888), DnaN (DNA 

polymerase III subunit beta, MBZ9714775), DnaX (DNA polymerase III subunit gamma/tau, 

MBZ9712492), HolA (DNA polymerase III subunit delta, MBZ9713035) and priA 

(primosomal protein N', MBZ9713352) in the homologous recombination; DnaA 

(chromosomal replication initiator protein, MBZ9714776), DnaB (replicative DNA helicase, 

MBZ9716004 and MBZ9712217), PolA (DNA polymerase I, MBZ9712090) and LigA 

(NAD-dependent DNA ligase, MBZ9715610 and MBZ9712905), TopA (type I DNA 

topoisomerase, MBZ9715616 and MBZ9713269) and LexA (repressor, MBZ9715941) in the 

others. The secondary metabolite analysis on the antiSMASH server showed that D. 

multiflagellatus KACC 19287T contained two terpenes, an RRE-containing, a T3PKS, a 

thiopeptide and an NRPS coding gene clusters. The only one terpene-coding gene cluster 

was similar known cluster of glycinocin A with homology of 4 %. 

 

The draft genome sequence of D. multiflagellatus KACC 19287T is accessible in Genbank 

under the accession number JAIQXV000000000. The version described in this paper is 

version JAIQXV010000000. 
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UNIQUENESS OF THE RUPTURE SOLUTION FOR
u00 + ↵

r u
0 + f(u) = 0, ↵ � 2

JAEDUCK JANG1

1. Introduction

In this paper we consider semilinear Euler equation

u00 +
↵

r
u0 + f(u) = 0, ↵ � 2

and discuss the existence and uniqueness of positive radial solutions which vanish
at 0. The nonlinear function f : (0,1) ! R is assumed to be negative and
concave in (0, 1).

In [1], we prove the uniqueness of positive solutions for

(
u00 +

↵

r
u0 + f(u) = 0, r > 0,

limr!0+ u = 0,

in the case where ↵ � 1, f < 0 and

�1 < lim
t!0+

�tf 0(t)

f(t)
< +1.

In this paper we prove the uniqueness in the case where f is concave. Note

that f(t) = �e
1
t is concave but limt!0+

�tf 0(t)
f(t) = +1.

2000 Mathematics Subject Classification. 35J25, 76A20.
Key words and phrases.
Department of Mathematics, Hankuk University of foreign Studies1.
This research was supported by the research fund of Hankuk University of Foreign

Studies, 2021.
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2. Existence

For f 2 C2 and � 2 (0, 1), let u� be the solutions of the following initial value
problems (IP )�.

(1) (IP )�

(
u00 +

↵

r
u0 + f(u) = 0,

u(0) = �, u0(0) = 0.

Let 0 < u1 < u2 be fixed. For � 2 (0, u1), define ri = ri(�), (i = 1, 2) by
u�(ri) = ui.

Since (r↵u0�)
0 = �r↵f(u�(r)),

u0�(r) = �r�↵
Z r

0
s↵f(u�(s))ds.

Therefore

u2 � u1 = u�(r2)� u�(r1) = �
Z r2

r1

r�↵
Z r

0
s↵f(u�(s))dsdr

 �f(u�(r1))

Z r2

r1

r�↵
Z r

0
s↵dsdr

=
�f(u1)

2(↵+ 1)
(r↵+1

2 � r↵+1
1 ).

Similarly, we have

u2 � u1 �
�f(u2)

2(↵+ 1)
(r↵+1

2 � r↵+1
1 )

and consequently
2(↵+ 1)

�f(u1)
 r↵+1

2 � r↵+1
1  2(↵+ 1)

�f(u2)
.

This also shows that , for � 2 (0, u1), {u� : � 2 (0, u1)} is uniformly bounded
and then the standard compactness argument in elliptic theory yields the exis-
tence of for rupture solution for (1).

Theorem 1. Suppose that ↵ � 1 and limt!0+ f(t) = �1. Then there exists a
rupture solution for (1).

3. Uniqueness

Let  be the solution of the initial value problem,

(2)  00 +
↵

r
 0 + �(r) = 0

8
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Lemma 1. Let ↵ � 2 and  be a solution of (2). If �0(r)  0 then

E(r) =
1

2
(r 0 +  )2 +

1

2
�(r)(r )2 +

↵� 2

2
 2

is decreasing.

Proof. A straightforward computation yields

E0(r) = (r 00 + 2 0 + r�(r) )(r 0 +  ) +
1

2
�0(r)(r )2 + (↵� 2)  0

= �(↵� 2) 0(r 0 +  ) +
1

2
�0(r)(r )2 + (↵� 2)  0

= �(↵� 2)r( 0)2 +
1

2
�0(r)(r )2  0.

