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Data-Sharpened Cross-Validation for Nonparametric Regression®
Kee-Hoon Kang?

ABSTRACT. Cross-validation is a standard tool for selecting smoothing parameters in nonparametric regression.
Despite its wide applicability, conventional cross-validation often suffers from high variability and limited bias
reduction. In this paper, we revisit a data-sharpened cross-validation (DSCV) approach in which not only the
smoothing parameter but also the observed response values are adjusted through the cross-validation criterion. While
the original formulation emphasized theoretical improvements and density estimation, this study focuses on
nonparametric regression and practical performance. Through simulation studies based on local linear regression, we
demonstrate that DSCV consistently improves mean integrated squared error relative to conventional cross-validation
and popular plug-in methods. The results suggest that data-sharpened cross-validation provides a simple and effective

bias—variance trade-off improvement for regression problems.

Introduction

Cross-validation plays a central role in smoothing parameter selection for nonparametric curve
estimation. In regression settings, it is particularly attractive because it requires minimal
assumptions and avoids the need for pilot smoothing parameters. For these reasons, cross-
validation has become the default method for bandwidth selection in kernel and local
polynomial regression. Nevertheless, it is well known that cross-validation bandwidths can be
highly variable, especially in small or moderate samples. This variability often results in

undersmoothing, leading to regression estimates with unnecessary roughness.

While undersmoothing may preserve local features, it increases variance and may degrade
overall estimation accuracy. A complementary line of research has focused on data sharpening,
where observed data are slightly modified prior to estimation in order to reduce bias. Data
sharpening methods have been proposed for both density estimation and regression, typically

as plug-in bias correction techniques. However, these approaches tend to be problem-specific

! This research was supported by the research fund 2025 of Hankuk University of Foreign Studies.
2 Department of Statistics, Hankuk University of Foreign Studies, Yongin 17035, Republic of Korea. E-mail:
khkang@hufs.ac kr
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2 Kee-Hoon Kang

and often rely on higher-order asymptotic approximations.

The key idea explored in this paper is that cross-validation itself can be used to determine how
the data should be sharpened. The idea of allowing cross-validation to alter not only the
smoothing parameter but also the data themselves was formalized by Hall and Kang (2005),
who showed that such an approach can improve the order of mean squared error under suitable
constraints. Instead of treating the observed data as fixed inputs, we allow them to vary within
the cross-validation criterion, subject to mild constraints. This leads to data-sharpened cross-
validation (DSCV), a unified and automatic procedure that simultaneously selects the

smoothing parameter and adjusts the data.

While the original formulation of DSCV addressed both density estimation and regression with
substantial theoretical development, the present paper focuses on nonparametric regression,
emphasizing practical implementation and finite-sample performance. Our goal is to provide
an application-oriented account suitable for applied researchers. A complementary line of
research has focused on data sharpening, in which observed data are slightly adjusted prior to
estimation in order to reduce bias. Early developments of this idea were proposed in the context
of density estimation and nonparametric regression, demonstrating that modest data

perturbations can lead to meaningful bias reduction (Choi and Hall, 2000; Choi et al., 2000).

Data-Sharpened Cross-Validation for Regression

Regression framework

Let(U;,V;),i =1, ...,n be independent observations generated from the regression model
Vi=gWU) +¢,

where g(+) is an unknown smooth regression function and the errors satisfy E(g;|U;) = 0.

Consider a linear nonparametric regression estimator of the form

n
g(x) = Vi wi(x; h),

j=1
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where w;(x; h) are weights depending on the design points Uy, ...,U, and a smoothing
parameter h. Local linear regression is a canonical example of this framework. Unlike
conventional plug-in bias correction techniques, which are often problem-specific and rely on
higher-order derivative estimation, data-sharpened cross-validation provides a unified and
automatic framework applicable across a wide range of smoothing problems (Fan and Gijbels,
1996; Loader, 1999).

