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A 79 excitation energy dependenceE &olH 7] €a] HeCd laser 325 nm,
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excitation Al7]1™ Nd peaks #5T & AJAW Ar laser 488 nm, 514 nm
line® 2 excitation A]7]" Nd peaks #5% 4 It} Ar laser 488 nm, 514
nm line & Zexcitation A1Z] sampleo] A Ho]+= 1100 nmolA 1300 nm +37+9]
broad peak < ion implantation’] ¥A3l= damage defecte] JdFo = <Idh
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19 2. Excitation energy dependent PL spectra of GaN:Nd
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SVM 9 L2-SVM g ! ! 11 11

Bl L2 pp 2 g2 2y 12 403
Abstract. $rrtgL gL AL P ENT KL g """ SYMS
#"O"" %#! L2-SVM" " L L &S I L #EY SYM' L2-SVM &' ((# (!
dual problem) ! # $*# (! 1 ") %#" " .l | # dual problem$ ! ! )& !
primal" # " &" " #" #")& ) """V # "% +" . $ 1" H#! SYM'
L2-SVM), " primal ' $ $($") " %! (,primal$ dual! " # ! ! &$ ! #,
P # " #pss!l L 11" 1 $A$)S 1 )& &TH#ET LI H) *&
$! # %#$S$S """ # primal problem # dual problem™ | # ! " # #51) * o)
%! % S+ 1" " HT #" & &) " %S+ primal problem $ %. ! )

(" %! 1 &I0 #) %! % Z+" .

1L.# %

Support vector machines (SVM&' ( # (! dual! " # " # &' £&3$" (Schelkopf
and Smola, 2002). Dual problen& ! ! #' %! £$ ! &' 1%$ ! & " %" .| %
I | (sparse estimation) ! # " &( $*#! 1 # " #IV# 1% #$ *#
scaling&" ' +$" " .1 """ " #& B! primal! $ " #H&! %! *# 1 %
L1 # "' #1 & supportvector%! # " ' #1 "$ &#+ " .11 # (1)1 %S
%=l = g L v # (n>>p)scalingt ' #% +#H#E S H#, (2 NH&"
# dual! " # #" # (" #oprimal! " H#H H #" % 5+ #" &(regulariza-
tion)! ' H# #" % 5+ "l C&HESL T %A #F& T OLET T % #D &
primal ! $ "#& ! &" """ 'l " $! *&%" .SVYMS$ primal ! " #3$ ' A" £

1# " B& 20220 #% " %%%( " (" (&1 11" $1 & #&(& +-
2" %%%( " (" LS (" (! %($ (#S!
3" %%%( " (" LI S("( ! %S

13



(loss function)! hinge loss# # # # # ! n|" ' #" #1 &#H# #$ ' FH#" " #
# Newton-Raphson)& $ " " # " #1101 )" . $ 11 " #1 %#l J&) &, ! !
, EMMS (S ) T #H %H DITTE&) "R

Robust SVM (RSVM)& # ! &" &) ) - ! ) $' (%" SVM$ %## ##" .
SVM$ ! " 1" ! .| Z(individual parameter)! ! "1 " #1 & $$' A" 1#)
PP %+ (V) A" VL # " #1" (She and Owen, 2011; Lee et al., 20164 $ "
o2l bl (*((! v $' #1011 # dual problem" ! (" 1
SVMsolverl ((* () !'$1 1 $1 1 2"& #+ " (" ,primal! " # (* (&' #
g LS o#t g #r S L # dual! (T () NS S(S")
"o (#DTML)"

Least square SVM (L2-SVM)& ' A' ! hinge loss" 2l squared hinge loss "
"$ primal 2" ! " I" | squared hinge loss ( && ** # m]l ' #1 " . &#
+" .00 %" $ SYM" #$ primal/dual 2" $ I " ##& ' EF'& #!'!".$
Pt #1 L2-SVM$ primal ' dual! $ P ) ottt LS ot
/A" B " dual$(S") L+ L)

2.1 4% "1 &

#F+L" E" L ("1 1. ((1%! D= {(Xi,V) : Xi = (Xi1,Xi2,..., Xip)"T €
RP, yi e{-1,+1}, i=21,2,....,.n} ##! $(' #,#! 0" -&) " "), # +!
"1&) LS.

Y=(Y1,--, %), X =(xq,888x%p)T = (1, 44a%p).

&' # X = (Xit,...,Xip)T! &) X$ i1’ &)$ bl (L% = (Xgj,eonXnj)T! ]
1' ,)$ | " . #+1 " # +1 &#! " 1 (lnear classiper) ' ! " "

f(x)= 1o+ x'!

Prg "1l #" 1 &+1 81" #%)
!

_ #_1 fx)<0
% = sign(f (x)) = , :
+1, £()>0

14



SVM ' L2-SVM ! I & I # I'" I

* " ! &%$ ! - {x:f(X)=0}) ) ! *% (decision boundaryt # &#,) !

o " # %" x$ " %(#(! £ ! """ SYVM' L2-SVM$ , && , #"

P&# "1 -V # +" 11" HD &#FLI"1#) "* " 11 YY" " kernel

&) #" 1" L &#FL" %l # (-#(! ' #!1 " (Schelkopf and Smola, 2002).
3. SVM

3.1. Quadratic programming in dual. SVM$ primal problem& +! ' . " .1 "
! 4~(cost parameter),C>0' $()) !,

%
lLPF+c

i=1

. 1
min =
(1) Bo€R, BERP 2

subjectto " >0, yi(x[! +!1¢)>1-" Vi=1,2,...,n.