⇤
Corollary 1. Suppose that f < 0 is concave. Then �� = @u�

@r is uniformly
bounded by 1 and therefore (u�) converges to a rupture solution.

Proof.  = �� satisfies (2) with � = f 0(u�).
Since f is concave

�0(r) = f 00(u�(r))u
0
�(r)  0.

Therefore E(r)  E(0) = ↵�1
2 ��(0) =

↵�1
2 . Thus at any local maximum(minimum)

point of ��,
↵�1
2 (��(r))2  ↵�1

2 .
⇤

Corollary 2. Suppose that f < 0 is concave. Then u = lim�!0+ u� is a rupture
solution of (1).

Proof. For 0 < �1 < �2,

|u�1(r)� u�2(r)|  sup
�1��2

|��(r)|  |�1 � �2|

and thus {u�} converges.
⇤

Theorem 2. Suppose that ↵ � 2 and f < 0 is concave in (0, �̄). Then (1)
possesses at most one rupture solution.

Proof. Let u and v be two rupture solutions of (1). Define a function � by

�(r) =

8
<

:

f(u)� f(v)

u� v
if u(r) 6= v(r),

f 0(u(r)) if u(r) = v(r).

Since u and v are increasing and since f is concave, � is decreasing. Note that
 = u� v is a solution of (2).

By Lemma 3., E is decreasing.

9
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Since u is a rupture solution,

(ru0 + (↵� 1)u)0 = �rf(u) > 0

and thus limr!0+ ru0 = l exists. Then L’Hospital’s rule implies that

0 = lim
r!0+

u

log r
= lim

r!0+
ru0 = l.

Similarly we have limr!0+ rv0 = 0 and therefore

lim
r!0+

E(r) = 0.

But this contradicts Lemma 4. unless  = u� v ⌘ 0. ⇤

Remark 1. (Alternative proof for the uniqueness.) If u = limr!0+ ru0 exists
then u is the unique rupture solution.

To see this let v be a rupture solution and assume that u(r1) 6= v(r1). We
claim that for any r1 > 0 u� v has a positive zero in (0, r1). Let �1 be the first
eigenvalue of L = D2 + ↵

rD and let � be the first eigenfunction with sup� = 1.
Since limt!0+ f 0(t) = 1,we may modify f so that f 0(t) > �1 for all t > 0. Then

� is a subsolution of  00 + ↵
r 

0 + � = 0, where � = f(u)�f(v)
u�v . Thus  = u � v

must have a zero in (0, 1). Suppose that  = u � v has finitely many zeros in

(0, 1) and let ⇢1 > 0 be the first zero of  . Since u(⇢1)
v(⇢1)

= 1, there exists ⇢ 2 (0, ⇢1)

such that ⇢↵u0(⇢)
⇢↵v0(⇢) = 1. Therefore there exists ⇢2 2 (0, ⇢) such that

⇢↵2 f(u(⇢2))
⇢↵2 f(v(⇢2))

= 1.

But then  (⇢2) = u(⇢2)� v(⇢2) = 0, a contradiction.
Now suppose that u(r1) 6= v(r1). Then there exists �1 > 0 such that u�(r1) 6=

v�(r1) for all � 2 (0,�1]. By the strong maximum principle, u� � v has the same
finitely many number of zeroes and thus u � v has the finitely many zeroes in
[0, r1] to lead to a contradiction.
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SOME REMARKS ON EXTENDED FORM CLASS

GROUPS

DONG HWA SHIN

Abstract. Let K be an imaginary quadratic field of discriminant dK ,
and let N be a positive integer. Let �1 and �2 be congruence subgroups
of SL2(Z) containing �I2. We show that if K is di↵erent from Q(

p
�1)

and Q(
p
�3), and both �1 and �2 induce extended form class groups

of level N , then so does their intersection �1 \ �2. Let CN (dK) be the
extended form class group which is isomorphic to the Galois group of the
ray class field modulo N over K. We explicitly describe the operation
of its subgroup C0, N (dK) corresponding to the Galois group over the
Hilbert class field of K.

1. Introduction

Let K be a number field, that is, a finite extension of the field Q of

rational numbers. The class field theory, established by Takagi, states that

for each generalized ideal class group C of K there exists a unique finite

abelian extension of K whose Galois group is isomorphic to C via the Artin

map ([5]). In this direction, the fundamental problem in number theory is

to explain Gal(Q/Q) in a concrete way (by means of Galois representations)

([11]).

