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ELEMENTS OF SLy(Z,) LEAVING THE PRINCIPAL FORM
FIXED

DONG HWA SHIN*

ABSTRACT. Let @)y be the principal binary quadratic form of discrim-
inant dg, where dg is the discriminant of an imaginary quadratic field
K. Let p be a prime. Under the assumption dx = 0 (mod 4), we shall
show that there exist infinitely many elements of SLy(Z,) which leave
Qo fixed.

1. INTRODUCTION

Let K be an imaginary quadratic field of discriminant dx (< 0) with
ring of integers Of. For a positive integer N, consider the set Q(N, dg)
of primitive positive definite binary quadratic forms over Z of discriminant
dy. That is,

ng(a7 b7 C) = ]‘7
_ T\ _ 2 2 b? — dac = dy,
Q(N, dg) =1 Q (M) = ar” +bry +ey” € Zw, yl | 0,
ged(a, N) =1

The congruence subgroup

i) = {5 e8ta(@) 112 |y ] mod sz}

of SLy(Z) acts on the set Q(N, dk) and induces the equivalence relation
~y as follows: for @, Q' € Q(N, dk)

ot e () ([ o ) remreron
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Let C(NOk) be the ray class group of K modulo NOg. Eum et al. showed
in [1] that the set Q(N, dk)/ ~n of equivalence classes can be given a group
structure in order that
—b+ \/dK7 = Z—b+ Vdg L7
2a 2a

is a well-defined isomorphism. Thus, if K(y) denotes the ray class of K
modulo NOg, then

[az® + bry + cy?] — H

Q(N, dx)/ ~n = Gal(Kw)/K)
because the Artin map modulo NOk yields an isomorphism of C(NOk)

onto Gal(K(n)/K). (For the class field theory, one can refer to [3, Chapter
V].) Let Qg be the principal form of discriminant dy, namely,

2? + a2y + Ky? if d =1 (mod 4),

Qo (B]) = 2’ +bxry+exy’ =

x? — CiTKyQ if dx =0 (mod 4).

Let Hg be the Hilbert class field of K. Then, the subgroup of Q(N, dk)/ ~n
corresponding to the subgroup Gal(Kny/Hg) of Gal(K(n)/K) is

(oo )] 150 s o ) )

([4, Theorem 10.1]).
Now, let p be a prime and Z, be the ring of p-adic integers. Note that

@Gal(K(pn)/HK) ~ Gal(K(poo)/HK) where K(poo) = U K(pn)
n>1 n>1
([5, Chapter I]). So, it is convincing to claim that there is an equivalence

relation ~, so that the induced map

a is a matrix in SLy(Z,)

for which the coefficient of 22
{Qo (a H)] ‘ or W ta:e coetficient of x / ~opro— Gal(K ooy / Hc)
Y in Qo (a Lj) belongs to Z

becomes a well-defined bijection. For the well definedness, the understanding
of matrices o € SLy(Z,,) which leave Qg fixed is necessarily required. In this
paper, we only consider the case dx = 0 (mod 4). As the first step of
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establishing the above map, we shall show that there are infinitely many
elements a of SLy(Z,) such that

0 €SL(Q) and Q (a BD =% (BD

(Theorem 3.1).

2. RATIONAL POINTS ON THE ELLIPSE x° + cgy? = 1

Let K be an imaginary quadratic field of discriminant dg, and let () =
22 + by + cxy? be the principal form of discriminant dg . By following the
classical geometric way for finding Pythagorean triples ([2, §6.1] or [6, §1.1]),
we shall present all the distinct rational points (i.e. points in the zy-plane
whose coordinates are all rational numbers) on the ellipse 22 + cxy? = 1.

LEMMA 2.1. Let £ be the line with slope s € R passing through the point
P(1, 0). Furthermore, let € be the ellipse given by the equation ¥ + ky* = 1
with k € Ryg. Then ¢ and € meet at two distinct points

21 -2
P(1,0) and (ks i )

ks?4+1" ks2+1
Proof. First, see Figure 1.

e’ +kyP=1

:y=s(z—1)

F1GURE 1. Points of intersection

By substituting the equation
C:y=s(x—1)

into the equation
e+ kyt =1,
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we obtain
2+ ksf(r—1)2 =1

whose solutions are
k1

r=—.
ks?+1
Thus the points of intersection of £ and ¢ are

ks? —1 —2s
P(1 .
(1,0) and (k52+1’ k;52+1>

REMARK 2.2. We see that if s # s and so
y=s(rx—1) and y=s(xr—1)
represent distinct lines both going through P(1, 0), then
<k52 -1 -2s ) y (k3’2 -1 =24 )
ks?+1" ks?+1 ks?+1" ks?+1)°
PROPOSITION 2.3. The rational points on the ellipse 2% + cxy? = 1 are
exactly (1, 0) and

(cKu2 —? —2uv

cxu? +v27 cxu? + v2

> (u € Z, v €N such that ged(u, v) =1).

Proof. By Lemma 2.1 with
s=2 and k=cg (u € Z and v € N such that ged(u, v) =1)
v
and Remark 2.2, we see that the points

(1, 0) d cx(u/v)> =1 =2(u/v) cxu® —v? —2uw
n =
’ . cr(u/v)?+17 ex(u/v)?+1 cru? + 0?7 cxu? + v?

represent distinct rational points on the ellipse 22 4 cxy? = 1.
Conversely, let (zg, ¥9) be a rational point on the ellipse 2% + cxy® = 1.
There are two possible cases : zg = 1 or z¢ # 1.