#" " " Lagrangian (primal) function& +! '
1, % % N 9%
Lo=SIHIF+C "= AT+ o) =@ ="DT = Wi
(2) i=1 i=1 i=1
subjectto #; >0, >0, "y >0 Vi=1,2,...,n.
W) ' @ "%&" )Lt @ " " dual problem$ % $) A& 2
$"* +( B! $&" " (Hastieetal,2009)." )$ -( ! ! Lagrangian (Wolfe) dual

problem& +! %#' &I " " &1 +$. "

% 1% % i
Lp = #i—é HittiYiYir X Xir
i=1 i=1i/=1
® "
subjectto 0<#; <C, #yi =0.
i=1
B L 2= (#y,.. #,)T" " " ## # A(quadratic form)# # ##! ' o#1 " 4]
y "L & "#""0) $! B # Bl quadratic programming) ! # " # &'
CHL (RS H#! B (.. B)THE T LIS 1L o+ A
. 9B
O=  #Byixi= XT(BOoY).
i=1
& # ©& 1 %. 1)$ ull I 1 ")& 1)$ """ .#H =0l *# 111" &))
$! ) 3 Z+" A={i:# >0}) activesett# #*" ." ## 1$ || A&

15



L O A R B B I B

+1 " # activeset' #%! ! 1%# (! %# &) $ 5=+" .

. % T

0= Biyixi = X 4(B40YA).

icA
" H# YA = (Vi)iea, Ba = (E)ic)#H#H, XL i € Al XS &# &2,) & - &
&) #" .
LS ) L##L 1l 11 %)& # /" . #! +1 $ Karush-Kuhn-Tucker (KKT)

+2) '# $) & +" (Boydand Vandenberghe, 2004).

#ilyi(x !+ 1) — (1 -")]=0,

bi'i =0,
yi(xi ! +1g)—(1—"7) >0,

#OAMH H# > 08" YT H ) — (A=) =O0#( ') $ S+t H%) " #
marging U#" +! &%& ", > 0) #, " " .#! w=0)$ u]l ( KKT +2"
$! & #H=CH#" ." ## margin*% " $! &%US! %A*, Ap={i:# >0 "=
O} ={i:0<# <C}) !SI " +1 A# | +"" y2=1)# "1 ",

Vix{! +19)—=1=0 = x/! —lg—yi=0, VicAg

% 1 %
= (! +1o—¥)=0 = lo= = (i—x!)
ieAo | Olier
IAol& *, AoS ! %! gl St L, AL #T 1S 11 T& T3S, # -)
T+
&
. 1 % _ 1 % % .
Q= Aol (i —x; 9= Al Yi — By X X
e a, e, ireA
%! * 1%x" "!&#%y $"1 1 BF"I" 33,
% o
fAx) = O+ x; O= O+  Byix; x;, P=-sign(fAx)).
ieA

3.2. MM algorithm in primal. Primal problem! 4] (1)& +! " ! ' 1"

. $ . $
— v (xT1 | 2 oy (X 1 1 2
@, min_ @yt ST e min  opy(x]t+ L)+ St
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SVM ' L2-SVM ! I & I # I'" I

&! # (U)y =max{Ou}! ' $$" . " ## ' 4 %u)! hingelos# ( " $# +!'
LHTSS . |
#0, u>1
%u)=(1 —u)4 =,
1-u, u<Ll
%u)! 0" # u]l" ' #1 # #1 &# (piecewise linear)' S# T .t #H# #HI A 2
oLl %#' 2=(4) Newton)& ) ! # " #&' "' #!1 "  #1 +%" %&! !
" A" $' £(surrogate function)) " %&! ! )& (! "#&! &&" " .+ ' F
("1 1.
|
" _ 0)2
#w, uw< 1
: oy — 4(1 — u°)
$-——, ue > 1.
4(u° — 1)

, LSS S 8 uw# +l L S) o#,

(6) %ulu®) > %u) Vu, o %u°lu’) = %u°).

(," 4= %u[ue)! (&, $"# Wl 111 0" Jogu)*" O# $( u= u" #

%" " . #$" | $) MMproperty# # &# %u)" " " " %&! %ulu®)! | # &%

4= +" (Hunter and Lange, 2004).! " # (! u° #! $! | & %uu®)! " %&! !

O ufl 1" " A ul«utl 3A & RUUOS " %0) $I" L # S ) I+ %!

LG T %u$ %o (Y el # ST, LT TS S %uue)! ut
#H # B ) ( AT %0) H# $) S+ L &#+ "

G # ! $$ " Z=Ruuo)! #" 1 & A" H#&! , " %H' " 3F. "1
$18#1 81 B¢ 0O# 4 91w = yifx)= y(BV+xTBO)(i=1,...,n)(!
PSS L." 1 & 11U A) [ $# 11 ## & (1! )T eRFLz=1,x) €
RPHLL 11" u0= yzT (1 "1 §"  # "1 &)# "1 &, (A% %#' 2
R(&# ! ( %uluo)! " $" %#' 21 Q(&&)# ! 1.(,

9% 9%
R®= %z &+ &Dx& Q¥ = %yiz/ &uf)+ & D)&
i=1 i=1
&' # & #( $%" #% ! ! $#( Dy = Bdiag(0,3lp)#" . # ! ' 5$ MM
property! # , " " .t ## ml' LS &Mgg 1t o+ (% #

R(&™) = Q(&™|&M)) > Q&M+ |&m)) > R(&M+Y)).