Now, let K be an imaginary quadratic field of discriminant dK . Hasse

([4]) settled down the theory of complex multiplication which asserts that

every finite abelian extension of K can be generated by special values of

(elliptic) modular functions. Furthermore, if HO is the ring class field of

order O in K, then Gal(HO/K) can be described in terms of Gauss’ form

class group ([1], [8] and [9]).

Let N be a positive integer and m = NOK . Let Km denote the ray class

field of K modulo m. Recently, Eum et al. ([2], [7] and [12]) introduced the

extended form class group CN(dK) to examine the action of Gal(Km/K) on

special values of modular functions.

2010 Mathematics Subject Classification. Primary 11R37; Secondary 11E16.
Key words and phrases. Class field theory, form class groups.
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In this paper, we shall prove two theorems concerning extended form class

groups. First, we shall show that if K is di↵erent from Q(
p
�1), Q(

p
�3),

and �1 and �2 are congruence subgroups of SL2(Z) which induce extended

form class groups of level N (in the sense of Definition 5.2), then their

intersection �1 \ �2 also induces an extended form class group (Theorem

5.4). Second, we shall explicitly describe the operation of the subgroup

C0, N(dK) of CN(dK) corresponding to Gal(Km/HK), whereHK is the Hilbert

class field of K (Theorem 6.5).

2. Class field theory

In this section, we shall briefly review the existence theorem of the class

field theory.

Let K be a number field, and let OK be the ring of algebraic integers in

K. A modulus of K is defined by a formal product m0m1, where m0 is a

nontrivial ideal of OK and m1 is a product of some distinct embeddings

of K into the field R of real numbers. We denote by IK(m) the group of

all fractional ideals of K relatively prime to m0. Furthermore, we define its

subgroup PK, 1(m) by

PK, 1(m) =

*
⌫OK

����
⌫ is a nonzero element of OK such that

• ⌫ ⌘ 1 (mod m0),

• �(⌫) > 0 for all embeddings � appeared in m1

+
.

We call a subgroup H of IK(m) a congruence subgroup for m if it satisfies

the inclusions

PK, 1(m) ✓ H ✓ IK(m),

and call the quotient group IK(m)/H a generalized ideal class group for m.

Proposition 2.1 (Existence Theorem). If H is a congruence subgroup

for m, then there is a unique finite abelian extension L of K such that

(1) all of whose ramified prime ideals of OK in L divides m,

(2) Gal(L/K) is isomorphic to the generalized ideal class group IK(m)/H

via the Artin map for m.

Proof. See [5, Theorem 9.1 in Chapter V]. ⇤
We call the abelian extension of K corresponding to PK, 1(m) the ray

class field of K modulo m, and denote it by Km. In particular, we call KOK

the Hilbert class field of K, and denote also it by HK . As is well known,

HK = KOK is the maximal unramified abelian extension of K ([1, Theorem

8.10]).

13
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3. The extended form class group CN(dK)

We shall introduce a recent work of Eum, Koo and Shin ([2]) on extended

form class groups which generalize Gauss’ classical form class groups ([3]).

Let K be an imaginary quadratic field of discriminant dK (< 0). For a

positive integerN , letQN(dK) be the set of primitive positive definite binary

quadratic forms ax
2
+bxy+cy

2
of discriminant dK such that gcd(a, N) = 1,

that is,

QN(dK) =

8
>><

>>:
ax

2
+ bxy + cy

2
2 Z[x, y]

����

• gcd(a, b, c) = 1,

• b
2
� 4ac = dK ,

• a > 0,

• gcd(a, N) = 1

9
>>=

>>;
.

The congruence subgroup

�1(N) =

⇢
� 2 SL2(Z)

���� � ⌘


1 ⇤

0 1

�
(mod NM2(Z))

�

of SL2(Z) acts on the set QN(dK) and induces the equivalence relation

⇠�1(N) as

Q ⇠�1(N) Q
0

() Q
0
= Q

�
= Q

✓
�


x

y

�◆
for some � 2 �1(N).

We denote the set of equivalence classes by

CN(dK) = QN(dK)/ ⇠�1(N) .

For each quadratic form Q = ax
2
+ bxy + cy

2
2 QN(dK), let !Q be the

zero of the quadratic polynomial Q(x, 1) which lies in the complex upper

half-plane H = {⌧ 2 C | Im(⌧) > 0}, namely,

!Q =
�b+

p
dK

2a
.

Notice that the modular group SL2(Z) acts on H as fractional linear trans-

formations.

Proposition 3.1. Let m = NOK. The map

�K,N : CN(dK) ! IK(m)/PK, 1(m)

[Q] 7! [[!Q, 1]] (= [Z!Q + Z])

is a well-defined bijection.