Standard leave-one-out cross-validation selects h by minimizing

1 n
CV(R) =~ (¥ = 94U )Y?
i=1

where §_; denotes the estimator computed with the ith observation removed.

Data sharpening via cross-validation
In data-sharpened cross-validation, we introduce adjusted response values Y, ..., Y, while

keeping the covariates Y; fixed. Let

n
gy(x) = Y; wi(x; h)
j=1

be the regression estimator computed from the sharpened responses.

The DSCV criterion is defined as

n

1
CVER) == (V= Gy Ui DY,

i=1

where gy, _; is obtained from {(U;,Y;): j # i}.

Crucially, the observed responses V; are used only in the evaluation of prediction error, while
the adjusted values Y; enter the regression estimator. The pair (Y, h) is chosen to minimize
CV(Y, h), subject to constraints of the form

Y, = V)| <rh, i=1,..,n,
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where r > 0 controls the extent of allowable data movement.

This formulation preserves the interpretability of cross-validation while introducing additional
flexibility to reduce bias. The final regression estimator is gy+, where (Y*, h*) minimizes the

constrained DSCYV criterion.

Simulation Design

We investigate the finite-sample performance of DSCV using local linear regression in two
standard regression settings:
(Model 1) V = cos(2rU) + ¢,
(Model 2) V =U + 3exp(—2U?) + ¢,
where U ~ Uniform(0,1) and € ~ N(0,0.12).

Sample sizes n = 40,60,100 were considered, with 500 Monte Carlo replications per setting.
Performance was evaluated using mean integrated squared error (MISE), approximated
numerically over a fine grid.

DSCV was compared with:

e standard leave-one-out cross-validation (LSCV),

e aplug-in bandwidth selector for local linear regression.

Results and Discussion

Across all models and sample sizes, DSCV consistently outperformed both LSCV and plug-in
methods. The improvement in MISE typically ranged from 5% to 12%, with larger gains
observed for smaller sample sizes and more nonlinear regression functions. An important
practical observation is that DSCV often selected slightly larger bandwidths than standard

cross-validation, compensating for this increased smoothing through data sharpening. As a
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result, DSCV estimates exhibited reduced variance without introducing excessive bias.
Sensitivity analysis with respect to the constraint parameter r showed that moderate values

yielded stable improvements, while excessively large values provided little additional benefit.

Recent studies have further demonstrated that data sharpening can be effectively combined
with additional structural considerations, such as shape constraints or dependent data settings,
leading to improved finite-sample performance in regression and related problems (Braun et

al., 2018; Snyman et al., 2021).

Regression with and without Data Sharpening

1.0+

0.51

—0.54

~1.04

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. Local linear regression estimates with and without data sharpening. The

solid curve represents the true regression function g(x) = cos(2mnx). The dotted

curve corresponds to the standard cross-validation estimator, while the dashed

curve shows the data-sharpened cross-validation (DSCV) estimator.
The simulation results confirm that data-sharpened cross-validation offers a practical
improvement over conventional bandwidth selection methods in nonparametric regression.
Unlike plug-in bias correction techniques, DSCV does not require explicit estimation of
higher-order derivatives or problem-specific adjustments. From an applied perspective, DSCV

has several appealing features:

1. It retains the familiar structure of cross-validation.
2. Itautomatically balances bias and variance through joint optimization.

3. It can be implemented with standard numerical optimization routines.
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The main limitation is increased computational cost due to the higher-dimensional
optimization. However, with modern computing resources and moderate sample sizes typical
of applied regression problems, this cost remains manageable.

Comparison of MISE for Regression Estimators

—e— LSCV
Plug-in
15 —a— DSCV

Mean Integrated Squared Error (MISE)

40 50 60 70 80 90 100
Sample size (n)

Figure 2. Mean integrated squared error (MISE) comparison for nonparametric
regression estimators. The data-sharpened cross-validation (DSCV) estimator
consistently outperforms standard cross-validation (LSCV) and plug-in
bandwidth selection across all sample sizes.