L O A R B B I B

Y #(!D (1% )" R@&! I S#H(! A%AA" # (! " %0 (! S+
$%. ! #&(!! Q&&)$ " %& $! & "3$. " .1 %A* ) A= {i:
wW<1}$ Ag={i:uP>21! g1 &+ 1" L # g
% T % T T
Q&) = Ryiz &u?)+ Ryiz; &ul)+& D&
i(E.A1 )* + i(EAQ )* +
= (%) = (xx)
— S HHED LS 1t &I # y2=11 $)#
% ST o 02 % To_ v\ (2 _ 11902 %
() = (y|2'4&1 ZZUI) = < &4 :I(Zou')) = wi(ti -z &?
icA; ( _ui) €Ay ( _ui) ieA;
with  w; = - ! ti=viR-uw)=2y -z &
YAl -uw)  4l-yizTe) T ! b
' $(
_ % e % @ ey % s
(0= Taw-n T aw-ny o MtioEd
ieAs ! ieAs ! €A
. o 1 _ 1 R
with  w; = 4(ui°—1)_ 4(iniT&)*1)’ t=vyiu =1z &.
2 N R T 2 B B
8&=argmin Q(&&)=(Z2"WZ + D,)'zTWt.
0
&! # W =diag(wi), t = (t1,...,tn)7, Z = (2] ,448z7)T# #
! !
W.—#m' iniT&0<1 tl_#ZYi_ziT&o' YiZiT&O<:L
I = u ) I = u .
$m, yiz' &> 1 $Te, viz'& > 1
#! ( ##! penalized weighted least squares solutior) $ £ +"..$ $!)
( )&+ LMY @=(9,0N)T# 1" ol * 1%x" " &#%yY fAx)=
B+ xT O p=sign())! $ "
4. Robust SVM
1 V1Y, s S A N -2 T T O /2 A A A 079 R S == S N B
CHHE (1% #" 1L AF(X) = Lot xT ! " AFX) = o+ xT —yint (L1

L Bg RS LT R " L& IS5+ # HE&(!N ! #
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Lg@=1,....m# $()) !, 1" It 1.
2., "# -& 0,0 $()) ,r@=1,...,n 1.

VBl ) % (0 &&" " .$%2°# )% 1 {x:B+xTO=0} $
(&" .i1' 1%x' "0 11 $ )l = (" H(! &$ #(* +) ! n<0!
U (1A% S #, " +6U (" " +&#$ ) *% $) " +( #! &(!
gL )" ot =0 g ot Tyt £$& &VEDN $&”
" (Shinand Lee, 2023)) $# (! $%2" # r$ ! ! )& & soft' hard thresholding
21 )& #+ "

t_foft:#a(uw'), U < qhard:#aui, u < -
$0, u > —' $O, u > —'
&' # U= fAx)= B+ xP##,a>1" '>0& + ! 1 # " (" 1" 0)
g (N &R $(&IHAETH TG I LTS % 1"
o #
4.1. Quadratic programming in dual. Primal &" ! +! "' . " I "1 5=C>0
$()) !
1 %
min E||! I?+Cc "
7) Bo€ER, BERP .
subjectto " >0, yi(x! +1¢)—8 >1-" Vi=1,2,...,n.
#" " " Lagrangian (primal) function& +! '
1 2 % " T .. %
Lp= QH! [F+C "= HOG!+rl) -8 Q=" W'
(8) i=1 i=1 i=1
subjectto #; >0, b >0, i >0 Vi=1,2,...,n.
M) " @) "W&" )P ! LI 12 X $ r#I (8)"
dual problem$ % $) 2& SVM$ $" ! " . &! # #! %$" " . #! ,# +1 ]



("1 1.
(Lp A A
== #yx=0 = I= H#iYiXi,
’ i=1 i=1
(Lp A A
('7: — #iyi:O = #iyi:0,
© o i=1 i=1
((,',‘_":C—#i—pi:o = #=C—, Vi=1,...,n
I
$ ) 8" W !'$! " +! ' . & Lagrangian (Wolfe) dual) - ) 4 +( #
#1 """ &1 +%.
% 1% .
Lp = #i(l"'mi)*é #HiHiYiYiXi Xis
i=1 i=1i/=1
© %
subjectto 0< #; <C, #yi =0.
i=1
#1 OSYME" " # # " A#HA+6) " S #HHEH#" (S # B=(&y,....8,)T
#gHE " I"1S 1 SYMS L L -t Ty L)y, # KKT +2) b
+ 1!
#ilyi(x[! + 1) -8 —(1-")]=0,
bi"i =0,
yix b+ 1) =6 —(1—") >0.
#1 #" 1" SVM$ %" 1 # 1811 ") "3%. # -) 5£+"
&
N 1 % ) _ % ) % N
% = Aol Yi(l+8) —x/ 0= Aol yi(l+oi) — BiryirXi Xis
0 ieAo 0 ieAg ireA

4.2. MM algorithm in primal. Primal problem! 2] (7)& +! ' ' 1"

: . $
oy (X7 1+ 1) — hl
(10) goemin L L+ o) — D)+ 5

1[I
" 4 %u)! hingelos# " . (5)! ! $$ " $' £ %ulud)! #" ! & (10)$ %# ' !
R(&# | ( Fujue)! " $" %#' 21 Q(&&)# ! 1.( ,
% %
R(&®=  %yiz/ &—06)+ &D)& Q&&=  %yiz/ &—b_|u))+ & D,&

=1 i=1
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# 1 ' 2% MM oproperty ! # , " " " ## (, 11 %! )" R@&' ! $#(!
4%ANA" # (1 "% (! F+"
Q(&&)$ " %& $! $ SYM" #' %" I " " ) +1 ' _##!l -) =+

8=argmin Q(&&)=(Z2"WzZ + D,) 'z T Wt.
4

&! # W =diag(w;), t =(ty,...,tn)",Z =(2z],44az])"# #
I !