Proof. See [2, Theorem 2.9]. ⇤

14
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Remark 3.2. (1) In hisDisquisitiones Arithmeticae, Gauss introduced

the direct composition on C1(dK) (when dK ⌘ 0 (mod 4)), which

makes C1(dK) a finite abelian group ([3]).

(2) By Proposition 3.1, CN(dK) can be regarded as a group isomorphic

to the ray class group IK(m)/PK, 1(m) (' Gal(Km/K)), called an

extended form class group of level N .

4. The subgroup C0, N(dK) of CN(dK)

Let K be an imaginary quadratic field of discriminant dK , and let m =

NOK for a positive integer N . Since

Gal(Km/K) ' IK(m)/PK, 1(m)

and

Gal(HK/K) ' IK(OK)/PK, 1(OK) ' IK(m)/PK(m)

where

PK(m) =

⌧
⌫OK

����
⌫ is a nonzero element of OK such that

⌫OK is relatively prime to m

�

([5, Proposition 1.5 in Chapter IV]), we get

Gal(Km/HK) ' PK(m)/PK, 1(m).

Let Q0 = x
2
+ bKxy + cKy

2
be the reduced principal form of discriminant

dK , namely,

Q0(x, y) =

8
><

>:

x
2
�

dK

4
y
2

if dK ⌘ 0 (mod 4),

x
2
+ xy +

1� dK

4
y
2

if dK ⌘ 1 (mod 4).

Define the subgroup WK,N of GL2(Z/NZ) by

WK,N =

⇢
� =


t� bKs �cKs

s t

� ����
s and t are elements of Z/NZ

such that � 2 GL2(Z/NZ)

�
.

Furthermore, let UK be the subgroup of SL2(Z) given by

UK =

8
><

>:

{±I2} if K 6= Q(
p
�1), Q(

p
�3),

{±I2, ±
⇥
0 �1
1 0

⇤
} if K = Q(

p
�1),

{±I2, ±
⇥
�1 �1
1 0

⇤
, ±

⇥
0 �1
1 1

⇤
} if K = Q(

p
�3).

We see that if

rN : SL2(Z) ! SL2(Z/NZ)

stands for the reduction modulo N , then rN(UK) is a subgroup of WK,N .

15



16 DONG HWA SHIN

Proposition 4.1. The map

WK,N/rN(UK) ! PK(m)/PK, 1(m) (' Gal(Km/HK))
t� bKs �cKs

s t

��
7! [(s!Q0 + t)OK ]

is a well-defined isomorphism.

Proof. The proof follows from the fact

O
⇤

K =

8
><

>:

{±1} if K 6= Q(
p
�1), Q(

p
�3),

{±1, ±!Q0} if K = Q(
p
�1),

{±1, ±!Q0 , ±(!Q0 + 1)} if K = Q(
p
�3)

([1, Exercise 5.9]). ⇤
Now, let C0, N(dK) be the subset of CN(dK) defined by

C0, N(dK) = {[Q
�
0 ] | � is a matrix in SL2(Z) such that Q

�
2 QN(dK)} .

Proposition 4.2. If �K,N is the map given in Proposition 3.1, then

�
�1
K,N(PK(m)/PK, 1(m)) = C0, N(dK).

Furthermore, the map

⇢K,N : C0, N(dK) ! WK,N/rN(UK) (' Gal(Km/HK))
Q
[A B
C D ]

0

�
7!


Q0(A, C)

�1


A �cKC

C A+ bKC

��

is a well-defined isomorphism. Here, Q0(A, C)
�1

means the inverse of

Q0(A, C) in (Z/NZ)
⇤
.

Proof. See [7, Theorem 10.1 and Remark 10.2]. ⇤

5. Intersection of congruence subgroups

We shall prove our first main theorem that two extended form class groups

naturally induce another extended form class group.

Let K be an imaginary quadratic field of discriminant dK , and let N be a

positive integer. Each congruence subgroup � gives rise to the equivalence

relation ⇠� on the set QN(dK) of quadratic forms as

Q ⇠� Q
0

() Q
0
= Q

�
for some � 2 �.

Here, we understand Q
�
as the action of � in �1(1) = SL2(Z) on Q in

Q1(dK). Note that Q
�
may not belong to QN(dK) for some � 2 � and

16
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Q 2 QN(dK). For each Q 2 QN(dK), let I!Q (✓ SL2(Z)) denote the

isotropy subgroup of !Q (2 H).