Case 1. If 7y = 1, then yy = 0 because 22 + cxy2 = 1 and cx > 0.
Case 2. Consider the case where xy # 1. Note that the points
(1,0) and (xq, yo)
are intersection points of the line and the ellipse given by
Yo

yzxo_l(x—l) and  2* + ey’ =1,
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respectively. By letting

Yo 7= 2 for some u € Z and v € N such that ged(u, v) =1
o — v

and applying Lemma 2.1 to the case
s = v and k= cg,
v

we obtain that

(%o, yo) = (

This completes the proof. O

cru? —v? —2uw )

cru? + 127 cxu? + 0?2

COROLLARY 2.4. The rational points on the ellipse x* + cxy? = cx are
exactly (0, 1) and

( —2cxuv  cpu® —v?

) )
cxgu? + 02 cgu? + v?

) (u € Z, v eN such that ged(u, v) = 1).

Proof. The equation 22 4 cxy? = cx can be rewritten as

2
z

v’ + i <—) =1.
CK

Through the change of axes

X1 [0 1)[] [y
eI e
the ellipse 22 + cxy? = cx is transformed into the ellipse
X% pegY?i=1.
We then achieve by Proposition 2.3 and the fact
IRl
Y 1 0]1|Y X

that the rational points on the ellipse 2 + cxy? = cx are exactly (0, 1) and

-9 2 _ .2
( 211“}2, cKu2 n v27 ) (u € Z, v € N such that ged(u, v) =1).
cxu? 4+ 02 exgu? 4w

O
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3. NONTRIVIAL ELEMENTS OF SLy(Z,) LEAVING @)y FIXED

. A B
Let p be a prime. For o = {C’ D

(o)) - (&1 5))
—=(Az 4 By)? + bi(Az + By)(Cx + Dy) + cx(Cz + Dy)?

(A% + b AC + cC?)a* + (2AB + bg (AD + BC) + 2cxCD)xy
+ (32 + bKBD + CKDZ)yZ.

()

A2 + bKAC + CKCY2 = 1,
B2 + bKBD + CKD2 = CKk.

] € SLy(Z,) we have

if and only if

We are ready to prove our main theorem.

THEOREM 3.1. Let K be an imaginary quadratic field of discriminant dy
and p be a prime. Assume that dg =0 (mod 4) and so

d
Qo (Ej) = 2% + by + cxy’ = 2 — TKyQ.
Then there are infinitely many elements o of SLy(Z,) such that

ccs wa o[- ((])

Proof. Let a = {é ZB;} be an element of SLy(Q) given by

CKk — h2 —QCKh

_ ek +h? ek +R?
(2) a=\"on e R2

Ck + h? Ck + h?
where h is any integer such that

(3) cx +h* #0 (mod p).
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Note that there are infinitely many such integers h. Furthermore, one can
readily check by (3) that a belongs to SLy(Z,). Observe that A, B, C, D
satisfy the condition (1) with b = 0. Therefore we conclude that « is one
of infinitely many elements of SLo(Q) N SLy(Z,) for which

@ (af])=a([i]) D

REMARK 3.2. Obviously, Proposition 2.3 and Corollary 2.4 enable us to
find the matrix « stated in (2).

EXAMPLE 3.3. Let K = Q(v/—2) and p = 2. We have
dg =—-8, cx=2, Qo= z? + 2y2

If we set h = 1 in (2), then we get by the proof of Theorem 3.1 that the
matrix

11 4
@ = 312 1

1412412541254 1-224+1-204+1-264...
o124 1-22 412+ 120+ 1412412841254

in SLy(Z,) leaves Q) fixed.
EXAMPLE 3.4. Now, let K = Q(y/—5) and p = 7. In this case,
dg = =20, cx =5, Qo=+ 54>
The proof of Theorem 3.1 shows that the matrix
0 = 1[2 —5}
311 2
B {3—1—2-74—2-72—1—2-73—#—--- 3+4-7T+4-T*+4-T 4.
|5 +4 T+ TP+ TP+ 342742 TP 42T 4
obtained by setting h = 1 in (2) leaves @) fixed.
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AArzZ Q1A NFATY 8749 vjA= RACK-19 9%

K

O OF:
O .

)

AlzA<9A NFAT (Nuclear Factor of Activated T cell)® 438 AGATAN 47
cytokine F3AY TPxFL T WIEAEE 2ESY, BF HAYAA AP|ERAEAH]
BEEgFAl BFoF &uEA Utk $2E $A scaffold GHAZE 4 RACK1 (Receptor
for Activated C Kinase 1)©] NFATS A¥s= AL Ld3goH, o] =&o4 RACKIO]
NFATS ALY S HolHoz qATE HAEW Jurkat T M| NFAT, AP-1, ¥ NFkB
B4E& 533 reporter luciferase gene ¥ RACK1 #@ plasmidZ transient transfection
39S o, NFATS AAEAL #4830y, AP-13} NFkB AAEAL 038 =3 Frlkshe
F4E BYon, RACK] siRNAE transfection 3t% Jurkat T Al¥9] RACK1 23 & AIFAS
% NFATS AARAol F7keste Ze £ F UM ol scaffold @Bd=2 FE3h=
RACK1¢] NFATS} d3 AFst AAEY S A= RS BT T vk

X 2

Nuclear factor of activated T cells (NFAT)+= &/d8t¥ T cell oA IL-2
promoter ©| £A|3}= antigen receptor response element (ARRE-2) 9]
Al AAMZRAJIAZA BHAEQUCH(1). ©]F affinity chromatography =
FalA AR T ANEFERE NFAT w@Wge] ¥l cDNA 7}
cloning ¥/} NFATp (NFATD 2} = ATH(©2). 7L 5 o2k AR dhuizo]
(NFAT1/c, NFAT3, NFAT4/x, NFAT5) F7}4 2% cloning ¥}, 5 719
isoform ©% TAE NFAT family 2 FAeta QItH3). E NFAT @2

DNA 23S 9sl= Rel-homology domain (RHD)ZE 7}A] 11 glon A%

2

Do) =2 202485 Fr el ol sta &
™ 37
o

_
> e ol st Addshsiyst 4y 3ot

Q8] A ghefl Jate] o] Foizl 29,
:‘IL

Rl
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of os #FdxHo] o]FoA = NFATS & Ast YUz 4 /1S member
(NFAT1~H) = F7H4<l 724 FAMdSe= RHD ¢kl °F 300 749
olu| = AFO 2 FA % NFAT homology region (NHR) S 7FA 12 ¢lt}. NHR o=
calcineurin ¥ A8l PxIPxIT motif, s U487 dojuyhi= serin—rich
region (SRR) ¥ SP—motif, 731 nuclear location signal (NLS)ol € Xx]3}4]
NFAT o] &43ts ¥5do=2 x4ds= 9 s} (3).