Conclusion

This paper revisits data-sharpened cross-validation from an application-oriented perspective,
focusing on nonparametric regression. By allowing response values to be adjusted within the
cross-validation framework, DSCV achieves consistent finite-sample improvements in

estimation accuracy.

Given its generality and ease of interpretation, DSCV provides a useful alternative to
conventional bandwidth selection methods, particularly in settings where bias reduction is
important and sample sizes are limited. Future work may explore extensions to shape-

constrained regression, dependent data, and high-dimensional smoothing problems.

These recent extensions suggest that data-sharpened cross-validation may serve as a useful

building block for more complex smoothing frameworks, including shape-constrained
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regression and dependent data models, while retaining the interpretability and flexibility of

classical cross-validation methods.

Acknowledgements
o] AT 2025 @ Folfsti sl Aol 3 o] Fol A,
References

[1] Braun, W. J., Hall, P. and Titterington, D. M. (2018). Data sharpening for smoothing under
shape constraints. Journal of Computational and Graphical Statistics, 27, 697-707.

[2] Choi, E. and Hall, P. (2000). Data sharpening as a prelude to density estimation. Biometrika,
87,941-947.

[3] Choi, E., Hall, P. and Rousson, V. (2000). Data sharpening methods for bias reduction in
nonparametric regression. Annals of Statistics, 28, 133-151.

[4] Fan, J. and Gijbels, I. (1996). Local Polynomial Modelling and Its Applications. Chapman
& Hall.

[5] Loader, C. (1999). Local Regression and Likelihood. Springer.

[6] Park, B.U. and Marron, J.S. (1990). Comparison of data-driven bandwidth selectors.
Journal of the American Statistical Association, 85, 66—72.

[7] Sheather, S.J. and Jones, M.C. (1991). A reliable data-based bandwidth selection method.
Journal of the Royal Statistical Society, Series B, 53, 683—-690.

AR B

FAR BE ) Ao Fojg S FASY [ wd



J. Basic Sci. HUFS 61 (2026), pp. 8-18

INVERSE LIMITS OF CM POINTS ON SOME MODULAR
CURVES

DONG HWA SHIN

ABSTRACT. Let K be an imaginary quadratic field with discriminant
dr. For a positive integer N, let CMg(dg, N)* denote the subset of
the Shimura variety Yo(N)¥ consisting of CM points of discriminant
dg which are primitive modulo N. We show that the inverse limit

L m CMq(dg, N)* in L m Yo (N

admits a natural group structure which is isomorphic to the Galois
group Gal(K""¢/Q), where K*"& is the compositum of all ring class
fields of K.

1. INTRODUCTION

Let K be an imaginary quadratic field with ring of integers Of. Let N
be a positive integer, and let O = Oy be the order in K of conductor N.
By the existence theorem of class field theory (see [1, §8-9], [5, Chapter
V] or [11, Chapter IV]), there is a unique abelian extension Hp of K such
that

(i) every prime ideal of K ramified in Hp divides NOk,
(ii) the Galois group Gal(Hp/K) is isomorphic to the O-ideal class

group

C(0) := 1(0)/P(O)
via the Artin map of modulus NOg, where 1(O) is the group of
proper fractional O-ideals and P(Q) is its subgroup consisting of
principal fractional O-ideals.

The field Hp is called the ring class field of the order O in K. Specifically,
if N =1, then Hp is nothing but the Hilbert class field of K, which is the
maximal unramified abelian extension of K (see [1, Theorem 8.10]). As a

2020 Mathematics Subject Classification. Primary 11R37; Secondary 11E57, 11G18.
THIS WORK WAS SUPPORTED BY HANKUK UNIVERSITY OF FOR-
EIGN STUDIES RESEARCH FUND OF 2025.
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consequence of the theory of complex multiplication (on elliptic curves),
established by Hasse [2], Deuring [3], etc., we have

Ho = K(j(O))

where j(Q) is the invariant of the elliptic curve isomorphic to C/O.