Lemma 5.1. Let � be a congruence subgroup of SL2(Z), and let P be a

congruence subgroup for m = NOK. Then the map

 �, P : QN(dK)/ ⇠� �! IK(m)/P

[Q] 7! [[!Q, 1]]

is a well-defined bijection if and only if the following property holds :

Let Q 2 QN(dK) and � 2 SL2(Z) such that Q
��1

2 QN(dK).

Then, j(�, !Q)OK 2 P () � 2 � · I!Q.
(1)

Proof. See [6, Propositions 2.3 and 2.4]. ⇤
Definition 5.2. Let � be a congruence subgroup of SL2(Z), and let

N be a positive integer. We say that � induces an extended form class

group of level N if there is a congruence subgroup P for m = NOK so that

the map  �, P stated in Lemma 5.1 is bijective. In this case, we can view

QN(dK)/ ⇠� as an abelian group isomorphic to the generalized ideal class

group IK(m)/P .

Lemma 5.3. If K is di↵erent from Q(
p
�1) and Q(

p
�3), then we have

I!Q = {I2, �I2} for all Q 2 Q1(dK).

Proof. See [1, p. 31] and [10, Proposition 1.5 (c)]. ⇤
Theorem 5.4. Let K be an imaginary quadratic field other than Q(

p
�1)

and Q(
p
�3), and let N be a positive integer. Let �1 and �2 be congruence

subgroups of SL2(Z) containing �I2. If both �1 and �2 induce extended form

class groups of level N , then so does their intersection �1 \ �2.

Proof. Let P1 and P2 be the congruence subgroups for m = NOK corre-

sponding to �1 and �2, respectively. That is, the maps

 �i, Pi : QN(dK)/ ⇠�i ! IK(m)/Pi

[Q] 7! [[!Q, 1]]

are well-defined bijections (i = 1, 2). Set

� = �1 \ �2 and P = P1 \ P2

which is a congruence subgroup of SL2(Z) and a congruence subgroup for

m, respectively. Let Q 2 QN(dK) and � 2 SL2(Z) such that Q
��1

belongs

17
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to QN(dK). We deduce that

� 2 � · I!Q

() � 2 (�1 \ �2) · {I2, �I2}

by Lemma 5.3 because K 6= Q(
p
�1), Q(

p
�3)

() � 2 �1 \ �2 because �I2 2 �i (i = 1, 2)

() � 2 �i · I!Q (i = 1, 2)

() j(�, !Q)OK 2 Pi (i = 1, 2)

because both of the pairs (�1, P1) and (�2, P2) satisfy (1)

() j(�, !Q)OK 2 P1 \ P2 = P.

Thus the pair (�, P ) satisfies the property (1), and hence the map

 �, P : QN(dK)/ ⇠� ! IK(m)/P

is bijective by Lemma 5.1. Therefore � also induces an extended form class

group of level N . ⇤

6. The group operation of C0, N(dK)

Let K be an imaginary quadratic field of discriminant dK , and let m =

NOK for a positive integer N . In this last section, we shall explicitly de-

scribe the group operation of C0, N(dK) (' Gal(Km/HK)) by using the map

⇢K,N stated in Proposition 4.2.

Lemma 6.1. If � =


A B

C D

�
2 SL2(Z), then we have

Q
�
0 2 QN(dK) () gcd(Q0(A, C), N) = 1.

Proof. We see that

Q
�
0 = (A

2
+ bKAC + cKC

2
)x

2
+ {2AB + bK(AD +BC) + 2cKCD}xy

+(B
2
+ bKBD + cKD

2
)y

2

= Q0(A, C)x
2
+ {2AB + bK(AD +BC) + 2cKCD}xy +Q0(B, D)y

2
,

which proves the lemma. ⇤
Lemma 6.2. We have the equality

Q0(A, C)Q0(A
0
, C

0
) = Q0(AA

0
� cKCC

0
, CA

0
+ AC

0
+ bKCC

0
)

for all A, C, A
0
, C

0
2 Z.

Proof. Straightforward. ⇤

18
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Remark 6.3. Note that Q0 is the identity element of the classical form

class group Q1(dK)/ ⇠SL2(Z). The equality in Lemma 6.2 is the direct

composition of [Q0] and itself.

Lemma 6.4. If

 eA eB
eC eD

�
2 GL2(Z/NZ), then there is a matrix �

00
in

SL2(Z) such that

�
00
⌘

 eA ⇤

eC ⇤

�
(mod NM2(Z)).

Proof. If we let

d =

����
eA eB
eC eD

���� (2 (Z/NZ)
⇤
),

then we see that  eA d
�1 eB

eC d
�1 eD

�
2 SL2(Z/NZ)

where d
�1

means the inverse of d in (Z/NZ)
⇤
. It is well known that the

reduction map rN : SL2(Z) ! SL2(Z/NZ) is surjective ([9, Lemma 1.38]).