NFAT #@43}=  Ca’’/calmodulin  9&% WA =3 @ial
calcineurin © °JalA wl-¢ HASA ZHHET. NFAT @9 n]&A s}
AEfe] AEoA QAEEE dElE A EAsterE, FAaEAe] A=l
g FEE AEZUY Ca®t FEQ FT7hE @A 3E calcineurin ol <A
golatstenh. Eelitstd NFAT = Sz ofgste] o2 dAzddasd
7 NFAT 27 849 dabs 245t o2t NFAT @443k 44 ¢lA
1A #|  cyclosporine A 9 FK-506 & calcineurine < H|&A3}
Ao ®M NFAT 7 Akske Aei7h 5o 29 o]s 3 DNA des9
A @ (4, 5). wEbd S QIARSE AEjel wE NFAT 9o Alx
914 9 DNA AZs99 Wz NFAT @43 z4de] Fod eaet &
ok @A 14ksl @49 GSK—-3, CKla, JNK2 S°] NFAT 9] <l14ts}
Howiey MEARY o]Fs FAgth= Aol NFAT kinase ¢ 7ls&
FIsitty WY (6—-8). 3A|HF ©]E9] calcineurin A ¥ ZHZHOF
NFAT ¢ A% 34 E+ adaptor & FalA ATste=As dHA AA
gom, Te HAAZ BEE NFAT member 59 QigE fEdheAv H

s ofof & Fofoltt,

)
192

H L b

©

NFAT ¢ &4dx4de] #ojstes A= dido] EAgt= 7Hgskel] -2+
k4 NFAT family member 592 3l4<l NFATc & bait 2 3} yeast two—
hybrid system < o]|&3lo] NFAT ¢ A5 #8&3+= RACKL old= AES
Gds dodtk (9). o] A% AEFT CV-1 oA RACKL Z} NFAT 54



AAFZAJAAF NFATS &4 vlx& RACK-19] 93 &4 11

3k Zelslg om, pNFAT—luc reporter plasmid & ©]&3Fe] RACKI1
HAHA] NFAT HdAFEAdo]l AdAES st AFalA 2 =wdAe

b

rg
22

MEFQ Jurkat T AEZoA RACK1 Hgdo] tfh2 AALxEAx AP-1
7} NFkB o= 93 Fx ¢ NFAT A S Eojzxowg 7+Aa3te nolFn,
3 RACK1 siRNA 2 o]&3o] RACKL ¢ AMZu 23S AA9S o,

NFAT AArtgA o] S71ghs gelsdit.

A 2 B
MEu, 20 E 9 RACKI siRNA

Jurkat T A9} Jurkat NFAT AHX5 (NFAT-B-—galactosidase reporter
gene©] stable transfection ¥ AIXF)2 10% fetal bovine serum, 100u/ml
penicillin G, 100pg/ml streptomycin, 2mM L—glutamine®] &-#% RPMI1640
WA S AFg-slo] wlFek ol Tt

B Ado|q Agd Hazt ZgkAu]=) pNFAT-luce Thymidine kinase
minimal promoter upstream®l 3702 IL—2 NFAT siteZS 7} 129 (10),
p3X—kB—luct minimal fos promoter el 37§12 major histocompatability
complex class I kB element® ¥ #o]i (11), pAP—1—-luc pNFAT-—
lucelAl  NFAT siteE 3709 conventional AP—1 element® X]2ks}o]
Al 2st el .

RACK1 23 ¥WE]+= pcDNA3 (Invitrogen) o]l myc—tagging ¥ RACK1&
B st AEE AR o (10), Jurkat T AlE o)A endogenous RACK1 9
WS A 57 Yo RACKL siRNA (RACK1-b siRNA)+ RACK1 coding
sequence? 456—474 nucleotidesE XA S % 3}, sense strands= 5'— GUC
UCU GGA UCU CGA GAU A(dTdT)—3', antisense strand+ 5'— UAU CUC

GAG AUC CAG AGA C(dTdT)—-3'2 #|&3te] duplex® 9HE 5 ARE-3FSI o)
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Transfection ¥ Reporter luciferase 4]

Jurkat T A3Z9] transfection electroporation g AF&39h 1x107
N AEE FEste] FHo] §li= RPMII640 ®AZ AAsta, thA] dH o]
¢l RPMI1640 wi#] 300 ulell A5 ¥+ ¥, BIORAD Genepulserg AF-&3}o]
950 pFD, 230VelAl electroporation 3F31t}. Transfection efficiency &
¥£3137] Y8 pCH110S AFE3Fith. ZF electroporation A, 3F 79
Reporter plasmids® pCHI110 0.25ug® DNAZ} AFgEHQom, ALEH
RACK1 2&l¥Ef9l RACK1 siRNAS] <& 7} Figureel <dd® F&
AFE-3F ). Transfectionstal 24A]17F %o 25ng/ml PMA, 1puM ionomycing

6417 A sk & MXEE 838t 200ul reporter lysis buffer (Promega) &
3‘

vy AEZE I3 luciferase assay kit (Promega) S AFg3}o] A ZAFQ)
EAURYE mElb luciferase  4ES #A8k¢lal, B—galactosidase=  4-—

methyl—lumbellifery—B—galactoside ~(MUG) (Sigma—Aldrich)& 7]& =&
o] &3ate] okAl AFst WHel wet A s T (10).