W_#m’ yiz & -6<1 t Boyil+0)—2T&. yizZT&@ -5 <1

[ ‘ , i =, )
$m yiz & -6 >1 S, viz & - > 1

) %' ! | penalized weighted least squares solutior) $ +=+" ..$ $! )

P& S+ 11" 8= (0,00)T# 1" %l * 1%x" "1 & #%Yy fAx) =

O+ X0 p=sign()! $" " *

5. L2-SVM

5.1. Quadratic programming in dual. L2-SVM$ primal problem& +! ' . " .|
"I C>0" $()) !,

%
min P S 7
(11) Bo€ER, BERP .
subjectto " >0, yi(x! +1¢)>1-" Vi=1,2,...,n.
#" " " Lagrangian (primal) function& +! '
1,..,. C %4 ) %8 . %
Lp = §||! =+ 5 i #Hilyixi ! +1o) =@ ="l - W
(12) i=1 i=1 i=1

subjectto #; >0, u; >0, "1 >0 Vi=1,2,...,n.

ans ¥ ' (12 " %&" ) ! vt (12" " " Lagrangian (Wolfe) dual
problem& +! %#' £ " " &I +$. ",
_ % 1% % ’ T is
Lp = i=1#i -5 i=1i,:1#i#i/ YiYirXi Xir 4 S
(13) "
subjectto #; >0, #y; =0.
i=1
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&V # )i =1 =0 S FH L # B L LS H = (#Hy,. L H)T"

# # # Al(quadratic form)# # quadratic programming) ! # " #&'' #! " .(13)$
#1 o B=(@,...B)## 1" 1 "1$ 11 SUMS I #H#D %S 10! &
SVM=*# 1" " ##$ KKT +2) t# -I" 11 #0<# <C$ " . #+ !
SVM$!( $,L2-SVM& #; >O0#(# """ """ +2) ! %5/ "." $thu=0
) ! # dualproblem) -1 ) 2h)# "1 &, CY=# + W (%A(! #" " =#IC
(feA) (ol b ##D +10

Vixi !+ 1) —(1—-")=0 = x/! —lg—yi(l-#/C)=0, VieA

% T 1 % T
= x!'+!lo—yi(1-#/C)=0 = !0=W i =#IC) —xi ).
icA icA
AT HET TSI &3S #-)
& -
. 1 % T 1 % % - )i
O = 1Al (Yi(l-%/C)—x ©)= 1Al Yi — Biryir Xj Xir + C
icA icA ireA
%! * 1%x" "! &#%y $"1 1 B SYM$ I " 1"

5.2. MM algorithm in primal. Primal problem! A (11)& +! ' ! "1 " |

. $ . $
v (xT #1002 + 2 oy (XTI + 1 =2
(14) Boegglgew(l Yi(xi !+ 1o))p + 2||. I© < ﬂoeglgew Ky (X D+ o))+ 2||. I
&! # 1 $3% ' 4 %u)! squared hingelosg ( " $# +! ' . # 1 $$" .
!
#0, u>1
%u)=(1 —u); =,
1-uw? u<l
%u)! SVM$ hingeloss ''( $ 0" #$ .l " #! " " ## Newton)& (! " #
&' #1 " .(AHS " #&! " %#E' £ 3. "
%%
R&=  %yiz/ &+ &D,&
i=1
&! # D, =Bdiag(0,31)#" .&! #( $%" #$ ! ! $#( %! ,Newton-Raphson
& $( #11%$ 8 +1°
. ; 0_, ; 0
a- o CREJ (R&)
(&(&T 1 (& /
9=0° 6=0°
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SVM ' L2-SVM !l & I # I " 11
L %H), # L ("I L A={iiuW=yZ @<LHEHE %!,
(&

i=1 ieA
%

(R® _ % T % .
== Myiz 8yizi +2D) &= -2 (1-yiz &yizi +2D,&

=2 iz —Zz'z&+2D,&= —2(Z\y4 —Z24Z4&— D)8

icA
= —2(Zjya—(ZLZ 4+ D))8),

%

(*R(& _ "
= B(yizi&zz' +2D\=2  zz' +2D\=2(Z,Z 4+ D).
i=1

(&(&T icA

&1 # ya=(V)iea! ! %A*, A" #%" 1yl 1 & 0" #(,Z4 A" #%" !

ZTH) 2.& ) HE" HL -1 " L H o)

8= & +(Z4Za+ D)) N (Zhya—(2ZLZA+ D))&) =(ZLZ 4+ D)) 'Z}ya

#1 ( ##! penalized least squares solution) $ 4+ " .