On the other hand, for a negative integer D such that D = 0 or
1 (mod 4), Gauss [4] introduced the form class group C(D) of discrim-
inant D, which is a prototype of a finite abelian group. Later, essentially
due to Dedekind, it was shown that

(D) =~ c(0)

if D is the discriminant of an order O in K. More precisely, let Q(D)
(C Zx, y]) be the set of primitive positive definite binary quadratic forms
over Z. For Q(z, y) = ax® + bry + cy® € Q(D), let wg denote the zero of
the quadratic polynomial Q(z, 1) lying in the complex upper half-plane
H = {r € C| Im(7) > 0}, namely,

_ —b+VD

(1) wg : 5

For &1, & € C which are linearly independent over R, write [£;, &] for the
lattice in C generated by &, & over Z, that is,

&1, &o] = L& + ZEs.
Then the map
C(D) — C(O)
Q] = [[wo, 1]l = [[(-b+ VD) /2, d]

is a well-defined isomorphism (see [1, Theorem 7.7]).
Let I'o(N) be the Hecke congruence subgroup (of SLy(Z)) of level N,
given by

To(N) = {7 €SLy(Z) | v = [; j:] (mod N)}.

Let
Yo(N) :=To(N)\H and Yo(N)™ := Lo(N)\H"

be the associated (open) modular curves, where H™ is the complex lower
half-plane. The aim of this paper is to provide a concrete realization of
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class field theory for imaginary quadratic fields in terms of the inverse

limits of CM points (see Definitions 4.1 and 4.2) on the Shimura varieties
Yo(N)* = Yo(N) UYp(N)™ (N >1).

The main result of this paper is the following.

Theorem A (Theorem 4.4). Let K be an imaginary quadratic field. Then
the tnverse limit

lim CMo(dxe, N)*  (C lim Yp(N))

can be regarded as a group isomorphic to the Galois group Gal(K™"e/Q),
where K& denotes the compositum of all ring class fields Ho,, .

Throughout this paper, we use the following notation:

e K : an imaginary quadratic field,

e dy : the discriminant of K,

e Ok : the ring of integers of K,

e N : a positive integer,

e Oy : the order in K of conductor N,

e Hp, : the ring class field of the order Oy in K.

2. EXTENDED FORM CLASS GROUPS

We briefly review extended form class groups, generalizing Gauss’s clas-
sical form class groups, due to Jung et al [7], [8] and Shin [13].

Let I(NQOg) be the group of fractional ideals of K prime to NOf, and
let Pz(NQOg) be its subgroup defined by

Py(NOg) = <1/ O | v is a nonzero element of Ok such that >

v =t (mod NOk) for some integer ¢ prime to N
Then, for the generalized ideal class group
Cz(NOk) :=I(NOk)/Pz(NOk),
we have
C(Oy) ~Cz(NOk) ~ Gal(Hp/K)
(see [1, Proposition 7.22 and §9.A]).

Let Q(dg, N) be the set of certain binary quadratic forms over Z given
by

cd(a, b, ¢) = ged(a, N) =1,
Q(dg, N) := {M +bry + ey’ € Z[z, y] %z _(4ac :)nga (> 0 ) }
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The Hecke congruence subgroup I'g(/N) acts on the set Q(dk, N) as

@ o([f]) —e(+]1]) @wn e m. e,

Y
which yields the equivalence relation ~p,(y). Let
CO(dK7 N) = Q(dK, N)/ ~To(N)

be the corresponding set of equivalence classes. For Q(z, y) = az?+bxy +
cy® € Q(dg, N), recall the definition (1) of wg.

PROPOSITION 2.1. The set Co(dg, N) can be equipped with a group
structure so that the map

C()(d}(, N) — Cz(NOK)
Q] = [lwg, 1]]

becomes a well-defined isomorphism. Hence there is an isomorphism from
Co(dk, N) onto Gal(Hp, /K).

