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ELECTRIC FIELD CONCENTRATION BY INFINITELY
MANY SPHERICAL PERFECT CONDUCTORS

ARRANGED CLOSELY IN
TWO PARALLEL LINES IN THREE DIMENSIONS

KIHYUN YUN1

Abstract. High shear stress concentration occurs in fiber-reinforced
composite, and this results in the material failure. Such behavior of
shear stress is explained by the concentration of electric field in nar-
row region in-between neighboring perfect conductors. In two dimen-
sions, electric field concentration by infinitely many perfect conductors
arranged closely in two parallel lines was investigated in [3]. In this
paper, the result is generalized to a three dimensional cases.

1. Introduction and Main Theorem

In fiber-reinforce composites, shear stress increases to infinity in a narrow
region in between fibers, as the fibers get closer, and such phenomenon
causes serious problems in materials. The stress, which has a high value in
a narrow area, is di�cult to investigate with numerical methods. So the pure
mathematical methods have been successfully used to explain and estimate
the concentration. Refer to [4] and [5]. Especially, two types of electric
field enhancements by infinitely many circular conductors arranged closely
in two parallel lines in two dimensions are studied in [3]. The objective of
this paper is to extend the results in [3] to three dimensional cases.

To do so, we deal with infinitely many spherical perfect conductors ar-
ranged closely in two rows in three dimensions. For any integer number
n, we choose a pair of unit open balls BRn and BLn spaced ✏ apart in the
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x-direction, and moreover the distances between BRn and BRn+1, and be-
tween BLn and BLn+1 both are � in the vertical direction. The open spheres
BRn and BLn are defined as

BRn =

⇢
(x, y)

���
⇣
x�

⇣
1 +

✏

2

⌘⌘2
+ (y � n (2 + �))2 + z2 < 1

�
and

BLn =

⇢
(x, y)

���
⇣
x�

⇣
�1� ✏

2

⌘⌘2
+ (y � n (2 + �))2 + z2 < 1

�
.

Then, the domin R2 \ [1
n=�1 (BRn [ BLn) has a periodic structure with

period 2 + � in the y direction. In this paper, we suppose that ✏ and � are
su�ciently small and positive.

BR0BL0

BR1

BR2

BR�1

BL2

BL1

BL�1

✏

�

⌦4

Figure 1: BLn, BRn, �, ✏ and ⌦4 in R3

Dealing with the governing equation, we consider a linear function H as

H(x, y, z) = a1x+ a2y + a3z + c

for any (x, y, z) 2 R3. It is obvious that H is a harmonic function defined in
R3 whose gradient is a periodic function with period 2+� in the y-direction
satisfying

(1) rH(x, y, z) = rH(x, y + 2 + �, z) for any (x, y, z) 2 R3.
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For a such harmonic functionH, we estimate the gradientru of a solution
u to the equation

(2) �u = 0 in R3 \ [1
n=�1 (BLn [BRn)

with the conditions
(3)8
>>>>>>>>>>>><

>>>>>>>>>>>>:

u = cL on @BL0,

u = cR on @BR0,Z

@BL0

@⌫udS =

Z

@BR0

@⌫udS = 0,

Z

⌦\BL0[BR0

|r(u�H)|2dxdydz < 1,

ru(x, y, z) = ru(x, y + 2 + �, z) for (x, y, z) /2 [1
n=�1 (BLn [BRn).

Here, the constants cL and cR depend on H, ✏ and �, and the normal unit
vector ⌫ points toward the inside of BL0 or BR0. The domain ⌦ denotes a
horizontal area as

(4) ⌦ = R⇥
✓
�1� �

2
, 1 +

�

2

◆
⇥ R,

and the domain ⌦m is defined as

(5) ⌦m =
�
(x, y, z) | (x, y, z) 2 ⌦ and x2 + z2 < m2

 

containing BL0 and BR0 for m � 3.
By definition, the gradient ru is a periodic function with period 2+ � in

the y direction, and the solution u has a constant Dirichlet boundary data
on each of boundaries @BRn and @BLn for n = 0,±1,±2, · · · . Dealing with
u(x, y) + u(x,�y) and u(x, y)� u(x,�y) in ⌦ \ (BL0 [BR0), Lax-Milgram
Lemma presents the existence of the solution u for a harmonic function H.
It is worth noting that if u↵ and u� are the solutions for the same harmonic
function H, then there is a constant c such that u↵ = u� + c and

ru↵ = ru�

in R2 \ [1
n=�1 (BLn [BRn).