Immunoblot

Jurkat T A4 RACK1S] @S ®7] 93 anti—-RACK1 ©HdZE A
(BD) & A}F£3}9] immunoblotS F33l¥th A EXE $=33te] PBSE A& sl
200 ul reporter lysis buffer (Promega) & ©]&3}4 cell& 323t 15%
SDS—PAGE geloﬂfﬂ 719 E3st & o]& nitrocellulose membrane® %
transferdt & 5% Bovine serum albumin®] ¥3%'% PBS—T blocking buffer @
4ColA overnight incubation*]Z!l &, mouse anti—RACK1 antibody (BD) 2}
HRP-A3g % anti—mouse [gGE o] &

system (Pharmacia) ® &<13}3ith

3o immunoblot< % ECL detection

2% 8 BEE
RACK1 3@ 9% NFAT AALZA oA
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AArEA 1A NFATS] &/l vA= RACK-19] e 24 13
A NFAT-luc AP-1-luc NF-kB-luc
z 150 200
é 100 F-
= £
g % E 150
£ o 10 &8
5 sof 2 3
. <4 2
z Z 5 100
] . E E
2 ol - 2 2
Z %0 g
mackiwa g 1 3 5 7 z 5%
= &
Unsti Stimulation (PMA + lono)
' ) P . ) ol mm . ‘
Anti-RACK-1 N E RACK-1(ug) 0 1 7 RACK-1{ug) 0 o 1 7
RACK-1{ug) 0 4 3 5 7 unsti Stimulation (PMA + lono) Unsti Stimulation (PMA + lono)
B 20 cycles 22cycles 24cycles

sti
amtmack T |

4 hour 6 hour

un  PMA(25ng/mi) lono(1uM) P+l un  PMA(25ng/ml) lono(1uM) P+i

stimulation stimulation

Fig. 1. RACK-1 sepecifically represses the transcriptional activity of NFAT in dose-
dependent manner. (A) Jurkat cells were transiently co-transfected with different amounts
of RACK-1 expression plasmid and different reporter gene plasmids representing
transcriptional activities of NFAT, AP-1, or NF-kB. (B) RACKZ1 expression was not affected
by cell stimulation with PMA and ionomycin. Jurkat T cells were stimulated as indicated and
harvested for RT-PCR and the immunoblot assay.

98] 9kA] yeast—two hybridization 7]&S AFE3te] NFAT2 (NFATc)
Gl Ay Agtels RACKD &9 a-S AjZo] 2oty AIGAZFo|A NFATS
RACK1S FAeo] 2ds9S w, NFAT AAEAS gAT8S 2A3c} (9).

A M ZeAl RACKLO] NFAT AAMEAAS YAlskes 7HE 27] S8l ArEe

leukemic T AEF<Q Jurkat T A|XEo|4 pNFAT—luc ¥ RACK1 ¥d #HEE

FAAgS § NFAT AArEE S48kt (Fig. 1A). RACK1 Zd ¥H 9]

FS ZF7A O wEl AE W) RACK1 ©¥ido] Z7FeHS immunoblotg 53

Qglom wdk o9l withE NFATS HAALEAo] 7Hadts AL 2
kil

WL Aol Esbel Hule] Fo% ABE i vhE

ol
rlr
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ArrzAEJAA AP—13 NFkB2 A2 RACK1 #Ede] od] A A
g3 23818 thA FUbskE AE & AUTE ol RACKILel &g dAArEA
1A 7} NFATe| Sold oz yepds oulsta

HoA A EoA NFATS &X4IE 9 PMAS ionomycinC & A|EE 23|
=k o]"d A=o] RACKILS #de| s T+ 7HE 27] 98] RACKL]
gt RT-PCR¥ immunoblots& sttt (Fig. 1B). I #H¥ PMAS}
ionomycin®] @& T g7 AFEHS W T RACK1S mRNA <3} o
ol BF WIIF oS BEToEH olE 9FEo] RACKL Edd

= [eJie] I~
TA G5s & F U

ho]

Ello
o2
ok
o

RACK1 siRNA A& ¢ &3 NFAT ZAALEA F7F

RACK1 #Z@e] oJaf NFAT AApEAo] ZAadhes ##ste] wet nigz
endogenous RACK1 ©# A o] A4S AASHS wl, NFAT dAFEAdo] o
AstE = Attt ol& fladl RACKL 5o]#<l siRNAE  Al&sto]
NFAT—B—galactosidase reporterE 7FA i Q1= Jurkat NFAT AlXef siRNA

kS Z7FA7]9  transfection 3t TE. 24 A%7F 6A17F F<F PMASH

e

ionomycin A #sto] MEE A=3 F =

RACK1 immunoblot& &34 AHg-¥ RACK1 siRNAZ} Z7hshel waf Al
o] RACK1 ©@¥ 9] <fo] 2Adhs 13 4 gldrh W SAdxZoR
AFE3E Bl E0]4 siRNA (GL2) & endogenous RACK1 whilzl o] oko] W3lE
A ¢kgkth (Fig. 2B). RACK1 immunoblot 239 dXaA A ZT GL2
siRNAE NFAT dApgA e obdd Jaks F4 ggtort, RACK1 siRNAE
ARG oFo] S7FEEE NFAT AAbEAdo] 254 S718s & + Ut} (Fig.
2A). =, AE Wl RACK19] <Fo] #HAagel whe} NFAT Aol S7hghs
HojF= Zo7 o= oA #H3I RACKL Hde] 93 NFAT AAIEA
A ¥ AXF Aztel B S 9low, NFAT A4%H 3o RACKI19]
#Hols AT