Thus there exists a matrix �
00
in SL2(Z) such that

�
00
⌘

 eA d
�1 eB

eC d
�1 eD

�
(mod NM2(Z)).

⇤
Theorem 6.5. Let K be an imaginary quadratic field, and let N be a

positive integer. Let µ and µ
0
be elements of C0, N(dK), and so

µ = [Q
�
0 ] and µ

0
=

h
Q

�0

0

i

for some matrices � =


A B

C D

�
and �

0
=


A

0
B

0

C
0

D
0

�
in SL2(Z) such that Q

�
0

and Q
�0

0 belong to QN(dK) by Proposition 4.2. Then we have

µµ
0
=

h
Q

�00

0

i

where �
00
is a matrix in SL2(Z) so that Q

�00

0 belongs to QN(dK) and

�
00
⌘


AA

0
� cKCC

0
⇤

CA
0
+ AC

0
+ bKCC

0
⇤

�
(mod NM2(Z)).

19
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Proof. We find by Proposition 4.2 that

⇢K,N(µµ
0
) = ⇢K,N

✓
Q
[A B
C D ]

0

� 
Q

h
A0 B0

C0 D0

i

0

�◆

=


Q0(A, C)

�1
Q0(A

0
, C

0
)
�1


A �cKC

C A+ bKC

� 
A

0
�cKC

0

C
0

A
0
+ bKC

0

��

=


Q0(

eA, eC)
�1

 eA eB
eC eD

��
by Lemma 6.2

where
 eA eB
eC eD

�
=


AA

0
� cKCC

0
�cKAC

0
� cKCA

0
� bKcKCC

0

CA
0
+ AC

0
+ bKCC

0
�cKCC

0
+ AA

0
+ bKAC

0
+ bKCA

0
+ b

2
KCC

0

�
.

We further see that
 eA eB
eC eD

�
=

 eA �cK
eC

eC eA+ bK
eC

�
. (2)

By Lemma 6.4, there is a matrix �
00
=


A

00
B

00

C
00

D
00

�
in SL2(Z) such that

�
00
⌘

 eA ⇤

eC ⇤

�
(mod NM2(Z)). (3)

Note that Q
�00

0 belongs to QN(dK) by Lemma 6.1 because

gcd(Q0(A
00
, C

00
), N) = gcd(Q0(

eA, eC), N) = 1.

We obtain that

⇢K,N

⇣h
Q

�00

0

i⌘
=


Q0(A

00
, C

00
)
�1


A

00
�cKC

00

C
00

A
00
+ bKC

00

��

=


Q0(

eA, eC)
�1

 eA �cK
eC

eC eA+ bK
eC

��
by (3)

=


Q0(

eA, eC)
�1

 eA eB
eC eD

��
by (2)

= ⇢K,N(µµ
0
).

Therefore we achieve that

µµ
0
=

h
Q

�00

0

i
,

which describes the group operation of C0, N(dK) in a concrete way. ⇤

20
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극좌표계 안에서 몬테카를로 시뮬레이션의 난수 균등 분포1 

 

안광신, 유세기2 

 

몬테카를로 시뮬레이션 안에서 보다 정확한 결과의 핵심은 얼마나 고른 분포를 갖는 

난수를 만들어 작동시키느냐에 달려있다. 원형인 극좌표계에서 발생시킨 난수 쌍은 기하학적 특성을 

감안하여 조심스럽게 발생하여야 한다. 극좌표계에서 반지름에 사용하는 난수가 원점 중심부 

집중화를 막고, 균등 분포 난수를 생성하기위해서는 역변환 방법을 이용한 함수를 적용하여야만 

고른 난수의 발생이 가능하다. 구글지도를 이용한 몬테카를로 시뮬레이션 실험에서 서울시 

남산공원을 중심으로 반경 3 km 안에 300개의 난수를 추출 후에 파란색 작은 원을 표시하여 

난수의 중앙 집중도를 비교하였다. 