6. Robust L2-SVM

L2-Ssvm ! "1t /A"t gt gt fx)t et
"M H## 11 )& & RobustSVM$ I 1t gt (& #E"TH 1 I LT
$% 1" ##' +( #H#" """ T &) %"

6.1. Quadratic programming in dual. Primal " ! +1 ' 1" EC>0
Cs()) !
1 "
min P S 7
(15) Bo€ER, BERP 2 2 i1
subjectto " >0, yi(x! +1¢)—8 >1-" Vi=1,2,...,n.
#" " " Lagrangian (primal) function& +! ' "
1., CH % . 5 %8
Lp=35IHIT+ 5 = Hlx !t +) -8 Q=" - WY
(16) i=1 i=1 i=1

subjectto #; >0, 4 >0, "i >0 Vi=1,2,...,n.



L2-SVM$ %" " $! ) ' # I .1 =" x $ *#!1 (16)" " " Lagrangian
(Wolfe) dual) - ) Z=+( # #! ""& ! 1 +$.
% . 1% 9% ! )”
Lo = #i(1l+8) - #ittio YiYiX] X+ -
i=1 i=1i’'=1
(17) .

subjectto #; >0, #iy; =0.
i=1

#1 L2-SYME" " # #;" Al#(1+0)! " " S #HHH" (I7)$ # B=(&1,....8,)"
#H LT LTAS 1L L L # - g L & KKT 42 (1 # %S % 5+ #
+1
&
. 1 % ) _ 1 % ) % ’ )”
Q=4 Gi@E-BIC)X O = of  yire) - By Xi Xir + "=
ieA ieA i’eA

6.2. MM algorithm in primal. Primal problem! 4] (15)! +! " I * "

. $
oy (XT1 +1,)—B)+ =12,
(18) seein_ Ry (xt + Lo) —B)+ S|
" 4= %u)! squared hingelosg " . #! ( * vl ' ## 2! Newton)& (! " #&'
CHL %E S+
%
R(&= %z &-06)+ & D)&

i=1
&! # D, =Bdiag(0,5lp)# " .&! #( $%" #$ ! ! $#( %! ,Newton-Raphson
& $( #11$ 8@ +1 0

i o (PRE®
=& @

0_;.

—_——

/
(R
& 1
6=0° 6=0°

L %H), #+1 ("I 1A={iiuW=yZ & -B<L#HEH %!

(R(& _ " To & % T ou i
@ - Myizi &—8)yizi +2Dr&= -2 (1 -Viz &+ &;)yizi +2D,&
i=1 ieA
%
= -2 (yil+8)z — 2 28 +2D\&= —2(ZLy} — ZLZ4&— D)8
ieA
= —2(ZLyu — (Z4Za+ D)8,
(’R(8&) _ %
WZ %(yizi&—ﬁ)ziziT+2D,\=2 ZiZiT+2D)\=2(ZIlZ_A+ D)\).
i=1 icA
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ya=(Yil+di))iea = ya© @a+ o)t 1 E" " L4 $#T JAL U # #&( &
O" #" L #1 -1 "+l H#D ) S

8= & +(ZLZ4+ D)) N Zhyh — (ZhZ4+ D& =(Z2LZ 4+ D)) 12y

#!1 ( ##! penalized least squares solution) $ &+ +"

7.1 $ 4%

Prg bt a1t 1% P #1 I x~Ny(Emlplp)! #" )#!1 # n/21 1
$11& - y=+£1 "1 "$" )" & # m& #! &p' 4 %! & Bayes
errorrate#t 0.1# " $' * 1 1) " #% ((1%" #! &) ' 11 | #y=-1
$ "Ll A1%) " #D Np@Bmlp,lp)" # $!$ x! """ & #$#!1
%! L, #(P Ty #ST #1 &% %) 0%, 5%, 10%, 20% %& A%! $
g/ vy &mx 2" gl g #1&H#ETD T,1% #"1V)(#,7,
1%$ ! 21 10000 * 1 1) " . ((1%" "# 20 % $(3$" Oprima® Odua)d
#" 1 & "1 ( &5A %# A/ (computing time)) ! "1 (L, (&FS "1 7,1
%" #" ! & (! " * (misclassibcationrate) %#! )" .1 %$! $-$ ! ) - #!
C# LT &#) 100 (' & H)0) %H! &SI ) " ( (1% ! 2
n = 200,400,800,1600 ( " ! ) (, %< ! &1 p=2,51050100 ! %& A|&" #
#) 7, 0)" 0 # F# L SASHA L (L #H#) + S

)"

7.1. Robust SVM. Figure 1& p=2! *#" "1 & (! "*$% # A/ ) $ A"

CLUHET (LTS L S( ST HT AL HES #H +8%/3 "1 # %#
A"t # primal& dualt "t # " 4) %l %=+ Lt Lt gy
#S*H! %## ' #" pimal$( ST &dual$S (ST L H#HS AH#) " S
+( TS %HES* %" $ primal $( ST &SI AT H#T #"&! &)
(-#(! %%%Z=+" 1 &% 1) "1 ( +" &"#$""'$' 1" ( %
+" .Tablel1& p=2! *# ((1%! & %&' " " * 1 "1 # ' %+ %# A/ )
I