AAFZAJAAF NFATS &4 vlx& RACK-19] 93 &4 15

D Unstimulation
g 200 - Simulation
£ +
3 100 (25ng PMA + 1uMIono)
3
8
o
s 120
=
B
£
s 80
s
o
g 40
=
& 0
SiRNA(hM)  Non GL2 RACK1-b RACK1-b RACK1-b RACK1-b
400nM 100nM 200nM 300nM 400nM
An".RACK.1 _

Non GL2 RACK1-b RACK1-b RACK1-b RACK1-b
400nM 100nM 200nM 300nM 400nM

Fig. 2. Downregulation of RACKL1 protein by siRNA enhanced transcriptional activity
of NFAT. (A) Jurkat NFAT cells were transfected with increasing amounts of RACK-1
siRNA as described in Material and Methods. At 48h after transfection, transfected cells
either unstimulated(open bar) or stimulated(filled bar) with 25ng/ml PMA and 1mM
ionomycin for 8h and then assayed for B-galactosidase activity. Control indicates transfection
with nonspecific GL2 siRNA. Data represent means = S.E. of three independent experiments.
(B) Immunoblot assay of RACK1 protein in the cell extracts prepared from siRNA-
transfected Jurkat NFAT cells as described above.

A So RACK1IS w9 liver ¢cDNA library £ human B-lymphoblastoid
cell line®ZHE FRYH WHEHE EfEI-—ofATEAL w532 (WD
repeat) motifs& 7} Guanine nucleotide—binding protein (G protein) 8
subunits# fAFSE ofmial AEE zhe wuiA=z gt (12). olF
Mochly—Rosen Z1&°| 2laiA] &A3H Protein kinase C (PKC) &} Agtslo]
PKCE AXY EA9Ael localization A#A FozZH Azdds A3
3t Zlo] #a A RACK1 (receptor for activated C—kinase 1)9]&}+=
olFS AA HAT (13,14). AFF RACK1L 3177] ofmwAato® 4% 36
kDa =79 wwd=z <ok 40719 ofujxAite g FA4%E WD motifsE 770
7}A) 31 Qlth. RACK12] WD repeats= 21&ES E3sto] Zubg], AF W AFE

o2& v T8 FolA e w2 A Bols ZeR Hot o

ke
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ofy
0

FA47 29 A F WS 2 wEHY $8e F 4 Jon, wF of

1o gy ddd ggd dumds (Sre

)

95 T8 PKCE EFe AX

>

kinase, integrin A subunit, cAMP—dependent phosphodiesterase isoform

PDE4D5, type [ interferon receptor, GSK3 =) ZAg3dlo] o592 75
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2% wA FAAE v el wA AR ol wAlE A% 1
375 Aststtt. webA GPPell 71xd Bd AL vy A wA Al
WAE AT At wg Sl wek AP HH, oo & AFolM = o]
N Bae s B A3S Adstaar @ =3 7]E8] ATelA
Aokl B QA (Lee and Cha, 2019)°IXE 7
sdsttta 7HgsklAIRE, 2 ATl 5
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o?i

3, olds

of wet Zeivke e 7Hdske] B dwkshdE B AL Al]kstar o]
eHe BlEE dE EEsaA du o7|M =" HEE 5 BE 7
Ao Bl wAl AR (T) 3 12 Sl (n) ol whebd 2= 39 ez o
oAt HFAHor RIS Foko vhdet Y Wlg Pl WgE &
TE Hidbehe Aljkd B G2 HA3 dyE AT JlolH, ol& F3h
WA Ael QaiMrt A s e B F A vlaste] & Aol Al]td B

o] mg SN B8 mEAelehs 2L RoluA dri.

2. GPPo]| 7]%3% dvtsly B AR
2.1 Generalized Polya Process (GPP)

7129 NHPP stellAl= SH5FT® AHE Qste] #A 13 o8& whgdshA|
Kot stAZE EAs B =R E A 1 o)gE whste] ago] Ay
& A 1% A9 intensity function®] WE ¥+ Generalize Polya
Process(GPP) (Cha, 2014)& &&3% Zolw, WA GPP Hos HAE5& o
=3 o] Aegith

F9 2.1 (Cha, 2014) & 4 {(N®,t=0} 7} &S U o, (A
®,a,8),a=20p>05 B HFO=Z 7}AE Generalize Polya Process
(GPP) &t sttt i N(0) = 0,

A, =(aN{t=)+ B)A®

o714 wkeF B4 ol (A(), @ =0, 8 =1)2td GPP& NHPPSF Fdazl
T} 2822 GPP7F NHPPO| dwrstel #gde &eld 4 itk

Ll B =RoE= ok AHowE GPPol 71%38te] F 2% GPP repairs AFgg

Aotk GPP repairiz A28 el st FeAItE FAE0 S o, B
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SHAWM,a, B =1), a >0 2 GPP &t A== 428 FHo]H, stochastic

intensity (3 intensity function) 7} o}z 213} Zt}.

A, =(aNEt=)+ 1) A

Iy
204
X a®
101
o
0 2 4 6
t
(2% 1] 4,9 2= (GPP)
;\:r ,
//
'/
20 1
line
- GPP
— NHPP
10 X au
0

[28 2] 2,9 2= (NHPP,GPP)
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(2™ 1139 [2™ 2]2 ®d GPP3sFe A A®Q intensity function /It% %
g FE7h dAyedes Ry gteA Foizl g Aol vlEliA JAE SIEsHA
7] W&o GPP repair< worse than minimal repair 9= ¢ 5 At} wfzhA
GPP repaire 13 (58]) A Al A2"9 AEl7F minimal repairEs 3 U

Wuo ohsEe A o & A
B2ZAE 1t>0, A® = [, A(wdu 2 3

F<£+n) B
@ 7/

(1—exp{—a AN (exp{—a A®OD*n=012,..