Theorem 1.1. Let H be a harmonic function as

H(x, y, z) = a1x+ a2y + a3z + c
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for any (x, y, z) 2 R3. Let Nv be a narrow region in the between BL0 and
BR0, and let Nh be a narrow region in the between BR0 and BR1 defined as

Nv =

⇢
(x, y, z) | |x| < 1 +

✏

2
�
p
1� y2 � z2 and y2 + z2 <

1

4

�
,

Nh =

(
(x, y, z) |

����y � 1� �

2

���� < 1 +
�

2
�
r
1�

⇣
x� 1� ✏

2

⌘2
� z2

and
⇣
x� 1� ✏

2

⌘2
+ z2 <

1

2

�
.

Then, there exists C regardless of H, ✏ and � such that

krukL1(Nv)  C
1

✏| log ✏| ,(6)

1

C
|a2|

1

�
 krukL1(Nh)  C

1

�
.(7)

The proof is presented at the end of the following section.

2. Proof of Theorem 1.1

We estimate the potential di↵erences between u|@BRn and u|@BLn , and
between u|@BRn and u|@BRn+1 to establish the bounds of the gradient of u in
the narrow regions. Two following lemmas present estimates for two kinds
of potential di↵erences.

Lemma 2.1. Suppose that

H(x, y, z) = x.

Then,

|u|@BRn � u|@BLn | .
1

| log ✏| .

Proof. As given in [2], we define h as

h(x, y, z) = �
 
4

3
⇡

1X

m=1

qm

!�1 1X

m=1

qm

✓
1

|(x� pm, y, z)|
� 1

|(x+ pm, y, z)|

◆
,
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where

pm =

✓
1 + (✏/2)� p

1 + (✏/2) + p

◆m�1 2p
⇣

2p
1+(✏/2)�p + 1

⌘
�
⇣

1+(✏/2)�p
1+(✏/2)+p

⌘m�1 + p,

qm+1 =

✓
1

1 + (✏/2) + pm

◆n�2

qm,

q1 = 1 and p =
p

✏+ (✏2/4).

Then, we have

�h = 0,

h is constant on each of @BR0 and @BL0,Z

@BR0

@⌫hdS = �
Z

@BR0

@⌫hdS = 1,

h(x, y, z) = O

✓
1

|(x, y, z)|2

◆
as |(x, y, z)| ! 1.

Employing the results in [2],

|h|@BR0 � h|@BL0 | '
1

| log ✏| .

Let A = u|@BR0 � u|@BL0 . Then,

|A| = |u|@BR0 � u|@BL0 |

=

Z

@BR0[@BL0

u @⌫hdS


����
Z

@BR0[@BL0

H @⌫hdS

����+
����
Z

@BR0[@BL0

v @⌫hdS

���� ,(8)

supposed that u = H + v. Let w be the function satisfying

v =
1

2
A |h|@BR0 |

�1 h+ w.
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Then, w = �H on @BL0 [ @BR0 . The last term in the inequality (8) is
bounded as

����
Z

@BR0[@BL0

v @⌫hdS

���� =

�����

Z

y=1± �
2

v @⌫hdS

�����

 1

2
|A|

�����

Z

y=1± �
2

��|h|@BR0 |
�1 h

�� @⌫hdS

�����+

�����

Z

y=1± �
2

w @⌫hdS

�����

 1

2
|A|
Z

y=1± �
2

|@⌫h| dS + 4

Z

y=1± �
2

|@⌫h| dS.

The terms in this bound are estimated as follows:Z

y=1± �
2

|@⌫h| dS


Z

y=1± �
2 and |(x,z)|10

|@⌫h| dS +

Z

y=1± �
2 and |(x,z)|>10

|@⌫h| dS

 C1

Z

y=1± �
2 and |(x,z)|10

1

| log ✏|dS

+ C2

Z

y=1± �
2 and |(x,z)|>10

1

| log ✏|
1

|(x, z)|3dS

 C3|A|
1

| log ✏| + C4
1

| log ✏| ,

and by the result in [2],
����
Z

@BR0[@BL0

H @⌫hdS

���� .
1

| log ✏| .