Proof. See [13, Theorem 3.3] or [7, Theorem 5.4]. O

The group Co(dg, N) is called an eztended form class group of discrim-
inant dx and level V.

LEMMA 2.2. The ring class field Hp,, s preserved by the complex con-
jugation. Thus Hep,, is a Galois extension of Q whose Galois group can be
written as a semidirect product

Gal(Hoy /Q) = Gal(Ho, /K) = {1, c},

where ¢ 1s the complex conjugation restricted to Hp, .

Proof. See [1, Lemma 9.3]. O
REMARK 2.3. The action of ¢ on Gal(Hp, /K) is given by g — g~ 1.
Let

Qdx, N)*:={Q, —Q | Q € Q(dk, N)} (C Zlz, y]).

The group I'g(N) also acts on the set Q(dx, N)* in the same way as (2),
and induces the equivalence relation Nljfo ()" We obtain the corresponding
set of equivalence classes

Coldg, N)* := Q(dg, N)*/ N;EO(N) ‘
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For Q € Q(dk, N)*, define

. 1 if () is positive definite,
sgn(@) = { —1 if Q) is negative definite.

One sees that the function
sgn : Q(dg, N)* — {1, -1}

is well defined on Co(dg, N)=.
Let

dx. N : Coldr, N) = Gal(Hp/K)
be the isomorphism stated in Proposition 2.1.
PROPOSITION 2.4. The map
¢ : Coldi, N)* — Gal(Ho, /Q)
[Q] = ¢k, n([sgn(Q)Q])e

1s well defined and is bijective, where ¢ is the complex conjugation restricted
to Ho, . Hence Co(dr, N)* can be given a group structure isomorphic to

Gal(Hp, /Q), having Co(dk, N) as its subgroup.

1—sgn(Q)
2

Proof. The result is straightforward from Proposition 2.1 and Lemma 2.2.
O

REMARK 2.5. Let Q € Q(dg, N)*. Note that
sgn(Q) = sgn(Q) for all v € Tx(N).
Thus the notation [@)] does not cause any confusion, if [()] is an element
of Co(dg, N) or, of Co(d, N)*.
3. INVERSE LIMITS

As usual, let N denote the set of positive integers. We endow the set N
with the partial order < defined by divisibility: for N, M € N

NxM <<= N|M.
Then we have the directed partially ordered set (N, <).

LeEMMA 3.1. Let N, M € N be such that N < M. Then the inclusion
H@N g HOM holds.
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Proof. Recall that

Cz(MOk) =1(MOk)/Pz(MOk) ~ Gal(Ho,,/ K),

Cz(NOg) = I(NOk)/Py(NOk) ~ Gal(Hp,, / K)
via the Artin maps. Consider the natural (canonical) homomorphism
0:I(MOgk) — I(NOk)/Pz(NOk)
a— [al.

Let v be a nonzero element of O satisfying

v =t (mod MOk) for some integer ¢ prime to M.

Since v =t (mod NOk) and t is prime to M, the ideal vOf belongs to
the kernel of the homomorphism ¢. This argument implies the inclusion
P (MOg) C ker(o).

Thus we achieve by class field theory (cf. [1, Corollary 8.7]) that Hp, is
a subfield of Hp,,. d

We attain by Lemmas 2.2 and 3.1 an inverse system

{Gal(Hoy /Q)} yen -
Here, the transition map Gal(Hp,,/Q) — Gal(Hp, /Q) is given by re-
striction for N, M € N satisfying N < M. Observe that
Jim Gal(Ho,, /Q) ~ Gal(K"™8/Q)
NeN
where
K™= | ] Ho,.
NeN

4. INVERSE LIMITS OF THE CM POINTS

Now, we introduce the notion of certain CM points on the Shimura
variety Yo(IV)*, and prove the main theorem of the present paper on their
inverse limits.