&)

E[N®] = %(GXP{ a/A®B}-1)

P(N(t) = n) =

a =0 8>0

wzAe 1o wel N EE7F Sl E‘E(NB(%,exp{—a/l(t)}))% w2 )

ot
o

% 5 ek
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2.2 FY7Fsd AR dntstd HARE

AL 7heE s s wfe7 A E Y, o2 Qg Tujd g woie &4
= 7HAE g Sl ofell Lol Asty] el 7hE Alzbe]l A ARt Tl B
o A5 v wAE AFsAY ndA (AFagh o] B Al wAlE st
B gFo] ey o] ghrh. EFE ol d B YR #d Aol »A
A Ador TS vE SHCM 7P A9 WA ARE Tk Ao

)

)
T8 olgprt Hojgkth, A A" AFelME 1 B A AARE] AET
Al A 2E A e 1 W] A" AR HA sk 4 58] (minimal
repair) 7Fd& Wo] o] &35k tt. (Barlow and Hunter, 1960; Makabe and
Morimura, 1963). 121} Aol 7ol WAt FEstr]ets AlAH S
A7 O obgtE = A9t v EAsH] Ol B mwelA e oleld s B
st & & Sl GPPE Edste] ole &3k B AAE Albsth. o 7]A

GPP 1% g shelld= AlaEe] Gei7 g Slgrh Srbekel wel ofskE )

23 w4 A5 gol e wAd AL AgSAY. =8 g8 1F 13
oA WA EE Sl WSS AZS TASIE BTk B Aol 5y

¢ gebivks 2 HYsEA e 3a @A
AR TS e AAA 3G 05 nel ELAGE Aol @At o] FfAH F F
of WA WS AR LA o] Tl @A FAS AHET o wA}
o]0l x|7] Aol WAsH: we] aAE w
B oApeA AN ny AAe T o9 v
2 e B QusE wd ARYe & 5 Ak ozt oHd T e
B5E /A A 1A F sl WA v §E F (cost rate

function) & =& Zlo|t},
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2.3 | && ¥4 (cost rate function)
BA A HHser] fEiE B Ao myE A vEE FTE
FHazbalof stk B oA Aol AdE B GRSt A LA sE b
88 I8 EFStuA strh WA AetE mE Ao vuE fjste] 7]E)
AAEe] & BA ZA (Type I, IDaFelA 8 vl&E S5 otdigl o] AAIg
th Type 12 13 (F2) 345 sk & wA AIRF TeS 188k e
v go] g S| web gdebA= v]8E 9 (Cha, 2014), Type 1= WA Al
2 1 s B adeAR, e e dFe A }
%4 (Lee and Cha, 2019), 283 th&e) A7 1 &
AASEA EEE NEE SFEA, wA A 1 35
v thet 4= wlgo] 1 e wE dEie R2E )

£ Yebdth o714 & A H]E, Cepp (= Cepp(t) & GPP ] ¥
Ebwit}.

Type I. (Cha, 2014)

a3 (FE) BeE aeeA oga waAl Azt

T
o] wet deiA = e 7P e B g8 SR Tolnt oEd

—

o
o>

¥
K
N
oX
ot

H]

ofo
i

re

,
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2
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e
ofo
%
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oo
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o
Ll
v}
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B
)
=
ofo
o
Rl
ol

By ¢ O B 1-exp(=a A(Ta))) (exp(= @ A(TAHY “ +Cr

Ca(Ty) = La/ey! - ¢ k)= 21; _1Capp ( £)

(1

Type II. (Lee and Cha, 2019)
(G e wAl ARE B sty g v ES dAFs AR 7Y

& HEE FFE T P 25 o Tel QEE,

FP
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Coppl(n-1)-Eg (-1 _exp(— ¢ A(TYPi(exp(= « AMPY “J4C;

I'(1/ a)j! (2)

I/t [ 1a
0 T ey (mexpl= @ AP (exp(— @ AP “dt

C(n,T) =

n-1
P

[4 -1)-2]55 (¢ (-1)= ¢ () ( ) (1—exp {- @ A(T)}) (exp {- aA(T)}) 1+Cr
=it

C(nT) = (3)
o (2) E
fo ( ) (1-exp {- « A(ODi(exp {-~ ¢ A (DD *dt
A7NIA, ¢ (k) =35 _, Capp (£) ©ITh.
2.4 F73} 33 (optimal policy)
2 doA= 9 e vEE FrE HAxsete Al A A HA s

BAS HFnA Wk F NS BEE AL WEE §5E HAxste] el

4 AT ns ZAUE st e T 3 H2o] #E TH=

step 1oA €& A3 (n*(T), TE °l&3te] C(n*(T), T)°l HAC s 7HA+=

TE Rtk & AFHOR WEE F47k A0t 9E A1 0T R

it

Y
T

oue
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RojdeE 2F &2 Re ARESY] JAHAT. nZdE e A0 =05t +
0% AAska s3Ik 71E A7 (Lee and Cha, 2019) o4 GPP

gl G2 AT AR st ARt 2 =deMe 1 ST S

T35 GPP 2] Hl§ T3 TS tad go] okl

1t Copp(€) = Cappo + @ Cappo (¢ — 1)

U 20 Cpp( ) = Cappo(l+ @ )07

GPP ¢ vlgo] g D59 Aes A 45 99 ngo] YIS
= g% wEwF Frlse A AFHOR s ASE uastel of

¢

" 2ol o] Ql=A Folr AT S C(n,TE HAssH] 9% o' (T), T S %
1

918 n=12,.100,T=0.1,0.2,...100 2] G| A n*(T*),T* S ZYr}. ol

i

N

Coppo = 1,510, @ = 03,061, @ =00300601% Agsto] 1 g& T 1%

EF S HAsA7)E 0t T, 282 Cnt,TY) 7F olwdt datg dojx =X
A E Al s, gk o] B A (Type D (DE HE3AS Wl Ao