%O‘O ] 1 ] 6‘100

"le ey

" 5

0.00{ L—It— (S| S | — 1S O B
’ Label noise rate “ T
Figure 1. p=2! *# SVYM) primal$ dual $( $" (! #,” )3 .(0)n=
2000 !, ) (! " * ' Bayesrate. (#) H) %# A/ .
#L &L * . (1 # 1 & ! * . %# A/ (sec)
n  method 0.00 005 010 020 000 005 010 020
200 primal  0.1017 0.0998 0.1044 0.1270 005 030 031 027
dual  0.1010 0.0998 0.1043 0.1265 016 039 021 013
400 primal  0.1025 0.1011 0.1040 0.1166 016 016 013 013
dual 01023 0.1008 0.1042 0.1164 175 227 121 058
800 primal 0.1001 0.1011 0.1031 0.1093 057 067 043 038
dual  0.1003 0.1012 0.1030 0.1093 1455 2611 1171 584
1600 primal  0.1007 0.0996 0.1007 0.1047 278 311 209 47.64
dual  0.1006 0.0996 0.1006 0.1047 127.17 244.64 173.02 286.28
Table 1. p=2! *# SVYM) primal$ dual $ ($" (! #, A/ ) (! "* "
) %# Al
7.2. Robust L2-SVM. Figure 2! # ($ ! ' | # p=21 *#" "1 & (1 "*$
%H Al ) $A" ', #" Figurel$ " # %" ! #,! "1 #& ! )& " ##'6 $
*#1 ) (" ,primal $($" & dual$ (S LHETHE(D "&( $*FH!
%H#H) & "H LT L H#) *&.) S =" ( (1% S o#/ "o
L" L #$%# %+ A/ ) Table2" | $1 )" .

L2-SVM" #! SVM$ )$ " ! " 1 &, ( (1% ! ! n=1000"! (!" *,
%Z=$ 1 2= (#HZ pl %&AI&! *HT T L HET L XS )" H# %) !
Figure3$ Table3" ! $! )" .1 $# (! n# ' *# primal$($"$ ! F! F! n
$!,!1 &#! Bl scalingg 2" ' +$! & # %+ A/ # ' # &$" .(" ,primal
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025 40 .
k] 0.20
[ 5%
5 &
_S 015 method g method
'2 H primal ’é, 20 primal
G010 ] dual H e gl
E £
@ o 10
& 0.05 K
.«
0.00 e 0] 4mmanzs .
0

0.05 0.1 0.2 400 800 1200 1600
Label noise rate n

Figure 2. p=21 *# L2-SVM) primal$ dual $( $" (! #,” )$ .(0)n =200
1, ) (! " * ' Bayesrate. (#) %) %# A/ .

H1 &L ¥ (1" # 1 &1 % . %# Al (sec)

n  method 0.00 005 010  0.20 000 005 010 0.20
200 primal 01146 0.1048 0.1379 0.2441 0.00 0.00 0.0 0.00
dual 01021 0.1047 0.1379 0.2441 0.07 015 0.00 0.00

400 primal 01008 0.1046 0.1331 0.2289 0.00 0.00 0.00 0.00
dual 01008 0.1046 0.1331 0.2289 051 0.68 004 0.03

800 primal 0.1005 0.1024 0.1309 0.2223 0.00 0.00 0.0 0.00
dual 01005 0.1024 0.1309 0.2223 474 533 024 0.23

1600 primal  0.0999 0.1027 0.1297 0.2099 000 001 0.00 0.00

dual  0.0999 0.1027 0.1297 0.2099 39.14 3563 173 155
Table 2. p=2! *# L2-SYM) primal$ dual $ ( $" (! #, A ) (! "*
) %# Al

$(S$"$ 1 S % Zpt LR 0# %+ A" n# TS &) &
$1 )" v ## scaling Bt +$ 1L )t OpEH #I &H# NS "2
VHOLR( +" ) % 10 LT ELS #ETHD L )& T L) ol 9
+ "
8.)% '

$ LI "#I SYM' L2-SUM, ' $( #" "" L/ A" [ (" "' primal '
dual$ (S ) L+ ) (#,00  L" L H#ES%H#A """ HES L L
$A$) L A L)L %H S H& B L #" ) A %"



0.2
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primal
dual

il

15 e method
primal

-+ dual

Computing time (sec)
k

Test misclassification rate

S 0

0.05 0.1 0.2 0 25 50 75 100
Label noise rate

Figure 3. n =10000 * # L2-SVM) primal$ dual$ ($" (! #,” )$ .(0)p=50
1, 3®) (! " * ' Bayesrate. (#) %) %# A/ .

#1& L X (L # 1 &1 % . %# X/ (sec)
p method 000 005 010 020 000 005 010 020
primal  0.1001 0.1030 0.1294 0.2147 0.00 0.00 0.00 0.00
dual 01001 0.1030 0.1294 0.2147 769 868 046 0.4
5  primal 01011 0.1042 0.1351 0.2458 0.00 0.00 0.00 0.00
dual 01011 0.1042 0.1351 0.2458 813 869 049 0.46
10  primal 01018 0.1072 0.1428 0.2804 0.00 001 0.00 0.00
dual 01018 0.1072 0.1428 0.2804 859 828 043 0.39
50 primal 0.1704 0.1248 0.1965 0.3893 0.06 0.06 001 001

dual 0.1123 0.1248 0.1965 0.3893 12.61 8.91 0.50 0.40

100 primal 0.7401 0.1543 0.2479 0.4313 0.80 0.19 0.04 0.04

dual 01286 0.1543 0.2479 0.4314 2533 9.78 064 045
Table 3. »=1000! * # L2-SVM) primal$ dual $ ( $" (! #, A F) (!
moxt W) 9# A