 

서 론 

 

 몬테카를로 지명은 모나코 북부에 위치하며 남쪽에 모나코 항구를 중간

에 두고 반대편에 위치하는 1879년 개설된 도박장이다. 몬테카를로 시뮬레이션

은 2차 세계대전 때 원자폭탄을 만드는 맨하튼 프로젝트의 복잡한 계산을 쉽게 

하려고 처음 시도되었다. 이 시뮬레이션 발생의 근원은 카지노에서 카드 게임을 

하는데 승률을 알고 싶다는 생각에서 아이디어를 얻었다고 한다. 결론은 매우 단

순하고 우리가 가장 정확한 승률을 알고자 한다면 수많은 게임을 해 보면 알게 

될 것이다. 일상의 예를 들면 동전 던지기를 보자 동전을 던져서 앞면이 나올 확

률은 50%이다 그런데 10번 던졌을 경우 50%가 나올까 나올 수도 있고 나오지 

않을 수도 있다. 하지만 이 실험은 수천, 수만 번 실행해 보면 근사하게 50%라

는 확률이 나올 것이다. 이처럼 몬테카를로 시뮬레이션을 발생 가능한 다양한 시

나리오들을 고려하여 결과를 추정해 보자는 것이다. 만약에 요즘에 이 방법이 만

들어졌다면 도박 도시로 몬테카를로 보다 휠씬 유명한 라스베가스나 마카오의 

 
1 이 논문은 2021학년도 한국외국어대학교 학술연구비 지원에 의하여 이루어진 것임. 
2 한국외국어대학교 자연과학대학 전자물리학과 교수 
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이름을 따서 라스베가스 시뮬레이션 또는 마카오 시뮬레이션이라고 불리어 졌을 

것이다. 

 몬테카를로 시뮬레이션이란 무작위 값 즉, 난수를 이용하여 반복적 계산

으로 통해 확률론적 값을 구하는 모형을 얘기한다.[1-5] 몬테카를로 시뮬레이션

이 말하는 모형은 변수들간의 관계가 확실하여 예측치를 정확하게 찾을 수 있는 

확정모형(deterministic model)과는 달리, 결과를 정확하게 예측할 수 없는 확률

모형(stochastic model)이다. 일반적으로 확정모형에서는 분석적 해법

(analytical solution)을 찾는 것이 가능하다. 그러나 확률모형에서는 분석적인 

방법으로 해법을 찾는 것이 불가능 한 경우가 많다. 이 경우에는 수치적

(numerical)으로 일련의 난수를 반복적으로 발생해서 시뮬레이션을 하면 해답을 

찾을 수 있는데 이것이 몬테카를로 시뮬레이션이다. 몬테카를로 시뮬레이션이 처

음 적용된 것은 2차 세계대전에서 맨하튼 프로젝트라는 중성자 폭탄 개발 프로

젝트에서 사용되었다. 이때 스타니스와프 울람과 폰 노이만은 중성자의 충돌 확

률을 계산하기 위해 몬테카를로 시뮬레이션을 이용해서 가장 높은 확률을 계산

했다고 한다. 이때 프로젝트의 암호명이 몬테카를로 라고 해서 몬테카를로 시뮬

레이션이라는 이름이 붙여졌다고 한다.  

 가장 대표적인 예는 몬테카를로 시뮬레이션을 통해서 원주률을 구할 수 

있는데 임의의 난수를 한 변의 길이가 1인 정사각형 안에 임의로 분포시키고 원

점으로부터 1 미만의 점들을 산출하여 1미만의 영역과 전체 영역을 비율로 나타

내어 4를 곱하면 π를 만들 수 있다. 점의 균일함이 떨어질수록 근사치는 멀어

지고 더 많은 점들을 난수적으로 표현하면 근사치는 개선된다. 이와 같은 대표적 

예제를 이용하여 특정 지역의 지도 위에 적용하여 무질서한 난수와 강하게 결합

된 자유도를 지닌 상황을 시뮬레이션 하고자 한다. 확률론적 해석을 지닌 문제들

을 해결하기 위해 사용되는 만큼 많은 난수를 통해 변수의 예상을 취함으로써 

근사치를 구하여 변수의 예상 값으로 설명할 수 있다. 이렇게 설명된 샘플은 프

랙탈(fractal) 도형과 차원을 통해 전체를 대표하는 모델이 되고 정의될 수 있을 

것이다.  
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몬테카를로 시뮬레이션에서 가장 중요한 것은 합리적인 난수 추출에 있

는데 특정 분포를 따르는 난수 추출을 통하여 이를 개선하고, 고성능 컴퓨터를 

이용하면 가장 강력한 시뮬레이션 방법 중 하나이다 

 

 