3
5
10

(& 1] 2% 3=

CGPPO

10

4.5
4.7
3.8
3.8
3.7
3.5
3.6
3.8
3.6
3.4
3.6

E [min(S,-, T")]
3.6
3
2.6
2.1
2.7
2.2
2
1.6
2.1
1.8
1.7

A= B gA ] st g A 39
C.T) T, Ca (Ti)
28.9 3.4 31
38.5 2.8 42.2
45.1 2.5 50.3
57.5 2.1 66.4
37.4 2.5 41.9
47.9 2.1 55.2
54.9 1.9 64.6
67.4 1.6 82.9
45.7 1.9 54
56.9 1.6 69.7
64.1 1.4 80.6
76.3 1.2 101.5

1.5

wE GPP g Hg°] WH 1 3¢ (e =003, C =80)

24
13
10

21
12
9
6
19
10
8
5

T
5.5
4.4
4.7
4.1
4.3
4
4
3.7
4
3.7
3D
3.4

E [min(S,-, T")]
3.8
3.1
2.9
2.5
2.8
2.4
2.2
1.9
2.2
1.9
1.8
1.6

c', T
39.7
51.6
59.6
74.6

64
78.3
87.5

103.2

T;
ST
3
2.8
2.4
2.6
2.2
2
1.7
2
1.7
1.5

1.4

Ca (Th)
42.4
5.9
65.6
84.3
57.7
74
85.3
106.9
75
94.3
107.6
132.6

[& 2] 23 3o wE GPP 8 H&°] ¥H 1 B (¢ =003 ¢ =120)
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3
5
10

17
10

4.1
3.7
4.3
3.7
4
3D
3.4
315
3.9

ofg
2
e

==
T

E [min(S,:, T")]
3.4
2.8
2.5
2.1
2.6
2.1
1.9
1.6

2
1.7
1.6
1.5

C',T")
30.1
39.7
46.3
58.3
38.6
48.9
55.8
67.9
46.9
57.9
64.9
76.9

T,
3.2
2.7
2.4
2
2.3
1.9
1.8
1.5
1.8
1.5
1.4
1.2

Ca (T2)
32.7
44.3
52.6
68.9
43.9
57.6
67.3
85.8
56.7
2.7
84
105.1

[¥ 3] 2 35l W& GPP 48 wgo] ¥ 1 3% (¢_=0.06, C, = 80)

CGPPO

(@)

10

10

20
12

18
10

(@)

16
9
7
5

T
4.7
4.9
4.2
4.1
4.1
3.8
4.4
4.2
4.2
4.4
3.5
3.6

E [min(S,, T")]
3.6
ol
2.7
2.3
2.7
2.3
2.1
1.8
2.1
1.9
1.7
1.6

c', T
41.5
53.3
61.4
76.2
53.7
66.8
75.3
90.6
65.8
79.8
88.8
104.3

T;
3.4
2.9
2.6
2.2
2.5
2.1
1.9
1.7
1.9
1.6
1.5
1.3

Ca (Th)
44.8
58.8
68.7
87.8
60.8
77.5
89.1
111.2
78.9
98.7
112.3
137.4

[£ 4] 3% o] B GPP 3 H]go] ¥ 1 B4 (¢ =006, C =120)
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3
®
10

CGPPO

10

18
11

22
13
10

20
11
9
6
18
10
7
5

T
4.5
4.8
4.2
39
3.9
3.6
3.8
3.6
3.6
3.4
3D
3.7

T
4.9
4.4
4.2
4.7
4.2
3.8
4.2
4
3.7
G80
3.9
3.5

Az md gAe HAgte] wgk A

E [min(S,-, T")]
3.5
3
2.6
2.1
2.6
2.2
2
1.6
2.1
1.8
1.7
115

E [min(S,, T")]
3.7
3.1
2.8
2.5
2.8
2.4
2.2
1.9
2.2
1.9
1.7
1.6

C(n',T)
29.2
38.6
45.2
57.5
37.6

48
54.9
67.4
45.9

57
64.1
76.3

A B (e =003, C =80)

c', T
40.2
51.8
59.8
74.6
52.3
65.3
73.9
89.4
64.4
78.4
87.5
103.2

Ty
SRS
2.8
2.5
2.1
2.4
2
1.8
1.6
1.8
1.5
1.4
1.2

T;

oD

1.7
1.8
1.6
1.5
1.3

Ca (Th)
31.7
42.7
50.7
66.6
42.9
55.7
65.1
83.3
55.7
70.6
81.3
102

Ca (Th)
43.6
56.7
66.2
84.7
59.6
75.1
86.2
107.5
77.9
96
108.8
133.3

41

[& 6] 2 3o WE GPP = H|&°] ¥H 29 3% (¢ =003 C =120)



42 A, ol
Capro n* T E[min(S,,T")] C@',T)
a=03 1 15 4.4 &) 30.7
3 © 4.1 2.7 40
5 7 4.4 2.5 46.4
10 5 3.9 2.1 58.4
a=0.6 1 13 4.4 2.5 39
3 8 4 2.1 49.1
5 6 3.7 1.9 55.9
10 4 3.5 1.6 68
a=10 1 12 3.6 2 47.3
3 7 315 1.7 58
5 5 4.3 1.6 64.9
10 4 3L8 1.4 77
[E 7] 2% ¥5o] BE GPP 49 o] W 22 A% (o
Cepro n' T E [min(S,, T")] c(n', T
a=03 1 17 4.8 3.4 42.5
3 11 4.4 8 5.9
5 9 4.2 2.7 61.8
10 6 4.5 2.3 76.3
a=0.6 1 16 4.2 2.6 54.6
3 10 3.9 2.3 67.2
5 8 3.6 2.1 75.7
10 5 4 1.8 90.7
a=10 1 15 3.6 201 66.7
3 9 SN 1.9 80.2
5 7 3.6 1.7 89
10 5 3.6 1.6 104.4
[£ 8] 2% Aol BmE GPP 2 H]go] ¥ 22 B+ (¢

T Ca (Ta)
3 34.4
2.5 45.4
2.3 53.6
2 69.8
2.1 46.4
1.8 59.4
1.7 68.7
1.5 87
1.6 60.6
1.4 75.3
1.3 86
1.1 106.9
=0.06, C, = 80)
T, Ca (T2)
3.1 47.5
2.7 60.8
2.5 70.4
29 89.2
2.2 64.9
1.9 80.5
1.8 91.5
1.6 113
1.6 85.6
1.5 103.3
1.4 116
1.2 140.4

=0.06, C, = 120)
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v A BHgEe] Fo% adoln. B AFelA AEs 2 AT ES
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Comparative Study on the Enantioselective Aldol Reaction:

Hae-Jo Kim?