" HELD (TSI HESS! T AET) %Y L H %ESS " #
primal $ ( $" # dual$($" " ' # #5" 1 #) *&. ) $ £+3".SYM"
L2-SVM& ! %! ! ##1 , &) "1 ( +! dual$($")# "# "#&! | +#
*EgH #( & H#primal $ (S # dual$S (S S ! H#H SSH(! ! #
P " #S$ $*#! %#yg " #1" S 111 %& A" &) %" .! #,primal &" !
HT BT & V&) (-H#(! "%+ &M H L& % 1) 1+,
I " dual$ ( $" $ scalingd W&) %( +" &) 4%%! ' | %&S$ T #
Ut S primal $(ETS L+ "S-+ S /0 # S (HEST
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ON SOME KRONECKER CONGRUENCES

DONG HWA SHIN

ABSTRACT. Let N be a positive integer and p be a prime relatively
prime to N. Let f be a meromorphic modular function for T'o(N) with
rational Fourier coefficients which is integral over Z[j], where j is the
elliptic modular function. Let K be an imaginary quadratic field, O be
the order of conductor N in K and Hp be the ring class field of O. In
this paper, we show that if p splits completely in K and ‘B is a prime
of Hpn lying above p, then f satisfies a certain Kronecker congruence
modulo .

1. INTRODUCTION

Let j be the elliptic modular function defined on the complex upper-half
plane H = {7 € C | Im(7) > 0}. Kronecker and Weber proved that for each
prime p there is a unique polynomial ®,(X, Y) € Z[X, Y] of degree p + 1
such that ®, is monic in X and ®,(j(7), j(pr)) = 0. This polynomial ®,
satisfies a weak form of the Kronecker congruence modulo p

O,(X,Y) = (XP—Y)(X —Y?) (mod pZ[X, Y))

(cf. [5, Theorem 11.18] or [10, Appendix of Chapter 10]). Recently, Cho,
Koo and Park showed in [4] that if C'(7) is Ramanujan’s cubic continued
fraction and f(7) = 1/C(37), then f also satisfies Kronecker’s congruence
modulo p for every odd prime p. See also [2] for a general hauptmodul
including j and f.

Let K be an imaginary quadratic field of discriminant dx with ring of
integers Of. Furthermore, let a be a nontrivial ideal of Ok. By using the
theory of complex multiplication, Hasse proved in [6] that j(a) generates
the maximal unramified abelian extension of K. Here, j(a) means the j-
invariant of the elliptic curve C/a. For all but a finite number of primes p of
K such that pOx = pp, p # p and N(p) = p, he also derived the Kronecker

2010 Mathematics Subject Classification. Primary 11R37; Secondary 11E16, 11F03.
Key words and phrases. Class field theory, form class groups, Kronecker’s congruence.
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congruence
j(p' ta) = j(a)” (mod P)
for any primes P of K (j(a)) (cf. [10, Theorem 1 in Chapter 10]).

Let N be a positive integer. For the order O of conductor N in K, let
Ho be its ring class field. Let f be a meromorphic modular function for
[o(N) with rational Fourier coefficients which is integral over Z[j]. In this
paper, we shall show that if p is a prime which splits completely in K and
w is a certain element of O depending on p, then f satisfies the Kronecker
congruence

f (g) = /(@) (mod )

for every prime B of Hg lying above p (Theorem 5.2).

2. DEFINITION OF ARTIN SYMBOLS

Let L/K be a finite Galois extension of number fields. Let 8 be a prime
of L (which means a nontrivial prime ideal of Or) and p =P N Ok. Then
the Galois group

G= Gal((Or/PB)/(Ok/p))
of the residue fields is a cyclic group with canonical generator
v+ P =N Ly (v e o)

where N(p) = |Ok/p|, which is called the Frobenius automorphism. Define
the decomposition group Dy of P by

Dy = {0 € Gal(L/K) | o(F) = F}.
PROPOSITION 2.1. Assume that p is unramified in L.

(i) The natural homomorphism Dy — G is an 1somorphism.
(ii) There is a unique element o € Gal(L/K) satisfying that

o(v) =N (mod P) (v € Oy).

Proof. (i) See [5, Proposition 5.10].
(i) See [5, Lemma 5.19].
0

REMARK 2.2. Obviously, the element o of Gal(L/K) stated in Proposi-
tion 2.1 (ii) belongs to Dy.
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Under the assumption that p is unramified in L, we call the element
o € Gal(L/K) given in Proposition 2.1 (ii) the Artin symbol of P and

L/K
denote it by (%) Note that

<L/K) _ (L/_K) Pt (p€Gal(L/K))

o () B

([5, Corollary 5.21 (i)]). Thus, if L/K is an abelian extension, then (L/TK)
depends only on the underlying prime p. In this case, we can write

() ()

3. GENERATION OF RING CLASS FIELDS

We shall briefly review the results of the classical theory of complex mul-
tiplication.