DEFINITION 4.1. Let 7 € HUH™ be a CM point (i.e. 7 is imaginary
quadratic), and let ax®+bx+c € Z[z] be a primitive quadratic polynomial
having 7 as a root.

(i) The discriminant of T is defined to be b* — 4ac, the discriminant
of the polynomial az? + bx + c.
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(ii) We say that 7 is primitive modulo N if ged(a, N) = 1.

We denote by H(dg, N)* the set of CM points in H U H~ which are of
discriminant dx and are primitive modulo N.

DEFINITION 4.2. Let
CMo(di, N)* = {[r] € Yo(N)* | 7 € H(dg, N)*}.

We also call an element of CMg(dg, N)* a CM point (that is of discrim-
inant dy and is primitive modulo V).

The next lemma is similar to [6, Lemma 3.3], and we give its proof for
completeness.

LEMMA 4.3. The map

p:Coldg, N)* — CMy(dg, N)*
wol (€Yo(N))  ifsen(Q) =1,
@ { Boa] (€ Yo(N)) if sen(Q) = -1

is a well-defined bijection. Here, =~ means the complex conjugation.

Proof. Let Q and Q' be two forms in Q(dg, N)* such that [Q] = [Q’] in
Co(dg, N)*. Then we have Q' = Q7 for some v € I'y(NN), and so

-Q'=—-(Q")=(-Q)" (€ Zlz, y]).
Observe that

{ W = wWoy = 771<WQ) if Sgl’l(Q) = 17
W_g =W-qp =7 (w-q) =7 '([@-q) ifsgn(Q)=-1.

This proves that the map p is well defined.
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We deduce by the fact Yo(N)NYy(N)~ = 0 that for Q, Q' € Q(dk, N)*,

/ wol = [we ] ifsgn(Q) =1,
= = __ = .
(i) = (@) = { el el e
<= there is v € ['y(N) such that
{ wo =(wg)  ifsen(Q) =1,
g =0 q) ifsen(@) = -1
<= there is v € I'y(N) such that
{ wg = Y(we) if sgn(Q) =1,
w_g =Y(w_g) ifsgn(@Q)= -1
<= there is v € I'((V) such that
{ Q=Q if sgn(Q) = 1,
—Q'=(-Q) = —(Q") ifsgn(Q) = -1
<= [Q] = [Q] in Co(dx, N)*.
This shows that p is injective.
To prove that p is surjective, let 7 € H(dg, N)*. Note that there is

a unique form @ in Q(dg, N) for which 7 is a root of the quadratic
polynomial Q(z, 1). If we let

O = Q if T eH,
—Q ifreH,

then we get that

m PR =wel =[] if7 €M,
“WD—{pw-D=@1=MiheH<
Therefore p is surjective, and hence it is bijective. U

THEOREM 4.4. Let K be an imaginary quadratic field. Then the inverse
limat

l%n CMy(dg, N)* (C %n Yo(N

can be regarded as a group isomorphic to the Galois group Gal(K™e /Q),
where K™ denotes the compositum of all ring class fields Ho,, .
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Proof. We derive that as a set
lim CMo(dr, N)* ~lim Co(dx, N)* by Lemma 4.3
N N

~ lim Gal(Hop, /Q) by Proposition 2.4
N

~ Gal (U Ho, /Q)

= Cal(K"™¢/Q).
Therefore the inverse limit Jim _ CMy(dg, N)* can be viewed as a group
isomorphic to Gal(K™"8/Q) via the bijection discussed above. O

REMARK 4.5. Theorem 4.4 is closely related to the recent work of Jung-
Koo-Shin [6].

5. GALOIS ACTIONS ON SPECIAL VALUES OF MODULAR FUNCTIONS
In this final section, we describe the Galois action of the inverse limit
Hm Co(dg, N)* in an explicit way.