ABSTRACT: Many biochemical reactions occur within the asymmetric microenvironments in the body. Much
effort was devoted to mimic the asymmetric reactions of biology and to realize the enantioselective reactions in the
organic chemistry. However, the observed selectivity for the reactions is not simple to generalize. Herein we report a
study on the thermodynamic stability of the enantioselective reactions with a simple aldol reaction by computational
calculation. According to the calculation, the asymmetric reaction is energetically favorable and its result is easy to
rationalize.

Introduction

Biochemical reactions take place in the asymmetric microenvironments in the body.
Currently asymmetric and enantioselective reactions are of growing significance, particularly
in the field of the organic compound-catalyzed reactions. Many chemists have tried to mimic
the asymmetric reactions of biology and successfully realized the enantioselective reactions
in the organocatalysis chemistry. [1-3] However, the observed selectivity for the reactions is
not simple to rationalize. Herein we report a study on the thermodynamics of the
enantioselective reaction with a simple aldol reaction by computational calculation.
According to the calculation, the asymmetric reaction is energetically favorable and its result
is easy to explain. A model reaction was chosen as an aldol reaction with a ketone and an
aldehyde (Figure 1).

0 OH O
H o cat. Proline A
* )k
O,N O,N

76% ee

Figure 1. A model aldol reaction of an enantioselective reaction.
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2 Department of Chemistry, Hankuk University of Foreign Studies, Yongin 17035, Republic of Korea. E-mail:
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An aryl aldehyde has an sp? hybrid carbonyl carbon and thus it is a planar compound. This
planar structure possesses two different faces for its electrophilic approaches toward a
nucleophile. One is called Re- face and the other is called Si-face (Figure 2). These two

different faces determine the fate of two enantiomeric products.

Re-face

Si-face

Figure 2. Two different faces of an aldehyde toward a nucleophilic approach.

A typical aldol reaction is assumed to undergo a six-membered transition state (TS), called
Zimmerman-Traxler TS. The transition state accommodates a stable chair-like conformer
with the bulky substituent R in an equatorial position rather than an axial position. [4]

o OLi OLi O
+ —_—
R H R
=~ _0O S0 i
or or
R\r,O V'L or H\‘r’o L
H R
R in pseudoequatorial R in pseudoaxial
more stable less stable

Figure 3. The proposed Zimmerman-Traxler transition state in the aldol reaction.

As a model of an asymmetric aldol reaction, we employed a proline-catalyzed aldol
reaction, which displayed a dramatic enantiomer selectivity (Figure 4). [5] However, the
proposed enantioselectivity by the Zimmerman-Traxler TS is not well understood even
though the transition state satisfied peudoequatorial position of bulky aryl group. Herein, we
present the thermodynamic stability of the organocatalyzed aldol reaction by computational
calculation based on Spartan program.
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o
Ar o "o \ﬂ: I”HO (0]

Si-face Re-face
Figure 4. Two different approaches for the enantioselective reactions. Red dash means a

hydrogen bond.

Results and Discussion

To explore the asymmetric aldol reaction, acetone and benzaldehyde were chosen as the
model substrates. Actually, benzaldehyde was used instead of p-nitrobenzaldehyde for the
simplicity of calculation. Acetone was employed as the same reactant as a real reaction
partner.

As proposed in the observed enantioselectivity, we employed the Zimmerman-Traxler TS
in the computational study and performed the energy calculation. We assumed that the
dehydration reaction of acetone and proline is energetically unimportant for the
enantioselectivity. This simple approximation indicates that the enantiomer differentiation
takes place during the later aldol reaction process between enamine and benzaldehyde.

For precise calculation, we performed the overall energy calculation of both enamine and
benzaldehyde in the Zimmerman-Traxler TS but in the different facial approach (Re or Si-
face) in Spartan 2014 program. The calculated energy was found to be 128.15 kJ/mol in the
Re face approach while 176.93 kJ/mol in the Si face approach (Figure 5).
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©)‘\H . )\ OH ——— ©/\)J\
(R)

E(kJ/mol) Ar
<176

S}
Si-face

R Ar%ﬁ:‘&
128 Y e' "o 0

Re-face

reaction coordinate

Figure 5. The approximated calculation energies of aldol reaction products.

The most significant difference with the two facial approaches is the hydrogen bonding
between alkoxide and carboxylic acid of enamine. We cannot observe any H-bond with the

Si face approach but a strong H-bond is observed with the Re face approach (Figure 6).

(A) (B)

Figure 6. The calculated structure of proline-catalyzed aldol reaction. (A) Si-face approach,

(B) Re-face approach. The computational study was performed under MM2 force field

implemented in Spartan
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From the simple calculation, we understand the reason why one enantiomer is favored
during the proline-catalyzed aldol reaction. Even thuogh the transition state underwent
almost the same chair-like TS, we see that H-bond affect the enantioselectivity during the
asymmetric aldol reaction. Further we will study this type of enantiodifferentiation in the

other similar organocatalysis reactions.

Conclusion

We carried out a computational study during the enantioselective aldol reaction, which is
very important asymmetric reaction in the organic chemistry. According to the calculation,
the proline-catalyzed Re-face approach is energetically favorable compared to the Si-face one,

which are consistent with the observed phenomena of asymmetric aldol reaction.
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