Applying the estimates for terms above to the bound, we have

|A| .
✓
1� C3

1

2| log ✏|

◆
|A| . 1

2| log ✏| ,

because ✏ is supposed to be su�ciently small. Thus, we are done. ⇤
Lemma 2.2. Suppose that

H(x, y, z) = y.

Then, ��u|@BRn+1 � u|@BRn

�� =
��u|@BLn+1 � u|@BLn

�� . 1

for n = 0,±1,±2, · · · .
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The lemma above is also derived in the same way as Proposition 3.1 in
[3] which deals with 2 dimensional cases.

Proof. Observe that r(u�H) is a periodic function with period 2 + � in
the y-direction. Thus,

r(u�H)(x, y, z)�r(u�H)(x, y � 2� �, z) = (0, 0, 0)

for any (x, y, z) 2 R3 \[1
n=�1 (BLn [ BRn). There exists a constant C such

that

(u�H)(x, y, z)� (u�H)(x, y � 2� �, z) = C

for any (x, y, z) 2 R3 \ [1
n=�1 (BLn [BRn). Then,

|C|2 
 Z 1+ �

2

�1� �
2

|@y(u�H)(x, y, z)|dy
!

 (2+�)

Z 1+ �
2

�1� �
2

|@y(u�H)(x, y, z)|2dy.

Note that
R
⌦\(DL0[DR0)

|r(u � H)(x, y, z)|dxdydz is finite. The right hand

side of the inequality above converges to 0 as |(x, z)| ! 1 so that

C = 0.

For (x, y, z) 2 @BRn+1 ,

0 = (u�H)(x, y, z)� (u�H)(x, y � 2� �, z)

= u(x, y, z)� u(x, y � 2� �, z)� y + y � 2� �

= u|@BRn+1
� u|@BRn

� 2� �.

Thus,

u|@BRn+1
� u|@BRn

= 2 + �,

and in the same way,

u|@BLn+1
� u|@BLn

= 2 + �.

Thus, we have the lemma. ⇤

We are ready to prove the main theorem of this paper.

Proof of Theorem 1.1. Let h̃ be the solution to

�h̃ = 0 in ⌦ \ (BL0 [ BR0)
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with the conditions
8
>>>>>>><

>>>>>>>:

@yh̃ = 0 on @⌦,

h̃ = 1
2 on @BR0,

h̃ = �1
2 on @BL0,Z

⌦\BL0[BR0

|rh̃|2dxdydz < 1.

The solution u can be decomposed into two parts as

u = (u|@BR0 � u|@BL0) h̃+ w.

By the maximal principle,
���h̃
��� 

1

2
in ⌦ \ (BL0 [BR0).

Since h̃ are constant on each of @BR0 and @BL0, h̃ can be extended in a
neighborhood of the boundaries, and then we apply the standard gradient
estimate for harmonic function to it in Nv as

���rh̃(x, y, z)
��� . 1

✏
kh̃kL1(⌦\(BL0[BR0))

. 1

✏

for any (x, y, z) 2 Nv.
Now, we estimate rw in Nv. Actually, we follow the argument of the

proof in [3] based on the method in [1]. Note that

w|@BL0 = w|@BR0 = 0,

and that

kwkL1(⌦4\BR0[BL0)
. 1.

The argument in [3] provides two inequalities separately as

krwkL1((BR0[BL0)\@Nv) . 1

and

krwkL1(@Nv\@(BR0[BL0)) . 1.

By the maximal principle, we have the boundedness of |rw| in Nv.
It follows from Lemma 2.1 and the symmetry of y and z about x = 0 that

|u|@BR0 � u|@BL0 | . |a1|
1

| log ✏| ,

61



62 KIHYUN YUN

since H = a1x+ a2y + a3z + c. Thus, we have the bound in Nv as

|ru| . 1

✏| log ✏| in Nv.

We consider the gradient estimate in Nh. Lemma 2.2 means

|u|@BR1 � u|@BR0 | ' |a2|.
Since the distance between @BR1 and @BR0 is �, the mean value theorem
implies that

|a2|
1

�
. krukL1(Nh).

On the other hand, it is obvious that u is bounded in ⌦4[⌦4 + (0, 2 + �, 0).
By the standard gradient estimate, we have

|ru| . 1

�
in Nh.

Therefore, we are done. ⇤
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