Let Fo, v(Q) be the field of meromorphic modular functions for I'g (V)
with rational Fourier coefficients. Then,

Fon(Q) =Q (j,jo {](\)] ?D

where j is the elliptic modular function (see [1, Theorem 11.9] and [9,
Lemma 4.1]). Define an element 75 of K NH by
{ % if dx =1 (mod 4),
TK ‘=

@ if dg =0 (mod 4),

and so Og = [Tk, 1]. By the theory of canonical models for modular curves
due to Shimura [12], we have

Hoy = K (f(7x) | f € Fo,n(Q) is finite at 7x)
(see [10, Theorem 3.4]).

PROPOSITION 5.1. Let Q € Q(dk, N), and let f € Fo n(Q) be finite at
Ti. Then we have

f(TK)¢K,N([QD — f(_wQ>'
Proof. See [8, Theorem 12.3] and Proposition 2.4. O
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For Q € Q(dg, N)*, we further adopt the notation [Q]y for the class
of Q in Co(dK, N):t

PROPOSITION 5.2. Let

s = ([@i)1, [Q2]2; [@sls, --.) € lm Co(dk, N)*

for some Qn € Q(dg, N)* (N =1,2,3,...). We consider s as a Galois
element in Gal(K""8/Q) in view of Theorem 4.4.
(i) We have
-5 :{ T if sgn(Qr) =1,
K Ti i sgn(@Qr) = —1.
(ii) If f € Fo,n(Q) is finite at T, then we get that

o _ [ [(=0q) ifsgn(Qi) =1,
100 =L 2% oo = 1

Proof. The result is a consequence of Propositions 2.4 and 5.1. O
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Nano bubble electrical properties?
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Introduction

Here, we report € measurements for nanoscale bubbles of MoS; by probing the polarization
forces under an applied electric field oscillating at low frequency based on electrostatic force
microscopy (EFM). Remarkably, regardless of the bubble size, such as height and radius, the
higher ¢ of 6~8 are observed for the bubbles of MoS, as compared to flat regions with the
value of ~3. We find that the charge carrier increase owing to the strain-induced band gap
reduction which is independent of the bubbles’ height or radius is responsible for the
enhanced & of the bubbles of MoS,, in agreement with our calculations based on the
Clausius-Mossotti relation.

Experimental

In order to find the for a nanobubble based on the measured dC/dz signals, we employ finite-
element calculations considering the exact geometrical parameters in our experiments, such
as tip and nanobubble structures on graphite substrate. It is well known that the water
molecules are trapped in nanobubbles due to the vdW interaction between MoS, and graphite
surface in the process of MoS; transfer onto graphite flake, and the confined water at the
nanoscale has its own dielectric constant depending on the water thickness. Our three-
dimensional (3D) electrostatic model takes into account the specific geometry of a
nanobubble as the core-shell structure which consist of the curved MoS; and the confined
water inside a nanobubble for the dC/dz curve calculation, as reported in literature (. Figure 1

shows the calculated dC/dz (lines) as a function of « (fitting parameter) for the known

geometries of the nanobubble (red) and the flat (blue). Based on the measured z, and h values.

! This research was supported by the research fund 2025 of Hankuk University of Foreign Studies.
2 Department of Physics, Hankuk University of Foreign Studies, Yongin 17035, Republic of Korea. E-mail:
tkim@bhufs.ac.kr
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Results and Discussion

In order to elucidate the enhanced and their size independent behavior of the nanobubbles,
we employ the modified Clausius-Mossotti relation for a 2D atomic crystal, as reported in
literature. Figurel contrasts the EF-hysteresis curves measured on a flat region (red) and a
nanobubble with a height of ~8 nm (blue) of few-layer MoS; on a SiO,/Si substrate when
VG is swept from -35 V to 10 V (forward) and back to -35 V (backward) at a sweep rate of
0.16 Hz. After acquiring each EF-hysteresis curve, VG is set to -35 V for a few seconds to
ensure that the MoS; recovers fully from the previous VG stress. The unscreened electric
field from the back gate in the bare SiO, region can affect VCPD due to the long-range
electrostatic interaction between the conducting cantilever and the back gate during the VG
sweep process. Because the surface potential of an Au metal electrode is not affected by VG
due to the high density of states near the Fermi energy of Au metal, the background.
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Figure 1. EF-hysteresis curves depending on the VG sweep range. EF-hysteresis curves on a
flat region (a) and a nanobubble (b) with the maximum positive VG (VG,max) being
gradually increased from 2 V to 16 V while the negative minimum VG is fixed at -40 V
during the sweeping of VG. The sweep rates are 0.16 Hz for all EF-hysteresis measurements.
The EF levels are pinned near the EC of MoS; at VG of -20 V due to the high concentration