From now on, we let K be an imaginary quadratic field of discriminant
di and N be a positive integer. Let Ix(NOg) be the group of fractional
ideals of K relatively prime to NOf. For a finite abelian extension L of K
in which all ramified primes of K divide NOg, the Artin map

<L/_K)  Ig(NOg) — Gal(L/K)

e (811

=1

is defined by

where p; are primes of K relatively prime to NOg and e; are integers
(t=1,2, ..., n). Let Pg z(NOk) be the subgroup of I (NOk) defined by

o v e Ok \ {0}, >

e v =m (mod NOg) for some integer m
relatively prime to N

PK72(NOK) = <VOK

By the existence theorem of class field theory proved by T. Takagi, there
exists a unique abelian extension H of K such that all primes of K ramified
in H divide NOg and the Artin map (H/—aK) induces the isomorphism

Ix(NOy)/Pk.2(NOk) = Gal(H/K)
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(cf. [8, Theorem 9.1 in Chapter V]). Let O be the order of conductor N in
K. Tt is well known that if 7(O) is the group of proper fractional O-ideals
and P(Q) is its subgroup of principal fractional O-ideals, then

I1(0)/P(O) ~ Ix(NOk)/Pk,2(NOk)

(cf. [5, Proposition 7.22]). In this sense, we call the extension field H of
K the ring class group of order O and denote it by Hg. In particular, if
N =1, then Hp, is the maximal unramified abelian extension of K, which
is called the Hilbert class field of K (cf. [5, Theorem 8.10]).

Set

—1+ Vdk
2

TK —
Vd
TK if dg =0 (mod 4),

if dg =1 (mod 4),

and then
OK: [TK, 1] :ZTK+Z and O = [NTK, 1] :Z(NTK>+Z

(cf. [5, Lemma 7.2]). The theory of complex multiplication yields the
following proposition.

PROPOSITION 3.1. (i) 7(O) = j(N7K) is an algebraic integer.
(ii) j(O) generates Ho over K.

Proof. (i) See [10, Theorem 4 in Chapter 5].
(i) See [10, Theorem 5 in Chapter 10].
0J

Let Fo n be the field of meromorphic modular functions for the Hecke
congruence subgroup

*

To(N) = {7 € SLy(Z) ‘ v = lo j (mod NMZ(Z))}

with rational Fourier coefficients. By the theory of Shimura’s canonical
models ([11, Propositions 6.27 and 6.33]), we get the following result.

PROPOSITION 3.2. Ho = K(h(7k) | h € Fo,n is finite at k).

Proof. See [3, Corollary 5.2]. O



ON SOME KRONECKER CONGRUENCES

4. THE FORM CLASS GROUP INDUCED FROM ['g(NV)

Let Qn(dk) be the set of binary quadratic forms given by

e gcd(a, b, c) =1,
o b? — dac = d,
ea >0,

e gcd(a, N) =1

The group I'o(N) acts on the set Qn(dx) from the right as

o([ -a( ) cerem

which gives rise to the equivalence relation ~q v as follows: for @, Q¥ €

On(dk)

On(dg) =< Qx, y) = az? + bry + cy? € Zlz, y|

Q~on QF = Q%= Q" for some v € ['o(N).
For each Q = ax? + bxy + cy?> € Qn(dk), we let wg be the zero of the
quadratic polynomial Q(x, 1) lying in H, that is,

_ b+ Vi

wa 2a

We see that the principal form Qg = 2% + bxry + cxy? (€ Qn(dk)) defined
by

1—d
2? o ay + — K2 ifdi =1 (mod 4),

d
— ZKyz if dxg =0 (mod 4)

Qo =

satisfies wg, = k.
PROPOSITION 4.1. The mapping
On(dk)/ ~on — Ixk(NOk)/Pk z(NOk)
Q] = [lwe, 1] = [Zwo + Z]
is a well-defined bijection.
Proof. See [9, Theorem 2.5 and Proposition 5.3]. O

REMARK 4.2. We notice that Proposition 4.1 is a slight modification of
Gauss’ original work in [7] on form class groups.

Let O be the order of conductor N in K. By Proposition 4.1, we can
regard On(dk)/ ~o N as a group isomorphic to Gal(Ho/K). We call the
group On(dk)/ ~o n the form class group induced from Io(N).
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PROPOSITION 4.3. Let Q = ax® + by + cy? € Qn(di) and h € Fo . If
h is finite at Tx, then

(ﬁiﬁ)wvm>=M—@”

Proof. See [9, Theorem 5.4] or [12, Theorem 3.8]. O

5. KRONECKER'S CONGRUENCES
Now, we are ready to prove our main theorem:.

LEMMA 5.1. Let p be a prime which splits completely in K. Theg there

is an integer u such that u> = dg (mod 4p). Furthermore, p = [%, ]
is a prime of K satisfying that pOx = pp and p # p.
Proof. See [1, Theorems 3 and 4 in §9.5]. O

THEOREM 5.2. Let p be a prime relatively prime to N which splits com-
pletely in K. By Lemma 5.1, one can take an integer w such that u? =
dg (mod 4p). Let

="V g =)
and so pOk = pp and p #p. If f € Fo n is integral over Z[j], then f(w/p)

and f(w) are algebraic integers in Ho. Furthermore, we have

f(—)zf@ﬁ@md%)

p

for every prime B of Ho lying above p, where O is the order of conductor
N i K.

Proof. Since j(1x) is an algebraic integer by Proposition 3.1 (i) and f is
integral over Z[j|, f(7x) is also an algebraic integer. Moreover,

f(1x) € Ho (1)
by Proposition 3.2. We see that
_ d _ b u! bk
) = (P 20 ([0 @) = s e
because f is modular for I'g(N). Take
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We find that in the quotient group I (NOx)/Px. 2(NOx)
oo, 1) = [ [“525 o] = o | 550 | <

2p
We derive that

(57

) (1%)) by (1) and (2)

n=("
( el ) () by (3) "
i
f

wWq) by Proposition 4.3

()

On the other hand, since

(7oL5) (1) = £ = f(0 (mod )
by the definition of the Artin symbol <H°’#), we achieve by (4) that
F(%) = s tmoa )
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