본 론 

이 실험의 가설은 몬테카를로 시뮬레이션을 활용할 때 난수의 균등화가 

가장 중요하고 결과값을 예측할 때 가장 핵심 역할을 한다는 점이다. 예를 들어 

지도 위에서 반경 3km 인 원 모양 경계를 설정하여 그 경계선 안에 임의의 

난수로 점을 찍는다고 하자. 사각형의 각진 좌표를 찍을 때 0과 1의 디지털적 

이분법적 난수 추출은 원만히 난수를 골고루 만들어 낼 수 있다. 그러나 극 

좌표계 경계선 안의 난수점을 찍기 위하여 일반적인 0과 1만 가지고 난수를 

사용한다면 중심에 집중적으로 치우치는 난수가 발생할 수밖에 없다. 가령, 

극좌표계 안에서 난수 추출을 할 때 반지름 r과 각도 쎄타(θ)를 이용하여 

경계선 내부 원의 난수적 점을 추출할 수 있다. 그러나 극좌표계를 그대로 

사용할 경우 원의 중심부에서 점의 밀도가 커지는 오류가 발생한다. 다시 말해 

경계선이 그려진 원의 모든 부분에 골고루 점이 찍히는 것이 아니라, 원의 

중앙부분에  보다 더 집중적으로 점의 개수가 많이 찍힌다. 몬테카를로 

시뮬레이션을 활용하기 위하여 가장 중요한 요소 중 하나가 균등분포 난수 

생성인데 극좌표계의 균등 분포 난수 생성을 위해서는 특정한 방법을 이용해야 

하는데 그것이 바로 역변환 방법(inverse technique) 난수 생성이다.[6]  

우리가 알고 있는 확률 분포 함수는 모두 적분하면 1이다. 이를 

활용하여 누적 분포 함수를 만들 수 있다. 누적분포 일반 변수 χ함수 F(χ)는 

0에서 1의 범위를 가지는데 일반적인 난수 추출도 0에서 1까지의 난수를 

만들어 낸다. 극좌표계에서 중앙밀도의 집중도를 분산시키기 위해서 특정 분포를 

난수를 만들어 내야 한다. 특정 분포 함수를 따르는 확률 변수 X에 대한 

누적분포 함수는 FX(χ)가 된다. 극좌표계에서 임의의 점(Point) 을 Pχ 라고 
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하면, 

 

Pχ = P( dχ , 2πχ)  

 

로 나타내어진다. 이를 특정 분포의 누적분포 함수로 나타내어 점으로 표시하면, 

 

PX = P(dχ0.5 , 2πχ)  

 

가 된다. 다시말해, 일반적으로 반지름 r이 1이고 원안에 중심점에서 난수점 

까지의 거리 d를 가지고 극좌표계를 구해주어 누적분포함수 FX(χ)에서 

극좌표계 누적분포함수는 d2/r2 = d2 로 계산되는데, 이에 역함수 Y=FX
-1(x) 를 

구해주어 역함수 Y = r * x0.5 로 구현되고 균일한 밀도를 지닌 정상 분포 난수를 

가지게 된다. Pd = d χ0.5 가 되고 Pθ=2πχ 가 되어 임의의 점 Pdθ(d, θ)가 

된다. 이라하여 역변환 함수는 루트 값을 가지고 0과 1 사이에 기존 값 보다 

크게 반환 된다는 것을 알 수 있다. 다음 그림 1, 2 는 극 좌표계 안에서 

일반적인 난수 추출법 Pχ = P( dχ , 2πχ)과 역변환 PX = P(dχ0.5 , 

2πχ)추출법을 사용하여 임의의 점 Pdθ(d, θ)를 계산하여 파란색 작은 원을 

그려 비교해 보았다. 
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그림 1. 일반적인 난수 추출법을 이용한 몬테카를로 시뮬레이션(난수 300개 추출). 

 

 

그림 2. 역변환 방법 사용 난수 추출법을 이용한 몬테카를로 시뮬레이션(난수 300개 추출). 
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그림 1과 2는 서울시의 남산공원을 중심으로 구글 지도에서 몬테카를로 

시뮬레이션을 구현해 보았다.[7] 그림당 추출 난수는 비교를 위하여 300개로 

한정했다. 육안으로 보더라도 그림1이 그림2 보다 현자하게 많은 파란 원들이 

중심부에 몰려 있다는 걸 알 수 있다. 역변환 방법을 이용하여 역함수의 루트 

값을 활용하면 균등 분포가 나타난다는걸 알수 있다. 

 이와 같이 극좌표계의 반지름과 각도값의 난수를 추출하기 위해서는 

일반 균등 분포 방식을 이용하여 난수를 추출하면 중심부의 밀도차 때문에 

실험적 오류를 범할 수 있다는 걸 알 수 있다.  

 

결 론 

 

극좌표계 안에서 몬테카를로 시뮬레이션을 행할 시 균등한 분포를 가진 

난수 추출할 때에는 중심부의 밀도차 때문에 특히 조심해야 한다. 이 밀도차의 

감안 없이 난수를 추출할 시 몬테카를로 시뮬레이션의 예측 방법에 현격히 다른 

결론이 나올 수 있다. 
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