of electrons and remain there as VG increases.
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The lower oxide trap band is located near the MoS; valence band edge (EV) and does not
have a considerable impact on the hysteresis in MoS; FETs because the EF of MoS; shifts in
the upper half of the band gap during the VG sweeps process. Therefore, we only consider
the upper oxide trap band for the charge trapping and EF-hysteresis. The upper oxide trap
band is assumed to be an acceptor-type trap which is negatively charged below the EF and
neutral above the EF of MoS27. Given that the oxide traps exchange the charge with the
MoS; channel through the tunneling process, these traps should be located within a few
nanometers from the MoS,/SiO; interface. We use dox = 2 nm as the maximum distance of
the active oxide traps from the interface. It is well known that H.O and hydrocarbon
molecules are trapped in nanobubbles that form inevitably during the MoS; stacking process.
We simply assume that 100% of the H,O or hydrocarbon molecules are trapped in the
nanobubble, leading to an additional dielectric layer between the MoS; and SiO; in the
energy bands of the nanobubble. Based on this understanding of the energy band diagrams
with the oxide traps, we will characterize quantitatively the dependence of EF-hysteresis on
the height of a nanobubble. Figure 2 shows the high-resolution image of EF-hysteresis, that

is, a V image of a single nanobubble, where V is measured at an EF of 0.65 eV.

[y sio; H0 MoS; 6k H0 MoS; 6 H,0 MoS;
% 4 %\ 4F %* 4F I |
3 2 3 2 3 2
w 0 w 0 w 0
g g ] %
g -2 e -2 e -2
8 8 8
w4 w4 w4
e
i i
Brve=2v -6 V= 10V -6 V= 16V
6 5 4 -3 -2 1 0 1 2 6 5 4 -3 -2 1 0 1 2 6 5 4 -3 210 1 2
Distance (nm) Distance (nm) Distance (nm)

Figure 2. Calculation of the VG,max dependent V. Energy band diagrams of a nanobubble
with a 4-nm-thick H,O dielectric layer for VG,max =2V, 10 V, and 16 V, as examples.

The inset is the corresponding topography image of the nanobubble, showing a peak height
of 8.5 nm. We observe a non-uniform V by obtaining spatially resolved EF-hysteresis curves

of the nanobubble, where the maximum V occurs at its apex. It exhibits four distinct EF-
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hysteresis curves measured on flat and nanobubble regions with different heights of 1.8 nm,
4 nm, and 6.7 nm of the nanobubble, as denoted by the circles. This figure clearly shows that
the regions with higher heights correspond to larger V values in the EF-hysteresis image and
curves of the nanobubble.

The energy-level alignment of oxide traps with MoS; EF under gate sweeps causes hysteresis
in the transfer characteristics of the conventional MoS, FETs, whereas the additional
downward bending of the oxide trap band in conjunction with the band of the H,O dielectric
layer at a positive VG leads to an increased number of occupied charge traps below the MoS;
EF and enlarged EF- and IDS -hysteresis in a nanobubble. The trap densities extracted from
the measured EF-hysteresis curves of flat and nanobubble regions are well described by the
oxide trap band model, which further confirms that the EF-hysteresis originates from the
oxide traps and our band bending scenario is essential for local charge tapping/detrapping in

nanobubble structures.
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